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PREFACE 


By enrolling in this self-study course, you have demonstrated a desire to improve yourself and the Navy. 
Remember, however, this self-study course is only one part of the total Navy training program. Practical 
experience, schools, selected reading, and your desire to succeed are also necessary to successfully round 
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COURSE OVERVIEW: This course provides a review of basic arithmetic and continues through some of 
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radicals and logarithms. Exercises are provided in factoring polynomials, linear equations, ratio, proportion 
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opportunity to demonstrate what he or she has learned concerning plane figures, geometric construction and 
solid figures, and slightly touches on numerical trigonometry. 


THE COURSE: This self-study course is organized into subject matter areas, each containing learning 
objectives to help you determine what you should learn along with text and illustrations to help you 
understand the information. The subject matter reflects day-to-day requirements and experiences of 
personnel in the rating or skill area. It also reflects guidance provided by Enlisted Community Managers 
(ECMs) and other senior personnel, technical references, instructions, etc., and either the occupational or 
naval standards, which are listed in the Manual of Navy Enlisted Manpower Personnel Classifications 
and Occupational Standards, NAVPERS 18068. 


THE QUESTIONS: The questions that appear in this course are designed to help you understand the 
material in the text. 


VALUE: In completing this course, you will improve your military and professional knowledge. 
Importantly, it can also help you study for the Navy-wide advancement in rate examination. If you are 
studying and discover a reference in the text to another publication for further information, look it up. 
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INSTRUCTIONS FOR TAKING THE COURSE 


ASSIGNMENTS 


The text pages that you are to study are listed at 
the beginning of each assignment. Study these 
pages carefully before attempting to answer the 
questions. Pay close attention to tables and 
illustrations and read the learning objectives. 
The learning objectives state what you should be 
able to do after studying the material. Answering 
the questions correctly helps you accomplish the 
objectives. 


SELECTING YOUR ANSWERS 


Read each question carefully, then select the 
BEST answer. You may refer freely to the text. 
The answers must be the result of your own 
work and decisions. You are prohibited from 
referring to or copying the answers of others and 
from giving answers to anyone else taking the 
course. 


SUBMITTING YOUR ASSIGNMENTS 


To have your assignments graded, you must be 
enrolled in the course with the Nonresident 
Training Course Administration Branch at the 
Naval Education and Training Professional 
Development and Technology Center 
(NETPDTC). Following enrollment, there are 
two ways of having your assignments graded: 
(1) use the Internet to submit your assignments 
as you complete them, or (2) send all the 
assignments at one time by mail to NETPDTC. 


Grading on the Internet: 
Internet grading are: 


Advantages to 


e you may submit your answers as soon as 
you complete an assignment, and 

e you get your results faster; usually by the 
next working day (approximately 24 hours). 


In addition to receiving grade results for each 
assignment, you will receive course completion 
confirmation once you have completed all the 
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assignments. To submit your 
answers via the Internet, go to: 


assignment 


http://courses.cnet.navy.mil 


Grading by Mail: When you submit answer 
sheets by mail, send all of your assignments at 
one time. Do NOT submit individual answer 
sheets for grading. Mail all of your assignments 
in an envelope, which you either provide 
yourself or obtain from your nearest Educational 
Services Officer (ESO). Submit answer sheets 
to: 


COMMANDING OFFICER 
NETPDTC N331 

6490 SAUFLEY FIELD ROAD 
PENSACOLA FL 32559-5000 


Answer Sheets: All courses include one 
“scannable” answer sheet for each assignment. 
These answer sheets are preprinted with your 
SSN, name, assignment number, and course 
number. Explanations for completing the answer 
sheets are on the answer sheet. 


Do not use answer sheet reproductions: Use 
only the original answer sheets that we 
provide—reproductions will not work with our 
scanning equipment and cannot be processed. 


Follow the instructions for marking your 
answers on the answer sheet. Be sure that blocks 
1, 2, and 3 are filled in correctly. This 
information is necessary for your course to be 
properly processed and for you to receive credit 
for your work. 


COMPLETION TIME 
Courses must be completed within 12 months 


from the date of enrollment. This includes time 
required to resubmit failed assignments. 


PASS/FAIL ASSIGNMENT PROCEDURES 


If your overall course score is 3.2 or higher, you 
will pass the course and will not be required to 
resubmit assignments. Once your assignments 
have been graded you will receive course 
completion confirmation. 


If you receive less than a 3.2 on any assignment 
and your overall course score is below 3.2, you 
will be given the opportunity to resubmit failed 
assignments. You may resubmit failed 
assignments only once. Internet students will 
receive notification when they have failed an 
assignment--they may then resubmit failed 
assignments on the web site. Internet students 
may view and print results for failed 
assignments from the web site. Students who 
submit by mail will receive a failing result letter 
and a new answer sheet for resubmission of each 
failed assignment. 


COMPLETION CONFIRMATION 


After successfully completing this course, you 
will receive a letter of completion. 


ERRATA 


Errata are used to correct minor errors or delete 
obsolete information in a course. Errata may 
also be used to provide instructions to the 
student. If a course has an errata, it will be 
included as the first page(s) after the front cover. 
Errata for all courses can be accessed and 
viewed/downloaded at: 


http://www.advancement.cnet.navy.mil 


STUDENT FEEDBACK QUESTIONS 


We value your suggestions, questions, and 
criticisms on our courses. If you would like to 
communicate with us regarding this course, we 
encourage you, if possible, to use e-mail. If you 
write or fax, please use a copy of the Student 
Comment form that follows this page. 


For subject matter questions: 


E-mail: n3222.products@cnet.navy.mil 
Phone: Comm: (850) 452-1001, Ext. 1520 
or 1518 
DSN: 922-1001, Ext. 1520 or 1518 
FAX: (850) 452-1694 
(Do not fax answer sheets. ) 
Address: COMMANDING OFFICER 
NETPDTC N3222 
6490 SAUFLEY FIELD ROAD 
PENSACOLA FL 32509-5237 


For enrollment, shipping, grading, or 
completion letter questions 
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DSN: 922-1511/1181/1859 
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NETPDTC N331 
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NAVAL RESERVE RETIREMENT CREDIT 


If you are a member of the Naval Reserve, you 
may earn retirement points for successfully 
completing this course, if authorized under 
current directives governing retirement of Naval 
Reserve personnel. For Naval Reserve retire- 
ment, this course is evaluated at 22 points, 
which will be credited in units as shown below: 


Unit 1 — 12 points upon satisfactory 
completion of Assignments | through 6 


Unit 2 — 10 points upon satisfactory 
completion of Assignments 7 through 11 


(Refer to Administrative Procedures for Naval 
Reservists. on Inactive Duty, BUPERSINST 
1001.39, for more information about retirement 
points.) 
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CHAPTER 1 
NUMBER SYSTEMS AND SETS 


Mathematics is a basic tool. Some use of 
mathematics is found in every rating in the 
Navy, from the simple arithmetic of counting 
for inventory purposes to the complicated equa- 
tions encountered in computer and engineering 
work. Storekeepers need mathematical compu- 
tation in their bookkeeping. Damage Control- 
men need mathematics to compute stress, cen- 
ters of gravity, and maximum permissible roll. 
Electronics principles are frequently stated by 
means of mathematical formulas. Navigation 
and engineering also use mathematics to a great 
extent. As maritime warfare becomes more 
and more:complex, mathematics achieves ever 
increasing importance as an essential tool. 

From the point of view of the individual there 
are many incentives for learning the subject. 
Mathematics better equips him to do his pres- 
ent job. It will help him in attaining promotions 
and the corresponding pay increases, Statisti- 
cally it has been found that one of the best indi- 
cators of a man's potential success as a naval 
officer is his understanding of mathematics. 

This training course begins with the basic 
facts of arithmetic and continues through some 
of the early stages of algebra. An attempt is 
made throughout to give an understanding of 
why the rules of mathematics are true. This is 
done because it is felt that rules are easier to 
learn and remember if the ideas that led to 
their development are understood. 

Many of us have areas in our mathematics 
background that are hazy, barely understood, or 
troublesome. Thus, while it may at first seem 
beneath your dignity to read chapters on funda- 
mental arithmetic, these basic concepts may be 
just the spots where your difficulties lie. These 
chapters attempt to treat the subject on an adult 
level that will be interesting and informative. 


COUNTING 


Counting is such a basic and natural process 
that we rarely stop to think about it. The proc- 
ess is based on the idea of ONE-TO-ONE COR- 
RESPONDENCE, which is easily demonstrated 
by using the fingers. When children count on 


their fingers, they are placing each finger in 
one-to-one correspondence with one of the ob- 
jects being counted. Having outgrown finger 
counting, we use rumerals. 


NUMERALS 


Numerals are number symbols. One of the 
simplest numeral systems is the Roman nu- 
meral system, in which tally marks are used to 
represent the objects being counted. Roman 
numerals appear to be a refinement of the tally 
method still in use today. By this method, one 
makes short vertical marks until a total of four 
is reached; when the fifth tally is counted, a 
diagonal mark is drawn through the first four 
marks. Grouping by fives in this way is remi- 
niscent of the Roman numeral system, in which 
the multiples of five are represented by special 
symbols. 

A number may have many "names." For 
example, the number 6 may be indicated by any 
of the following symbols: 9 - 3, 12/2,5+ 1, or 
2x 3. The important thing to remember is that 
a number is an idea; various symbols used to 
indicate a number are merely different ways of 
expressing the same idea. 


POSITIVE WHOLE NUMBERS 


The numbers which are used for counting in 
our number system are sometimes called natu-~ 
ral numbers. They are the positive whole num- 
bers, or to use the more precise mathematical 
term, positive INTEGERS. The Arabic nu- 
merals from 0 through 9 are called digits, and 
an integer may have any number of digits. For 
example, 5, 32, and 7,049 are all integers. The 
number of digits in an integer indicates its 
rank; that is, whether it is "in the hundreds," 
"in the thousands," etc. The idea of ranking 
numbers in terms of tens, hundreds, thousands, 
etc., is based on the PLACE VALUE concept. 


PLACE “VALUE 


Although a system such as the Roman nu- 
meral system is adequate for recording the 
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results of counting, it is too cumbersome for 
purposes of calculation. Before arithmetic 
could develop as we know it today, the following 
two important concepts were needed as addi- 
tions to the counting process: 

1. The idea of 0 as a number. 

2. Positional notation (place value). 

Positional notation is a form of coding in 
which the value of each digit of a number de- 
pends upon its position in relation to the other 
digits of the number. The convention used in 
our number system is that each digit has a 
higher place value than those digits to the right 
of it. 

The place value which corresponds to a given 
position in a number is determined by the BASE 
of the number system. The base which is most 
commonly used is ten, and the system with ten 
as a base is called the decimal system (decem 
is the Latin word for ten). Any number is as- 
sumed to be a base-ten number, unless some 
other base is indicated. One exception to this 
rule occurs when the subject of an entire dis- 
cussion is some base other than ten. For ex- 
ample, in the discussion of binary (base two) 
numbers later in this chapter, all numbers are 
assumed to be binary numbers unless some 
other base is indicated. 


DECIMAL SYSTEM 


In the decimal system, each digit position in 
a number has ten times the value of the position 
adjacent to it on the right. For example, in the 
number 11, the 1 on the left is said to be in the 
"tens place,” and its value is 10 times as great 
as that of the 1 on the right. The 1 on the right 
is said to be in the “units place," with the un- 
derstanding that the term "unit" in our system 
refers to the numeral 1. Thus the number 11 
is actually a coded symbol which means "one 
ten plus one unit.'’ Since ten plus one is eleven, 
the symbol 11 represents the number eleven. 

Figure 1-1 shows the names of several digit 
positions in the decimal system. If we apply 
this nomenclature to the digits of the integer 
235, then this number symbol means "two hun- 
dreds plus three tens plus five units." This 
number may be expressed in mathematical 
symbols as follows: 


2x10x10+3x10+5x1l 


Notice that this bears outour earlier statement: 
each digit position has 10 times the value of the 
position adjacent to it on the right. 


HUNDREDS 
THOUSANDS 


Figure 1-1.—Names 
of digit positions. 


The integer 4,372 is a number symbol whose 
meaning is "four thousands plus three hundreds 
plus seven tens plus two units." Expressed in 
mathematical symbols, this number is as fol- 
lows: 


4x 1000+ 3x 100+ 7x10+2x1 


This presentation may be broken down further, 
in order to show that each digit position as 10 
times the place value of the position on its 
right, as follows: 


4x10x 100+ 3x10x10+7x10x1l+2x1 


The comma which appears in a number sym- 
bol such as 4,372 is used for ‘pointing off” the 
digits into groups of three beginning at the 
right-hand side. The first group of three digits 
on the right is the units group; the second group 
is the thousands group; the third group is the 
millions group; etc. Some of these groups are 
shown in table 1-1. 


Table 1-1.—Place values and grouping. 


Millions Thousands 
group group 


Billions 
group 


Hundred thousands 
Ten thousands 


Hundred millions 
Thousands 


Ten millions 


Hundred billions 
Millions 


Ten billions 
Billions 


Hundreds 


Tens 
Units 


By reference to table 1-1, we can verify that 
5,432,786 is read as follows: five million, four 
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hundred thirty-two thousand, seven hundred 
eighty-six. Notice that the word "and" is not 
necessary when reading numbers of this kind. 


Practice problems: 

1. Write the number symbol for seven thousand 
two hundred eighty-one. 

2. Write the meaning, in words, of the symbol 
23,469. 

3. If a number is in the millions, it must have 
at least how many digits ? 

4. If a number has 10 digits, to what number 
group (thousands, millions, etc.) does it 
belong? 


Answers: 

. 7,281 

. Twenty-three thousand, four hundred sixty- 
nine. 

17 

. Billions 


mo NP 


BINARY SYSTEM 


The binary number system is constructed in 
the same manner as the decimal system. How- 
ever, since the base in this system is two, only 
two digit symbols are needed for writing num- 
bers. These two digits are 1 and 0. In order 
to understand why only two digit symbols are 
needed in the binary system, we may make 
some observations about the decimal system 
and then generalize from these. 

One of the most striking observations about 
number systems which utilize the concept of 
place value is that there is no single-digit sym- 
bol for the base. For example, in the decimal 
system the symbol for ten, the base,is 10. This 
symbol is compounded from two digit symbols, 
and its meaning may be interpreted as "one 
base plus no units.'"' Notice the implication of 
this where other bases are concerned: Every 
system uses the same symbol for the base, 
namely 10. Furthermore, the symbol 10 is not 
called ''ten" except in the decimal system. 

Suppose that a number system were con- 
structed with five as a base. Then the only 
digit symbols needed would be 0, 1, 2, 3, and 4. 
No single-digit symbol for five is needed, since 
the symbol 10 in a base-five system with place 
value means ''one five plus no units." In gen- 
eral, in a number system using base N, the 
largest number for which a single-digit symbol 
is needed is N minus 1. Therefore, when the 
base is two the only digit symbols needed are 
1 and 0. 


An example of a binary number is the sym- 
bol 101. We can discover the meaning of this 
symbol by relating it to the decimal system. 
Figure 1-2 shows that the place value of each 
digit position in the binary system is two times 
the place value of the position adjacent to it on 
the right. Compare this with figure 1-1, in 
which the base is ten rather than two. 


Figure 1-2.—Digit positions 
in the binary system. 


Placing the digits of the number 101 in their 
respective blocks on figure 1-2, we find that 
101 means ''one four plus no twos plus one unit." 
Thus 101 is the binary equivalent of decimal 5. 
If we wish to convert a decimal number, such 
as 7, to its binary equivalent, we must break it 
into parts which are multiples of 2. Since 7 is 
equal to 4 plus 2 plus 1, we say that it "con- 
tains'' one 4, one 2, and one unit. Therefore 
the binary symbol for decimal 7 is 111. 

The most common use of the binary number 
system is in electronic digital computers. All 
data fed to a typical electronic digital computer 
is converted to binary form and the computer 
performs its calculations using binary arith- 
metic rather than decimal arithmetic. One of 
the reasons for this is the fact that electrical 
and electronic equipment utilizes many switch- 
ing circuits in which there are only two operat- 
ing conditions. Either the circuit is "on" or it 
is "“off,'' and a two-digit number system is 
ideally suited for symbolizing such a situation. 

Details concerning binary arithmetic are be- 
yond the scope of this volume, but are available 
in Mathematics, Volume 3, NavPers 10073, and 
in Basic Electonics, NavPers 10087-A. 


Practice problems: 

1. Write the decimal equivalents of the binary 
numbers 1101, 1010, 1001, and 1111. 

2. Write the binary equivalents of the decimal 
numbers 12, 7, 14, and 3. 


Answers: 
1, 13, 10, 9, and 15 
2. 1100, 111, 1110, and 11 
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SETS 


Any serious study of mathematics leads the 
student to investigate more than one text and 
more than one way of approaching each new 
topic. At the time of printing of this course, 
much emphasis is being placed on so-called 
modern math in the public schools. Conse- 
quently, the trainée who uses this course is 
likely to find considerable material, in his par- 
allel reading, which uses the ideas and termi- 
nology of the new" math. 

In the following paragraphs, a very brief in- 
troduction to some of the set theory of modern 
math is presented. Although the remainder of 
this course is not based on set theory, this brief 
introduction should help in making the transi- 
tion from traditional methods to newer, experi- 
mental methods. 


DEFINITIONS AND SYMBOLS 


The word "set" impliesa collectionor group- 
ing of similar objects or symbols. The objects 
in a set have at least one characteristic in com- 
mon, such as similarity of appearance or pur- 
pose. A set of tools would be an example of a 
group of objects not necessarily similar in ap- 
pearance but similar in purpose. The objects 
or symbols in a set are called members or 
ELEMENTS of the set. 

The elements of a mathematical set are usu- 
ally symbols, suchas numerals, lines,or points. 
For example, the integers greater thanzero and 
leas than 5 form a set, as follows: 


{1, 2, 3, 4} 


Notice that braces are used to indicate sets. 
This is oftendone where the elements of the set 
are not too numerous. 

Since the elements of the set {2, 4, 6} are 
the same as the elements of {4, 2, 6}, these two 
setsare said tobe equal. In other words, equal- 
ity between sets has nothing to do with the order 
in which the elements are arranged. Further- 
more, repeated elements are not necessary. 
That is, the elements of {2, 2,8, 4} are simply 
2, 3, and.4. Therefore the sets {2, 3, 4} and 
{2,2, 3, 4} are equal. 


Practice problems: 

1, Use the correct symbols to designate the set 
of odd positive integers greater than 0 and 
less than 10. 


2. Use the correct symbols to designate the set 
of names of days of the week which do not 
contain the letter "'s". 

3. List the elements of the set of natural num- 
bers greater than 15 and less than 20. 

4, Suppose that we have sets as follows: 


A = (1, 2, 3} c = {1, 2, 3, 4} 


B=(1,2,2,3} D={1,1,2,3} 


Which of these sets are equal ? 


Answers: 
: i 3,5, 7, 9} 
Monday, Friday} 
. 16, 17, 18, and 19 
. A=B=D 


Woe 


SUBSETS 


Since it is inconvenient to enumerate all of 
the elements of a set each time the set is men- 
tioned, sets are often designated by a letter. 
For example, we could let S represent the set 
of all integers greater than 0 andless than 10. 
In symbols, this relationship could be stated 
as follows: 


S = {1, 2,3, 4, 5, 6, 7, 8, 9} 


Now suppose that we have another set, T, 
which comprises all positive even integers less 
than 10. This set is then defined as follows: 


T ={2, 4, 6, 8} 


Notice that every element of T is also an ele- 
ment of S. This establishes the SUBSET rela- 
tlonship; T is said to be a subset of S. 


POSITIVE INTEGERS 


The most fundamental set of numbers is the 
set of positive integers. This set comprises 
the counting numbers (natural numbers) and in- 
cludes, as subsets, all of the sets of numbers 
which we have discussed. The set of natural 
numbers has an outstanding characteristic: it 
is infinite. This means that the successive 
elements of the set continue to increase in size 
without limit, each number being larger by 1 
than the number preceding it. Therefore there 
is no "largest'’ number; any number that we 
might choose as larger than all others could be 
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increased to a larger number simply by adding 
1 to it. 

One way to represent the set of natural num- 
bers symbolically would be as follows: 


is Ue Pe Be Vi Pea: Pee 


The three dots, called ellipsis, indicate that the 
pattern established by the numbers shown con- 
tinues without limit. In other words, the next 
number in the set is understood to be 7, the 
next after that is 8, etc. 


POINTS AND LINES 


In addition to the many sets which can be 
formed with number symbols, we frequently 
find it necessary in mathematics to work with 
sets composed of points or lines. 

A point is an idea, rather than a tangible ob- 
ject, just as a number is. The mark which is 
made ona piece of paper is merely a symbol 
representing the point. In strict mathematical 
terms,a point has nodimensions (physical size) 
at all. Thus a pencil dot is only a rough picture 
of a point, useful for indicating the location of 
the point but certainly not to be confused with 
the idea. 

Now suppose that a large number of points 
are placed side by side to form a "string." 
Picturing this arrangement by drawing dots on 
paper, we would have a "dotted line.'' If more 
dots were placed between the dots already in 
the string, with the number of dots increasing 
until we could not see between them, we would 
have a rough picture of a line. Once again, it 
is important to emphasize that the picture is 
only a symbol which represents an ideal line. 
The ideal line would have length but no width or 
thickness. 

The foregoing discussion leads to the con- 
clusion that a line is actually a set of points. 
The number of elements in the set is infinite, 
since the line extends in both directions without 
limit. 

The idea of arranging points together to 
form a line may be extended to the formation of 


0 | 2 3 


planes (flat surfaces). A mathematical plane 
is determined by three points which do not lie 
on the same line, It is also determined by two 
intersecting lines. 


Line Segments and Rays 


When we draw a "line," label its end points 
A and B, and call it "line AB," we really mean 
LINE SEGMENT AB. A line segment is a sub- 
set of the set of points comprising a line. 


When a line is considered to have a starting 
point but no stopping point (that is, it extends 
without limit in one direction), it is called a 
RAY. A ray is not a line segment, because it 
does not terminate at both ends; it may be ap- 
propriate to refer to a ray as a "half-line." 


THE NUMBER LINE 


As in the case of a line segment, a ray isa 
subset of the set of points comprising a line. 
All three—lines, line segments, and rays—are 
subsets of the set of points comprising a plane. 


Among the many devices used for represent- 
ing a set of numbers, one of the most useful is 
the number line. To illustrate the construction 
of a number line, let us place the elements of 
the set of natural numbers in one-to-one cor- 
respondence with points on a line. Since the 
natural numbers are equally spaced, we select 
points such that the distances between them are 
equal, The starting point is labeled 0, the next 
point is labeled 1, the next 2, etc., using the 
natural numbers in normal counting order. (See 
fig. 1-3.) Suchan arrangementis often referred 
to as a scale, a familiar example being the 
scale on a thermometer. 


Thus far in our discussion, we have not men- 


tioned any numbers other than integers. The 
number line is an ideal device for picturing the 


4 5 6 7 


Figure 1-3,—A number line. 
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relationship between integers and other num- 
bers suchas fractions and decimals. It is clear 
that many points, other than those representing 
integers, exist on the number line. Examples 
are the points representing the numbers 1/2 
(located halfway between 0 and 1) and 2.5 (lo- 
cated halfway between 2 and 3). 

An interesting question arises, concerning 
the "in-between" points on the number line: 
How many points (numbers) exist between any 
two integers? To answer this question, suppose 
that we first locate the point halfway between 0 
and 1, which corresponds to the number 1/2. 
Then let us locate the point halfway between 0 
and 1/2, which corresponds to the number 1/4. 
The result of the next such halving operation 
would be 1/8, the next 1/16, etc. If we need 
more space to continue our halving operations 
on the number line, we can enlarge our "'pic- 
ture" and then continue. 

It soon becomes apparent that the halving 
process could continue indefinitely; that is, 
without limit. In other words, the number of 
points between 0 and 1 is infinite. The same is 


true of any other interval on the number line. 
Thus, between any two integers there is an infi- 
nite set of numbers other than integers. If this 
seems phySically impossible, considering that 
even the sharpest pencil point has some width, 
remember that we are working with ideal points, 
which have no physical dimensions whatsoever. 

Although it is beyond the scope of this course 
to discuss such topics as orders of infinity, it 
is interesting to note that the set of integers 
contains many subsets which are themselves 
infinite. Not only are the many subsets of num- 
bers other than integers infinite, but also such 
subsets as the set of all odd integers and the 
set of all even integers. By intuition we see 
that these two subsets are infinite, as follows: 
If we select a particular odd or even integer 
which we think is the largest possible, a larger 
one can be formed immediately by merely 
adding 2. 

Perhaps the most practical use for the num- 
ber line is in explaining the meaning of nega- 
tive numbers. Negative numbers are discussed 
in detail in chapter 3 of this course. 


CHAPTER 2 
POSITIVE INTEGERS 


The purpose of this chapter is to review the 
methods of combining integers. We have al- 
ready used one combination process in our dis- 
cussion of counting. We will extend the idea of 
counting, which is nothing more than simple ad- 
dition, to develop a systematic method for add- 
ing numbers of any size. We will also learn 
the meaning of subtraction, multiplication, and 
division. 


ADDITION AND SUBTRACTION 


In the following discussion, it is assumed 
that the reader knows the basic addition and 
subtraction tables, which present such facts as 
the following: 2+3=5, 9+8=17, 8-3=5, 
etc. 

The operation of addition is indicated by a 
plus sign (+) as in 8+4-= 12. The numbers 8 
and 4 are ADDENDS and the answer (12) is their 
SUM. The operation of subtraction is indicated 
by a minus sign (-) as in 9 - 3 = 6. The number 
9 is the MINUEND, 3 is the SUBTRAHEND, and 
the answer (6) is their DIFFERENCE. 


REGROUPING 


Addition may be performed with the addends 
arranged horizontally, if they are small enough 
and not too numerous. However, the most com- 
mon method of arranging the addends is to place 
them in vertical columns. In this arrangement, 
the units digits of all the addends are alined 
vertically, as are the tens digits, the hundreds 
digits, etc. The following example shows three 
addends arranged properly for addition: 


It is customary to draw a line below the last 
addend, placing the answer below this line. Sub- 
traction problems are arranged in columns in 
the same manner as for addition, with a line at 
the bottom and the answer below this line. 


Carry and Borrow 


Problems involving several addends, with 
two or more digits each, usually produce sums 
in one or more of the columns which are greater 
than 9. For example, suppose that we perform 
the following addition: 


357 
845 
22 


1,224 


The answer was found by a process called 
"carrying." In this process extra digits, gen- 
erated when a column sum exceeds 9, are car- 
ried to the next column to the left and treated 
as addends in that column. Carrying may be 
explained by grouping the original addends. 
For example, 357 actually means 3 hundreds 
plus 5 tens plus 7 units. Rewriting the problem 
with each addend grouped in terms of units, 
tens, etc., we would have the following: 


300 + 50+ 7 
800+ 40+ 5 
20+ 2 


1,100 + 110 + 14 


The "extra" digit in the units column of the 
answer represents 1 ten. We regroup the col- 
umns of the answer sothat the units column has 
no digits representing tens, the tens column has 
no digits representing hundreds, etc.,as follows: 

1,100 + 110 + 14 = 1,100 + 110+ 10+ 4 
1,100 + 120+ 4 
1,100 + 100 + 20+ 4 
1,200 + 20+ 4 
1,000 + 200 + 20+ 4 
= 1,224 


When we carry the 10 from the expression 
10 + 4 to the tens column and place it with the 
110 to make 120, the result is the same as if 
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we had added 1 to the digits 5, 4, and 2 in the 
tens column of the original problem. There- 
fore, the thought process in addition is as fol- 
lows: Add the 7, 5, and 2 in the units column, 
getting a sum of 14, Write down the 4 in the 
units column of the answer and carry the 1 to 
the tens column. Mentally add the 1 along with 
the other digits in the tens column, getting a 
sum of 12, Write down the 2 in the tens column 
of the answer and carry the 1 to the hundreds 
column. Mentally add the 1 along with the other 
digits in the hundreds column, getting a sum of 
12. Write down the 2 in the hundreds column of 
the answer and carry the 1 to the thousands 
column. If there were other digits in the thou- 
sands column to which the 1 could be added, the 
process would continue as before. Since there 
are no digits in the thousands column of the 
original problem, this final 1 is not added to 
anything, but is simply written in the thousands 
place in the answer. 

The borrow process is the reverse of carry- 
ing and is used in subtraction. Borrowing is 
not necessary in such problems as 46 - 5 and 
58 - 53. In the first problem, the thought proc- 
ess may be ''5 from 6 is 1 and bring down the 4 
to get the difference, 41."' In the second prob- 
lem, the thought process is ''3 from 8 is 5" and 
"5 from 5 is zero,"' and the answer is 5. More 
explicitly, the subtraction process in these ex- 
amples is as follows: 


40 +6 50 +8 
5 50+ 3 
40+1=41 0+52=5 


This illustrates that we are subtracting units 
from units and tens from tens, 

Now consider the following problem where 
borrowing is involved: 


43 
8 
If the student uses the borrowing method, he 
may think "8 from 13 is 5 and bring down 3 to 
get the difference, 35." In this case what actu- 
ally was done is as follows: 


30 + 13 
8 


30 +5 = 35 


A 10 has been borrowed from the tens column 
and combined with the 3 in the units column to 
make a number large enough for subtraction of 
the 8. Notice that borrowing to increase the 
value of the digit in the units column reduces 
the value of the digit in the tens column by 1. 

Sometimes itis necessary to borrow in more 
than one column. For example, suppose that we 
wish to subtract 2,345 from 5,234. Grouping 
the minuend and subtrahend in units, tens, hun- 
dreds, etc., we have the following: 


5,000 + 200 + 30+ 4 
2,000 + 300 + 40+ 5 


Borrowing a 10 from the 30 in the tens column, 
we regroup as follows: 


5,000 + 200 + 20+ 14 
2,000 + 300+ 40+ 5 


The units column is now ready for subtrac- 
tion. By borrowing from the hundreds column, 
we can regroup so that subtraction is possible 
in the tens column, as follows: 


5,000 + 100 + 120+ 14 
2,000 + 300+ 40+ .5 


In the final regrouping, we borrow from the 
thousands column to make subtraction possible 
in the hundreds column, with the following result: 


4,000 + 1,100 + 120+ 14 
2,000+ 300+ 40+ 5 


2,000 + 800+ 80+ 9 = 2,889 


In actual practice, the borrowing and re- 
grouping are done mentally. The numbers are 
written in the normal manner, as follows: 


5,234 
-2,345 


2,889 


The following thought process is used: Borrow 
from the tens column, making the 4 become 14. 
Subtracting in the units column, 5 from 14 is 9. 
In the tens column, we now have a 2 in the min- 
uend as a result of the first borrowing opera- 
tion. Some students find it helpful at first to 
cancel any digits that are reduced asa result 
of borrowing, jotting down the digit of next lower 
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value just above the canceled digit. This has 
been done in the following example: 


412 


B28 
-2,,345 


2,889 


After canceling the 3, we proceed with the 
subtraction, one column atatime. We borrow 
from the hundreds column to change the 2 that 
we now have in the tens column into 12. Sub- 
tracting in the tens column, 4 from 12 is 8. 
Proceeding in the same way for the hundreds 
column, 3from 11is 8. Finally, in the thou- 
sands column, 2 from 4 is 2. 

Practice problems. In problems 1 through 
4, add the indicated numbers. In problems 5 
through 8, subtract the lower number from the 
upper. 


1, Add 23, 468, 7, and 9,045. 


2. 129 3. 9,497 4. 67,856 
958 6,364 22,851 
787 4,269 44,238 
436 9,785 97,156 
§. 709 6. 8,700 7. 7,928 8. 75,168 
$94 5,008 5,349 28 ,089 
Answers: 
1, 9,543 2, 2,310 3. 29,915 4, 232,101 
§, 115 6, 3,692 7, 2,579 8. 47,079 


Denominate Numbers 


Numbers that have a unit of measure asso- 
ciated with them, such as yard, kilowatt, pound, 
pint, etc., are called DENOMINATE NUMBERS. 
The word “denominate'’ means the numbers 
have been given a name; they are not just ab- 
stract symbols. To add denominate numbers, 
add all units of the same kind. Simplify the re- 
sult, if possible. The following example illus- 
trates the addition of 6 ft 8 in. to 4 ft 5 in.: 


6 ft 8 in. 
4ft 5 in. 


10 ft 13 in. 


Since 13 in. is the equivalent of 1 ft 1in., we 
regroup the answer as 11 ft 1 in. 


3. 10 wks 5 days 7 hrs 


A similar problem would be to add 20 de- 
grees 44 minutes 6 seconds to 13 degrees 22 
minutes 5 seconds. This is illustrated as fol- 
lows: 


20 deg 44 min 6 sec 
13 deg 22 min 5 sec 


33 deg 66 min 11 sec 


This answer is regrouped as 34 deg 6 min 
11 sec. 

Numbers must be expressed in units of the 
same kind, in order to be combined. For in- 
stance, the sum of 6 kilowatts plus 1 watt is not 
7 kilowatts nor is it 7 watts. The sum can only 
be indicated (rather than performing the opera- 
tion) unless some method is used to write these 
numbers in units of the same value. 

Subtraction of denominate numbers also in- 
volves the regrouping idea. If we wish to sub- 
tract 16 deg 8 min 2 sec from 28 deg 4 min 
3 sec, for example, we would have the following 
arrangement: 


28 deg 4 min 3 sec 
-16 deg 8 min 2 sec 


In order to subtract 8 min from 4 min we re- 
group as follows: 


27 deg 64 min 3 sec 
-16 deg 8 min 2 sec 


1l deg 56 min 1 sec 
Practice problems, In problems 1, 2, and 3 add. In 


problems 4, 5, and 6 subtract the lower number from 
the upper. 


1.6yd 2ft 7 in, 4, Shr 25 min 10 sec 
ift 9in. 6 hr 50 min 35 sec 
2 yd 10 in, = — =. 

2 47 min 51 sec 5. 125 deg 


. 9hr 
Hed 36 min 23 sec 47 deg 9 min 14 sec 
r 


15 min 23 sec 


6. 20 wks 2 days 10 hrs 
22 wks 3 days 10 hrs 7 wks 6 days 15 hrs 


3 wks 4 days 12 hrs 
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Answers: 


. 9 yd 2 ft 2 in. 

. 18 hr 39 min 37 sec 

. 36 wks 6 days 5 hr 

. 8 hr 34 min 35 sec 

. 77 deg 50 min 46 sec 
6. 12 wks 2 days 19 hr 


Mental Calculation 


Mental regrouping can be used to avoid the 
necessity of writing down some of the steps, or 
of rewriting in columns, when groups of one- 
digit or two-digit numbers are to be added or 
subtracted. 

One of the most common devices for rapid 
addition is recognition of groups of digits whose 
sum is 10. For example, in the following prob- 
lem two "ten groups" have been marked with 
braces: 


A be WN 


To add this column as grouped, you would say 
to yourself, ''7, 17, 22, 32." The thought should 
be just the successive totals as shown above 
and not such cumbersome steps as ''7 + 10, 17, 
+5, 22, + 10, 32." 

When successive digits appear ina column 
and their sum is less than 10, it is often con- 
venient to think of them, too, as a sum rather 
than separately. Thus, if adding a column in 
which the sum of two successive digits is 10 or 
less, group them as follows: 


The thought process here might be, as shown 
by the grouping, "5, 14, 24.” 


10 


Practice problems. Add the following col- 
umns from the top down, as in the preceding 
example: 


1. 2 2. 4 3. 88 4. 57 
7 6 36 32 
3 7 59 64 
6 8 82 97 
4 1 28 79 
1 a 57 44 


Answers, showing successive mental steps: 


1. 2, 12, 22, 23 - - Final answer, 23 
2. 10, 17, 26, 34 - - Final answer, 34 
3. Units column: 14, 23, 33, 40 - - Write down 
0, carry 4. 
Tens column: 12, 20, 30, 35 - - Final an- 
swer, 350. 
4. Units column: 9, 20, 29, 33 - - Write down 
3, carry 3. 
Tens column: 8, 17, 26, 37 - - Final an- 
swer, 373. 


SUBTRACTION.—In an example such as 
73 - 46, the conventional approach is to place 
46 under 73 and subtract units from units and 
tens from tens, and write only the difference 
without the intermediate steps. To do this, the 
best method is to begin at the left. Thus, in the 
example 73 - 46, we take 40 from 73 and then 
take 6 from the result. This is done mentally, 
however, and the thought would be "73, 33, 27," 
or "33, 27.'' In the example 84 - 21 the thought 
is "64, 63''and inthe example 64 - 39 the thought 
is 34, 25." 

Practice problems. Mentally subtract and 
write only the difference: 


1. 47 - 24 4. 86 - 73 
2. 69 - 38 5. 82 - 41 
3. 87 - 58 6. 30 - 12 


Answers, showing successive mental steps: 


. 27, 23 - - Final answer, 23 
39, 31 - - Final answer, 31 
37, 29 - - Final answer, 29 
16, 13 - - Final answer, 13 
42, 41 - - Final answer, 41 
. 20, 18 - - Final answer, 18 


° 


Anak wd 


MULTIPLICATION AND DIVISION 


Multiplication may be indicated by a multi- 
plication sign (x) between two numbers, a dot 


Chapter 2— POSITIVE INTEGERS 


between two numbers, or parentheses around 
one or both of the numbers to be multiplied. The 
following examples illustrate these methods: 


6x 8= 48 
6-8 =48 
6(8) = 48 

(6)(8) = 48 


Notice that when a dot is used to indicate 
multiplication, it is distinguished from a deci- 
mal point or a period by being placed above the 
line of writing, as in example 2, whereas a 
period or decimal point appears on the line. 
Notice also that when parentheses are used to 
indicate multiplication, the numbers to be mul- 
tiplied are spaced closer together than they are 
when the dot or x is used. 

In each of the four examples just given, 6 is 
the MULTIPLIER and 8 is the MULTIPLICAND. 
Both the 6 and the 8 are FACTORS, and the 
more modern texts refer to them this way. The 
"answer" in a multiplication problem is the 
PRODUCT; in the examples just given, the 
product is 48. 

Division usually is indicated either by a 
division sign (+) or by placing one number over 
another number with a line between the num- 
bers, as in the following examples: 


1. 8+4=2 
8 
2.472 


The number 8 is the DIVIDEND, 4 is the DIVI- 
SOR, and 2 is the QUOTIENT. 


MULTIPLICATION METHODS 


The multiplication of whole numbers may be 
thought of as a short process of adding equal 
numbers. For example, 6(5) and 6 x 5 are read 
as six 5's. Of course we could write 5 six times 
and add, but if we learn that the result is 30 we 
can save time. Although the concept of adding 
equal numbers is quite adequate in explaining 
multiplication of whole numbers, it is only a 
special case of a more general definition, which 
will be explained later in multiplication involv- 
ing fractions. 


Grouping 


Let us examine the process involved in mul- 
tiplying 6 times 27 to get the product 162. We 
first arrange thefactors in the following manner: 


11 


27 
_x6 


162 
The thought process is as follows: 

1. 6 times 7 is 42. Write down the 2 and 
carry the 4. 

2. 6 times 2 is 12. Add the 4 that was car- 
ried over from step 1 and write the result, 16, 
beside the 2 that was written in step 1. 

3. The final answer is 162. 

Table 2-1 shows that the factors were grouped 
in units, tens, etc. The multiplication was done 
in three steps: Six times 7 units is 42 units (or 
4 tens and 2 units) and six times 2 tens is 12 
tens (or 1 hundred and 2 tens). Then the tens 
were added and the product was written as 162. 


Table 2-1.—Multiplying by a 
one-digit number. 


Hundreds 


6(27) = 162 


In preparing numbers for multiplication as 
in table 2-1, it is important to place the digits 
of the factors in the proper columns; that is, 
units must be placed in the units column, tens 
in tens column, and hundreds in hundreds col- 
umn. Notice that it is not necessary to write 
the zero in the case of 12 tens (120) since the 1 
and 2 are written in the proper columns. In 
practice, the addition is done mentally, and just 
the product is written without the intervening 
steps. 

Multiplying a number with more than two 
digits by a one-digit number, as shown in table 
2-2, involves no new ideas. Three times 6 units 
is 18 units (1 ten and 8 units), 3 times 0 tens is 
0, and 3 times 4 hundreds is 12 hundreds (1 
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Table 2-2.—Multiplying a three-digit 
number by a one-digit number. 


Thousands 


3(406) = 1,218 


thousand and 2 hundreds). Notice that it is not 
necessary to write the 0's resulting from the 
step '3 times 0 tens is 0." The two terminal 
0's of the number 1,200 are also omitted, since 
the 1 and the 2 are placed in their correct col- 
umns by the position of the 4. 


Partial Products 


In the example, 6(8) = 48, notice that the 
multiplying could be done another way to get 
the correct product as follows: 


6(9 +5) =6x3+6x5 


That is, we can break 8 into 3 and 5, multiply 
each of these by the other factor, and add the 
partial products. This idea is employed in 
multiplying by a two-digit number. Consider 
the following example: 


43 
x27 


1,161 


Breaking the 27 into 20 + 7, we have 7 units 
times 43 plus 2 tens times 43, as follows: 


43(20 + 7) = (43)(7) + (43)(20) 


Since 7 units times 43 is 301 units, and 2 tens 
times 43 is 86 tens, we have the following: 


12 


43 
x27 


301 = 3 hundreds, 0 tens, 1 unit 
86 = 8 hundreds, 6 tens 


1,161 


As long as the partial products are written 
in the correct columns, we can multiply begin- 
ning from either the left or the right of the 
multiplier. Thus, multiplying from the left, we 
have 


43 
x27 


86 
301 


1,161 


Multiplication by a number having more places 
involves no new ideas. 


End Zeros 


The placement of partial products must be 
kept in mind when multiplying in problems in- 
volving end zeros, as in the following example: 


27 
x40 


1,080 


We have 0 units times 27 plus 4 tens times 27, 
as follows: 


27 
x40 


The zero in the units place plays an important 
part in the reading of the final product. End 
zeros are often called "place holders" since 
their only function in the problem is to hold the 
digit positions which they occupy, thus helping to 
place the other digits in the problem correctly. 

The end zero in the foregoing problem can 
be accounted for very nicely, while at the same 
time placing the other digits correctly, by means 
of a shortcut. This consists of offsetting the 40 
one place to the right and then simply bringing 
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down the 0, without using it as a multiplier at 
all. The problem would appear as follows: 


27 
x40 


1,080 


If the problem involves a multiplier with 
more than one end 0, the multiplier is offset as 
many places to the right as there are end 0's. 
For example, consider the following multipli- 
cation in which the multiplier, 300, has two 
end 0's: 


220 
x300 


66,000 


Notice that there are as many place-holding 
zeros at the end in the product as there are 
place-holding zeros in the multiplier and the 
multiplicand combined. 


Placement of Decimal Points 


In any whole number in the decimal system, 
there is understood to be a terminating mark, 
called a decimal point, at the right-hand end of 
the number. Although the decimal point is sel- 
dom shown except in numbers involving decimal 
fractions (covered in chapter 5 of this course), 
its location must be known. The placement of 
the decimal point is automatically taken care of 
when the end 0's are correctly placed. 

Practice problems, Multiply in each of the 


following problems: 

1. 287x 8 4. 807 x 28 

2. 67x 49 5. 694 x 80 

3. 940 x 20 6. 9,241 x 7,800 
Answers: 

1. 2,296 4, 22,596 

2. 3,283 5. 55,520 

3. 18,800 6. 72,079,800 


DIVISION METHODS 


Just as multiplication can be considered as 
repeated addition, division can be considered as 
repeated subtraction. For example, if we wish 
to divide 12 by 4 we may subtract 4from 12 in 
successive steps and tally the number of times 
that the subtraction is performed, as follows: 


13 


* 


ola |nolatd 
* * 


As indicated by the asterisks used as tally 
marks, 4 has been subtracted 3 times. This 
result is sometimes described by saying that 
"4 is contained in 12 three times." 

Since successive subtraction is too cumber- 
some for rapid, concise calculation, methods 
which treat division as the inverse of multipli- 
cation are more useful. Knowledge of the mul- 
tiplication tables should lead us to an answer 
for aproblem such as 12 + 4 immediately, since 
we know that3x4is 12. However, a problem 
such as 84+ 4 is not so easy to solve by direct 
reference to the multiplication table. 

One way to divide 84 by 4 is to note that 84 
is the same as 80 plus 4. Thus 8&4 + 4 is the 
same as 80 + 4 plus 4+ 4. In symbols, this can 
be indicated as follows: 


20+1 
+ 


(When this type of division symbol is used, the 
quotient is written above the vinculum as shown.) 
Thus, 84 divided by 4 is 21. 

From the foregoing example, it can be seen 
that the regrouping is useful in division as well 
as in multiplication. However, the mechanical 
procedure used in division does not include 
writing down the regrouped form of the divi- 
dend. After becoming familiar with the proc- 
ess, we find that the division can be performed 
directly, one digit at a time, with the regrouping 
taking place mentally. The following example 
illustrates this: 


14 


The thought process is as follows: '4 is con- 
tained in 5 once" (write 1 in tens place over 
the 5); "one times 4 is 4" (write 4 in tens place 
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under 5, take the difference, and bring down 6); 
and ''4 is contained in 16 four times" (write 4 
in units place over the 6). After a little prac- 
tice, many people can do the work shown under 
the dividend mentally and write only the quo- 
tient, if the divisor has only 1 digit. 

The divisor is sometimes too large to be 
contained in the first digit of the dividend. The 
following example illustrates a problem of this 
kind: 


36 
7/252 
21 


42 
42 


Since 2 is not large enough to contain 7, we 
divide 7 into the number formed by the first two 
digits, 25. Seven is contained 3 times in 25; we 
write 3 abovethe 5 of the dividend. Multiplying, 
3 times 7 is 21; we write 21 below the first two 
digits of the dividend. Subtracting, 25 minus 21 
is 4; we write down the 4 and bring down the 2 
in the units place of the dividend. We have now 
formed a new dividend, 42. Seven is contained 
6 times in 42; we write 6 above the 2 of the 
dividend. Multiplying as before, 6 times 7 is 42; 
we write this product below the dividend 42. 
Subtracting, we have nothing left and the divi- 
sion is complete. 


Estimation 


When there are two or more digits in the 
divisor, it is not always easy to determine the 
first digit of the quotient. An estimate must be 
made, and the resulting trial quotient may be 
too large or too small. For example, if 1,862 
is to be divided by 38, we might estimate that 
38 is contained 5 times in 186 and thefirst digit 
of our trial divisor would be 5. However, mul- 
tiplication reveals that the product of 5 and 38 
is larger than 186. Thus we would change the 5 
in our quotient to 4, and the problem would then 
appear as follows: 


49 
38/1862 
152 


342 
342 


14 


On the other hand, suppose that we had esti- 
mated that 38 is contained in 186 only 3 times. 
We would then have the following: 


3 
38/1862 
114 


72 


Now, before we make any further moves in the 
division process, it should be obvious that some- 
thing is wrong. Hf our new dividend is large 
enough to contain the divisor before bringing 
down a digit from the original dividend, then the 
trial quotient should have been larger. In other 
words, our estimate is too small. 

Proficiency in estimating trial quotients is 
gained through practice and familiarity with 
number combinations. For example, after a 
little experience we realize that a close esti- 
mate can be made in the foregoing problem by 
thinking of 38 as "almost 40." It is easy to see 
that 40 is contained 4 times in 186, since 4 
times 40 is 160. Also, since 5 times 40 is 200, 
we are reasonably certain that 5 is too large 
for our trial divisor. 


Uneven Division 


In some division problems such as 7 +: 3, 
there is no other whole number that, when mul- 
tiplied by the divisor, will give the dividend. 
We use the distributive idea to show how divi- 
sion is done in such a case. For example, 7 = 3 
could be written as follows: 


Thus, we See that the quotient also carries one 
unit that is to be divided by 3. It should now be 
clear that 3/37 = 3/30 + 7, and that this can be 
further reduced as follows: 


30, 6,1 _ ae ey 
3 tatg tr Wr eee lee 

In elementary arithmetic the part of the divi- 
dend that cannot be divided evenly bythe divisor 
is often called a REMAINDER and is placed 
next to the quotient with the prefix R. Thus, in 
the foregoing example where the quotient was 


1 
12 3» the quotient could be written 12R 1. This 
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method of indicating uneven division is useful 
in examples such as the following: 

Suppose that $13 is available for the pur- 
chase of spare parts, and the parts needed cost 
$3 each. Four parts can be bought with the 
available money, and $1 will be left over. Since 
it is not possible to buy 1/3 of a part, express- 
ing the result as 4 R 1 gives a more meaningful 
answer than 4 1/3. 


Placement of Decimal Points 


In division, as in multiplication, the place- 
ment of the decimal point is important. Deter- 
mining the location of the decimal point and the 
number of places in the quotient can be rela- 
tively simple if the work is kept in the proper 
columns. For example, notice the vertical 
alinement in the following problem: 


We notice that the first two places in the divi- 
dend are used to obtain the first place in the 
quotient. Since 3 is in the hundreds column 
there are two more places in the quotient (tens 
place and units place). The decimal! point in the 
quotient is understood to be directly above the 
position of the decimal point in the dividend. In 
the example shown here, the decimal point is 
not shown but is understood to be immediately 
after the second 1. 


Checking Accuracy 


The accuracy of a division of numbers can 
be checked by multiplying the quotient by the 
divisor and adding the remainder, if any. The 
result should equal the dividend. Consider the 
following example: 


5203 

42/218541 Check: 5203 
210 x 42 
85 10406 

84 20812 
141 218526 
126 + 15 
15 218541 
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DENOMINATE NUMBERS 


We have learned that denominate numbers 
are not difficult to add and subtract, provided 
that units, tens, hundreds, etc., are retained in 
their respective columns. Multiplication and 
division of denominate numbers may also be 
performed with comparative ease, by using the 
experience gained in addition and subtraction. 


Multiplication 


In multiplying denominate numbers by inte- 
gers, no new ideas are needed. If in the prob- 
lem 3(5 yd 2 ft 6 in.) we remember that we can 
multiply each part separately to get the correct 
product (as in the example, 6(8) = 6(3) + 6(5)), 
we can easily find the product, as follows: 


5 yd 2fit 6in. 
x 3 


15 yd 6 ft 18 in. 
Simplifying, this is 
17 yd 1 ft 6 in. 


When one denominate number is multiplied 
by another, a question arises concerning the 
products of the units of measurement. The 
product of one unit times another of the same 
kind is one square unit. For example, 1 ft 
times 1 ft is 1 square foot, abbreviated sq ft; 
2 in. times 3 in. is 6 sq in.; etc. If it becomes 
necessary to multiply such numbers as 2 yd 1 ft 
times 6 yd 2 ft, the foot units may be converted 
to fractions of a yard, as follows: 


(2 yd 1 £t)(6 yd 2 ft) = (2 1/3 yd)(6 2/3 yd) 


In order to complete the multiplication, a 
knowledge of fractions is needed. Fractions 
are discussed in chapter 4 of this training 
course. 


Division 


The division of denominate numbers requires 
division of the highest units first; and if there 
is a remainder, conversion to the next lower 
unit, and repeated division until all units have 
been divided. 

In the example (24 gal 1 qt 1 pt) = 5, we per- 
form the following steps: 


MATHEMATICS, VOLUME 1 


Step 1: 4 gal 
5/24 gal 
20 
4 gal (left over) 


Step 2: Convert the 4 gal left over to 16 qt and 


add to the 1 qt. 
3 qt 
5/17 at 
15 


2 qt (left over) 


Step 3: 


Step 4: Convert the 2 qt left over to 4 pt and 


add to the 1 pt. 
1 pt 
5/5 pt 


Therefore, 24 gal 1 qt 1 pt divided by 5 is 
4 gal 3 qt 1 pt. 

Practice problems. In problems 1 through 4, 
divide as indicated. In problems 5 through 8, 
multiply or divide as indicated. 


Step 5: 


1, 549 + 9 5. 4hr 26 min 16 sec 
x § 
2. 470/63 
6. 3(4 gal 3 qt 1 pt) 
8. 25/2,300 
7. 67 deg 43 min 12 sec 
4. 64/74,816 ‘ 2 
8. 5/63 Ib II oz 
Answers: 
1. 61 5. 22 hr 11 min 20 sec 
2. 7R 29 6. 14 gal 2 qt 1 pt 
8. 92 7. 33 deg 51 min 36 sec 
4. 1,169 8. 12 lb 11 4/5 oz 


ORDER OF OPERATIONS 


When a series of operations involving addi- 
tion, subtraction, multiplication, or division is 
indicated, the order in which the operations are 
performed is important only if division is in- 
volved or if the operations are mixed. A se- 
ries of individual additions, subtractions, or 
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multiplications may be performed in any order. 
Thus, in 


4+2+7+5 = 18 
or 
100 - 20 - 10 - 3 = 67 
or 
4x2x7x5 = 280 
the numbers may be combined in any order de- 


sired. For example, they may be grouped easily 
to give 


6 + 12 = 18 
and 

97 - 30 = 67 
and 

40 x 7 = 280 


A series of divisions should be taken in the 
order written. 


Thus, 
100 + 10+ 22 10+ 25 
In a series of mixed operations, perform multi- 
plications and divisions in order from left to right, then 


perform additions and subtractions in order from left 
to right. 


For example 

100 + 4x5 = 25x = 125 
and 

60 - 25+5= 60 - § = 55 
Now consider 

60 —- 25 + 54+ 15 - 100+ 4x10 

= 60-5415 -—- 100+ 4x10 

= 60 - 5+ 15 — 100 + 40 

= 115 ~— 105 

= 10 
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Practice problems. Evaluate each of the 


following expressions: 


- 98 +3+2 

18 -2x5+4 
.-90+2:9 

- 7 +5x 3 +5 
-7+1-8x 4 = 16 


Om oe 


Answers: 


. 5 
. 12 
5 


ane 
Oe 
aw 


MULTIPLES AND FACTORS 


Any number that is exactly divisible by a 
given number is a MULTIPLE of the given 
number. For example, 24 is a multiple of 2, 3, 
4, 6, 8, and 12, since it is divisible by each of 
these numbers. Saying that 24 is a multiple of 
3, for instance, is equivalent to saying that 3 
multiplied by some whole number will give 24. 
Any number is a multiple of itself and also of 1. 


Any number that is a multiple of 2 is an 
EVEN NUMBER. The even numbers begin with 
2 and progress by 2's as follows: 


2, 4, 6, 8, 10, 12, ... 


Any number that is not a multiple of 2 is an 
ODD NUMBER. The odd numbers begin with 1 
and progress by 2's, as follows: 


1, 8,5, 7, 9, 11, 13, ... 


Any number that can be divided into a given 
number without a remainder is a FACTOR of 
the given number. The given number is a mul- 
tiple of any number that is one of its factors. 
For example, 2, 3, 4, 6, 8, and 12 are factors 
of 24. The following four equalities show vari- 
ous combinations of the factors of 24: 


2428-3 
2426.4 


24 = 24:1 
242 12.2 


If the number 24 is factored as completely as 
possible, it assumes the form 


244=22-2-2-3 
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ZERO AS A FACTOR 


If any number is multiplied by zero, the 
product is zero. For example, 5 times zero 
equals zero and may be written 5(0)=0. The 
zero factor law tells us that, if the product of 
two or more factors is zero, at least one of the 
factors must be zero. 


PRIME FACTORS 


A number that has factors other than itself 
and 1 is a COMPOSITE NUMBER. For exam- 
ple, the number 15 is composite. It has the 
factors 5 and 3. 

A number that has no factors except itself 
and 1 isa PRIME NUMBER. Since it is some- 
times advantageous to separate a composite 
number into prime factors, it is helpful to be 
able to recognize a few prime numbers quickly. 
The following series shows all the prime num- 
bers up to 60: 


2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 
43, 47, 53, 59. 


Notice that 2 is the only even prime number. 
All other even numbers are divisible by 2. 
Notice also that 51, for example, does not ap- 
pear in the series, since it is a composite num- 
ber equal to 3 x 17. 

If a factor of a number is prime, it is called 
a PRIME FACTOR. To separate a number into 
prime factors, begin by taking out the smallest 
factor. If the number is even, take out all the 
2's first, then try 3 asa factor, etc. Thus, we 
have the following example: 


540 = 2 - 270 
=2:2: 135 
=2°2-+3: 48 


a2-2:93°93-+ 15 
=2°2-.3°3-83:°8 
Since 1 is an understood factor of every num-, 
ber, we do not waste space recording it as oné 
of the factors in a presentation of this kind. 
A convenient way of keeping track of the 
prime factors is inthe short division process 
as follows: 
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If a number is odd, its factors will be odd 
numbers. To separate an odd number into 
prime factors, take out the 3's first, if there 
are any. Then try 5 as a factor, etc. As an 


example, 
5,775 = 3 - 1,925 
= 3:5: 385 
=3-°5:+5: 77 
=3:5:-5-7- 11 


Practice problems: 


1. Which of the following are prime numbers 
and which are composite numbers? 


25, 7, 18, 29, 51 

2. What prime numbers are factors of 36? 

3. Which of the following are multiples of 3? 
45, 53, 51, 39, 47 


4. Find the prime factors of 27. 


Answers: 


1. Prime: 7, 29 
Composite: 25, 18, 51 


2.36=2:2:3°3 
3. 45, 51, 39 
4.27=3-3-3 


Tests for Divisibility 


It is often useful to be able to tell by inspec- 
tion whether a number is exactly divisible by 
one or more of the digits from 2 through 9. An 
expression which is frequently used, although it 
is sometimes misleading, is "evenly divisible." 
This expression has nothing to do with the con- 
cept of even and odd numbers, and it probably 
should be avoided in favor of the more descrip- 
tive expression, "exactly divisible."’ For the re- 
mainder of this discussion, the word "divisible" 
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has the same meaning as "exactly divisible." 
Several tests for divisibility are listed in the 
following paragraphs: 

1. A number is divisible by 2 if its right- 
hand digit is even. 

2. A number is divisible by 3 if the sum of 
its digits is divisible by 3. For example, the 
digits of the number 6,561 add to produce the 
sum 18. Since 18 is divisible by 3, we know 
that 6,561 is divisible by 3. 

3. Anumber is divisible by 4 if the number 
formed by the two right-hand digits is divisible 
by 4. For example, the two right-hand digits of 
the number 3,524 form the number 24. Since 
24 is divisible by 4, we know that 3,524 is di- 
visible by 4. ; 

4. A number is divisible by 5 if its right- 
hand digit is 0 or 5. 

5. A number is divisible by 6 if it is even 
and the sum of its digits is divisible by 3. For 
example, the sum of the digits of 64,236 is 21, 
which is divisible by 3. Since 64,236 is also an 
even number, we know that it is divisible by 6. 

6. No short method has been found for de- 
termining whether a number is divisible by 7. 

7. A number is divisible by 8 if the number 
formed by the three right-hand digits is divisi- 
ble by 8. For example, the three right-hand 
digits of the number 54,272 form the number 
272, which is divisible by 8. Therefore, we 
know that 54,272 is divisible by 8. 

8. A number is divisible by 9 if the sum of 
its digits is divisible by 9. For example, the 
sum of the digits of 546,372 is 27, whichis di- 
visible by 9. Therefore we know that 546,372 
is divisible by 9. 

Practice problems. Check each of the fol- 
lowing numbers for divisibility by all of the 
digits except 7: 


1. 242,431,231,320 
2. 844,624,221,840 
3. 988,446,662,640 
4, 207,634,542,480 


Answers: All of these numbers are divisible 
by 2, 3, 4, 5, 6, 8, and 9. 


CHAPTER 3 
SIGNED NUMBERS 


The positive numbers with which we have 
worked in previous chapters are not sufficient 
for every situation which may arise. For ex- 
ample, a negative number results in the opera- 
tion of subtraction when the subtrahend is larger 
than the minuend. 


NEGATIVE NUMBERS 


When the subtrahend happens to be larger 
than the minuend, this fact is indicated by plac- 
ing a minus sign in front of the difference, as 
in the following: 


12 - 20 = -8 


The difference, -8, is said to be NEGATIVE. A 
number preceded by a minus sign is a NEGA- 
TIVE NUMBER, The number -8 is read "minus 
eight.'' Such a number might arise when we 
speak of temperature changes. If the tempera- 
ture was 12 degrees yesterday and dropped 20 
degrees today, the reading today would be 
12 - 20, or -8 degrees. 

Numbers that show either a plus or minus 
sign are called SIGNED NUMBERS. An un- 
signed number is understood to be positive and 
is treated as though there were a plus sign 
preceding it. 

If it is desired to emphasize the fact that a 
number is positive, a plus sign is placed in 
front of the number, as in +5, which is read 
"plus five." Therefore, either +5 or 5 indi- 
cates that the number 5 is positive. If a num- 
ber is negative, a minus sign must appear in 
front of it, as in -9. 

In dealing with signed numbers it should be 
emphasized that the plus and minus signs have 
two separate and distinct functions. They may 
indicate whether a number is positive or nega- 
tive, or they may indicate the operation of ad- 
dition or subtraction. 

When operating entirely with positive num- 
bers, it is not necessary to be concerned with 
this distinction since plus or minus signs indi- 
cate only addition or subtraction. However, 
when negative numbers are also involved ina 
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computation, it is important to distinguish be- 
tween a Sign of operation and the sign of a 
number. 


DIRECTION OF MEASUREMENT 


Signed numbers provide a convenient way of 
indicating opposite directions with a minimum 
of words. For example, an altitude of 20 ft 
above sea level could be designated as +20 ft. 
The same distance below sea level would then 
be designated as -20 ft. One of the most com- 
mondevices utilizing signed numbers to indicate 
direction of measurement is the thermometer. 


Thermometer 


The Celsius (centigrade) thermometer shown 
in figure 3-1 illustrates the use of positive and 
negative numbers to indicate direction of travel 
above and below 0. The 0 mark is the change- 
over point, at which the signs of the scale num - 
bers change from - to +. 

_ When the thermometer is heated by the sur- 
rounding air or by a hot liquid in which it is 
placed, the mercury expands and travels up the 
tube. After the expanding mercury passes 0, 
the mark at which it comes to rest is readasa 
positive temperature. If the thermometer is 
allowed to cool, the mercury contracts. After 
passing 0 in its downward movement, any mark 
at which it comes to rest is read as a negative 
temperature. 


Rectangular Coordinate System 


As a matter of convenience, mathematicians 
have agreed to follow certain conventions as to 
the use of signed numbers in directional meas- 
urement. For example, in figure 3-2, a direc- 
tion to the right along the horizontal line is 
positive, while the opposite direction (toward 
the left) is negative. On the vertical line, di- 
rection upward is positive, while direction 
downward is negative. A distance of -3 units 
along the horizontal line indicates a measure- 
ment of 3 units to the left of starting point 0. A 
distance of -3 units on the vertical line indicates 
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WATER BEGINS BOILING 


STEAM S8EGINS 
CONDENSING 


100 
OEGREES 


ICE BEGINS MELTING 


WATER BEGINS 
FREEZING 


MERCURY 


° 
BOILING WATER 
0 Qo 


Figure 3-1.—Celsius (centigrade) 
temperature scale. 


a measurement of 3 units below the starting 
point. 

The two lines of the rectangular coordinate 
system which pass through the 0 position are 
the vertical axis and horizontal axis. Other 
vertical and horizontal lines may be included, 
forming a grid. When such a grid is used for 
the location of points and lines, the resulting 
"picture" containing points and lines is called a 
GRAPH. 


20 


Figure 3-2.—Rectangular 
coordinate system. 


The Number Line 


Sometimes it is important to know the rela- 
tive greatness (magnitude) of positive and nega- 
tive numbers. To determine whether a partic- 
ular number is greater or less than another 
number, think of all the numbers both positive 
and negative as being arranged along a hori- 
zontal line. (See fig. 8-3.) 


-§ -4 3 -2 +2 43 +4 +5 


Oo (+i 


Figure 3-3.—Number line showing both 
positive and negative numbers. 


Place zero at the middle of the line. Let the 
positive numbers extend from zero toward the 
right. Let the negative numbers extend from 
zero toward the left. With this arrangement, 
positive and negative numbers are 80 located 
that they progress from smaller to larger num - 
bers as we move from left to right along the 
line. Any number that lies to the right of a 
given number is greater than the given number. 
A number that lies to the left of a given number 
is less than the given number. This arrange- 
ment shows that any negative number is smaller 
than any positive number. 

The symbol for "greater than" is >. The 
symbol for “less than" is <. It is easy to dis- 
tinguish between these symbols because the 
symbol used always opens toward the larger 
number. For example, "7 is greater than 4" 
can be written 7 > 4 and "-5 is less than -1"' 
can be written -5 < -1. 
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Absolute Value 


The ABSOLUTE VALUE of a number is its 
numerical value when the sign is dropped. The 
absolute value of either +5 or -5 is 5. Thus, 
two numbers that differ only in ‘sign have the 
same absolute value. 

The symbol for absolute value consists of 
two vertical bars placed one on each side of the 


number, as in | -5| = 5. Consider also the 
following: 

}4 - 20|= 16 

f+7) = |-7) = 7 


The expression |-7]| is read "absolute value of 
minus seven." 

When positive and negative numbers are 
used to indicate direction of measurement, we 
are concerned only with absolute value, if we 
wish to know only the distance covered. For 
example, in figure 3-2, if an object moves to 
the left from the starting point to the point in- 
dicated by -2, the actual distance covered is 2 
units. We are concerned only with the fact that 
|-2| = 2, if our only interest is in the distance 
and not the direction. 


OPERATING WITH SIGNED NUMBERS 


The number line can be used to demonstrate 
addition of signed numbers. Two cases must 
be considered; namely, adding numbers with 
like signs and adding numbers with unlike signs. 


ADDING WITH LIKE SIGNS 


As an example of addition with like signs, 
suppose that we use the number line (fig. 3-4) 
to add 2 + 3. Since these are signed numbers, 
we indicate this addition as (+2) + (+3). This 
emphasizes that, among the three + signs shown, 
two are number signs and one is a sign of 


: d 
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2 -11-0-9 -8 7 -6-58-4-3 -2-1012345 678 9 ON 


Figure 3-4.—Using the number line to add. 
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operation. Line a (fig. 3~4) above the number 
line shows this addition. Find 2 on the number 
line. To add 3 to it, go three units more ina 
positive direction and get 5. 

To add two negative numbers on the number 
line, such as -2 and -3, find -2 on the number 
line and then go three units more in the nega- 
tive direction to get -5, as in b (fig. 3-4) above 
the number line. 

Observation of the results of the foregoing 
operations on the number line leads us to the 
following conclusion, which may be stated as a 
law: To add numbers with like signs, add the 
absolute values and prefix the common sign. 


ADDING WITH UNLIKE SIGNS 


To add a positive and a negative number, 
such as (-4) + (+5), find +5 on the number line 
and go four units in a negative direction, as in 
line c above the number line in figure 3-4. 
Notice that this addition could be performed in 
the other direction. That is, we could start at 
-4 and move 5 units in the positive direction. 
(See line d, fig. 3-4.) 

The results of our operations with mixed 
signs on the number line lead to the following 
conclusion, which may be stated asa law: To 
add numbers with unlike signs, find the differ- 
ence between their absolute values and prefix 
the sign of the numerically greater number. 

The following examples show the addition of 
the numbers 3 and 5 with the four possible com- 
binations of signs: 


3 -3 3 -3 
5 -5 -5 5 
8 -8 ~2 2 


In the first example, 3 and 5 have like signs 
and the common sign is understood to be posi- 
tive. The sum of the absolute values is 8 andno 
sign is prefixed tothis sum, thus signifying that 
the sign of the 8 is understood to be positive. 

Inthe second example, the 3 and 5 againhave 
like signs, but their common sign is negative. 
The sum of the absolute values is 8, and this 
time the common sign is prefixed to the sum. 
The answer is thus -8. 

In the third example, the 3 and 5 have unlike 
signs. The difference between their absolute 
values is 2, and the sign of the larger addend is 
negative. Therefore, the answer is -2. 

In the fourth example, the 3 and 5 again have 
unlike signs. The difference of the absolute 
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values is still 2, but this time the sign of the 
larger addend is positive. Therefore, the sign 
prefixed to the 2 is positive (understood) and 
the final answer is simply 2. 

These four examples could be written in a 
different form, emphasizing the distinction be- 
tween the sign of a number and an operational 
sign, as follows: 


(+3) + (+5) = +8 
(-3) + (-5) = -8 
(+3) + (-5) = -2 
(-3) + (+5) = +2 


Practice problems. Add as indicated: 


1. -10 + 5 = (-10) + (+5) = ? 
2. Add -9, -16, and 25 
3.- 7-1-3 = (-7) + (-1) + (-3) = ? 
4. Add -22 and -13 
Answers: 
1. -5 3. -1l 
2. 0 4. -35 
SUBTRACTION 


Subtraction is the inverse of addition. When 
subtraction is performed, we “take away” the 
subtrahend. This means that whatever the value 
of the subtrahend, its effect is to be reversed 
when subtraction is indicated. In addition, the 
sum of 5 and -2 is 3. In subtraction, however, 
to take away the effect of the -2, the quantity +2 
must be added. Thus the difference between 
+5 and -2 is +7. 

Keeping this idea in mind, we may now pro- 
ceed to examine the various combinations of 
subtraction involving signed numbers. Let us 
first consider the four possibilities where the 
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minuend is numerically greater than the sub- 
trahend, as in the following examples: 


8 8 -8 -8 
5 -5 ) -5 
3 13 -13 -3 


We may show how each of these results is 
obtained by use of the number line, as shown in 
figure 3-5. 

In the first example, we find +8 on the num- 
ber line, then subtract 5 by making a movement 
that reverses its sign. Thus, we move to the 
left 5 units. The result (difference) is +3. (See 
line a, fig. 3-5.) 

In the second example, we find +8 on the 
number line, then subtract (-5) by making a 
movement that will reverse its sign. Thus we 
move to the right 5 units. The result in this 
case is +13. (See line b, fig. 3-5.) 

In the third example, we find -8 on the num- 
ber line, then subtract 5 by making a movement 
that reverses its sign. Thus we move to the 
left 5 units. The result is -13. (See line c, 
fig. 3-5.) 

In the fourth example, we find -8 on the 
number line, then reverse the sign of -5 by 
moving 5 units to the right. The result is -3. 
(See line d, fig. 3-5.) 

Next, let us consider the four possibilities 
that arise when the subtrahend is numerically 
greater than the minuend, as in the following 
examples: 


5 5 -5 -5 
8 -8 8 -8 
-3 13 -13 3 


In the first example, we find +5 on the num- 
ber line, then subtract 8 by making a movement 
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13-12-1140 -9-8 7 -6-5-4-3-2-10:2345 67869 1011 213 


Figure 3-5.—Subtraction by use of the number line. 
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Thus we move to the 
(See line e, 


that reverses its sign. 
left 8 units. The result is -3. 
fig. 3-5.) 

In the second example, we find +5 on the 
number line, then subtract ~-8 by making a move- 
ment to the right that reverses its sign. The 
result is 13. (See line f, fig. 3-5.) 

In the third example, we find -5 on the num- 
ber line, then reverse the sign of 8 by a move- 
ment to the left. The result is -13. (See line g, 
fig. 3-5.) 

Inthe fourth example, we find -5 on thenum- 
ber line, then reverse the sign of -8 by a move- 
ment to the right. The result is 3. (See line h, 
fig. 3-5.) 

Careful study of the preceding examples 
leads to the following conclusion, which is 
stated as a law for subtraction of signed num- 
bers: In any subtraction problem, mentally 
change the sign of the subtrahend and proceed 
as in addition. 

Practice problems. In problems 1 through 4, 
subtract the lower number from the upper. In 
5 through 8, subtract as indicated. 


1. 17 2. -12 3. -9 4. 7 
=10 _8 213 16 
5. 1 -(-5) = ? 
6. -6 -(-8) = ? 
7. 14 - 7 -(-3) = ? 
8. -9 -2= ? 
Answers: 
1. 27 2. -20 3. 4 4. -9 
5. 6 6. 2 7. 10 8. -11 
MULTIPLICATION 


To explain the rules for multiplication of 
signed numbers, we recall that multiplication 
of whole numbers may be thought of as short- 
ened addition. Two types of multiplication 
problems must be examined; the first type in- 
volves numbers with unlike signs, and the sec- 
ond involves numbers with like signs. 


Unlike Signs 


Consider the example 3(-4), in which the 
multiplicand is negative. This means we are 
to add -4 three times; that is, 3(-4) is equal to 
(-4) + (-4) + (-4), which is equal to -12. For 
example, if we have three 4-dollar debts, we 
owe 12 dollars in all. 
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When the multiplier is negative, as in -3(7), 
we are to take away 7 three times. Thus, -3(7) 
is equal to -(7) - (7) - (7) which is equal to -21. 
For example, if 7 shells were expended in one 
firing, 7 the next, and 7 the next, there would 
be a loss of 21 shells in all. Thus, the rule is 
as follows: The product of two numbers with 
unlike signs is negative. 

The law of signs for unlike signs is some- 
times stated as follows: Minus times plus is 
minus; plus times minus is minus. Thus a 
problem such as 3(-4) can be reduced to the 
following two steps: 

1. Multiply the signs and write down the 
sign of: the answer before working with the 
numbers themselves. 

2. Multiply the numbers as if they were un- 
signed numbers. 

Using the suggested procedure, the sign of 
the answer for 3(-4) is found to be minus. The 
product of 3 and 4 is 12, and the final answer 
is -12. When there are more than two numbers 
to be multiplied, the signs are taken in pairs 
until the final sign is determined. 


Like Signs 


When both factors are positive, as in 4(5), 
the sign of the product is positive. We are to 
add +5 four times, as follows: 


4(5)=5+5+5 +5 = 20 


When both factors are negative, as in -4(-5), 
the sign of the product is positive. We are to 
take away -5 four times. 


-(-5) - (-5) - (-5) - (-5) 
+5 +5 +5 +5 
20 


-4(-5) 


Remember that taking away a negative 5 is the 
Same as adding a positive 5. For example, 
suppose someone owes a man 20 dollars and 
pays him back (or diminishes the debt) 5 dollars 
at a time. He takes away a debt of 20 dollars 
by giving him four positive 5-dollar bills, or a 
total of 20 positive dollars in all. 

The rule developed by the foregoing example 
is as follows: The product of two numbers with 
like signs is positive. 

Knowing that the product of two positive num- 
bers or two negative numbers is positive, we 
can conclude that the product of any even num- 
ber of negative numbers is positive. Similarly, 
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the product of any odd number of negative num- 
bers is negative. 

The laws of signs may be combined as fol- 
lows: Minus times plus is minus; plus times 
minus is minus; minus times minus is plus; 
plus times plus is plus. Use of this combined 
rule may be illustrated as follows: 

4(-2) - (-5) > (6) - (-3) = -720 

Taking the signs in pairs, the understood plus 
on the 4 times the minus on the 2 produces a 
minus. This minus times the minus on the 5 
produces a plus. This plus times the under- 
stood plus on the 6 produces a plus. This plus 
times the minus on the 3 produces a minus, so 
we know that the final answer is negative. The 
product of the numbers, disregarding their 
signs, is 720; therefore, the final answer is 
~720. 


Practice problems. Multiply as indicated: 


1. 5(-8) = ? 

2. -7(3)(2) = ? 

3. 6(-1)(-4) = ? 

4, -2(3) (-4) (5) (-6) = ? 
Answers: 

1. -40 3. 24 

2. -42 4, -720 

DIVISION 


Because division is the inverse of multipli- 
cation, we can quickly develop the rules for 
division of signed numbers by comparison with 
the corresponding multiplication rules, as in 
the following examples: 

1. Division involving two numbers with un- 
like signs is related to multiplication with un- 
like signs, as follows: 


3(-4) = -12 
Therefore, a = -4 


Thus, the rule for division with unlike signs is: 
The quotient of two numbers with unlike signs 
is negative. 

2. Division involving two numbers with like 
signs is related to multiplication with like signs, 
as follows: 
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Therefore, = 


Thus the rule for division with like signs is: 
The quotient of two numbers with like signs is 
positive. 

The following examples show the application 
of the rules for dividing signed numbers: 


1224 ria. 4 
3 3 
-12 _ 12 _ | 
ae - “Ege ers 
Practice problems. Multiply and divide as 
indicated: 
ge (-3) (4) 
1. 15 5 3. a 
2, -2(-3)/-6 4, -81/9 
Answers: 
1. -3 3. 2 
2. -1 4. -9 


SPECIAL CASES 


Two special cases arise frequently in which 
the laws of signs may be used to advantage. 
The first such usage is in simplifying subtrac- 
tion; the second is in changing the signs of the 
numerator and denominator when division is 
indicated in the form of a fraction. 


Subtraction 


The rules for subtraction may be simplified 
by use of the laws of signs, if each expression 
to be subtracted is considered as being multi- 
plied by a negative sign. For example, 4 -(-5) 
is the same as 4+ 5, since minus times minus 
is plus. This result also establishes a basis 
for the rule governing removal of parentheses. 

The parentheses rule, as usually stated, is: 
Parentheses preceded by a minus sign may be 
removed, if the signs of all terms within the 
parentheses are changed. This is illustrated 
as follows: 


12 -(3 - 2+ 4)=+12-3+2-4 
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The reason for the changes of sign is clear 
when the negative sign preceding the parenthe- 
ses is considered to be a multiplier for the 
whole parenthetical expression. 


Division in Fractional Form 


Division is often indicated by writing the 
dividend as the -numerator, and the divisor as 
the denominator, of a fraction. In algebra, 
every fraction is consideredto have three signs. 
The numerator has a sign, the denominator has 
a sign, and the fraction itself, taken as a whole, 
has a sign. In many cases, one or more of 
these signs will be positive, and thus will not be 
shown. For example, in the following fraction 
the sign of the numerator and the sign of the 
denominator are both positive (understood) and 
the sign of the fraction itself is negative: 


es. 
5 

Fractions with more than one negative sign 
are always reducible to a simpler form with at 
most one negative sign. For example, the sign 
of the numerator and the sign of the denomina- 
tor may be both negative. We note that minus 
divided by minus gives the same result as plus 
divided by plus. Therefore, we may change to 
the less complicated form having plus signs 
(understood) for both numerator and denomina- 
tor, as follows: 


-15 | 415 _ 15 


— 3 "5 


-5 +5 


Since -15 divided by -5 is 8, and 15 divided 
by 5 is also 3, we conclude that the change of 
sign does not alter the final answer. The same 
reasoning may be applied in the following ex- 
ample, in which the sign of the fraction itself is 
negative: 


+15. 15 


215 , - +15 


-5 +5 5! 


When the fraction itself has a negative sign, as 
in this example, the fraction may be enclosed 
in parentheses temporarily, for the purpose of 
working with the numerator and denominator 
only. Then the sign of the fraction is applied 
separately to the result, as follows: 


= EB) == 


All of this can be done mentally. 
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If a fraction has a negative sign in one of the 
three sign positions, this sign may be moved to 
another position. Such an adjustment is an ad- 
vantage in some types of complicated expres- 
sions involving fractions. Examples of this 
type of sign change follow: 


In the first expression of the foregoing ex- 
ample, the sign of the numerator is positive 
(understood) and the sign of the fraction is neg- 
ative. Changing both of these signs, we obtain 
the second expression. To obtain the third ex- 
pression from the second, we change the sign 
of the numerator and the sign of the denomina- 
tor. Observe that the signchanges in each case 
involve a pair of signs. This leads to the law 
of signs for fractions: Any two of the three 
signs of a fraction may be changed without al- 
tering the value of the fraction. 


AXIOMS AND LAWS 


An axiom is a self-evident truth. It is a 
truth that is so universally accepted that it does 
not require proof. For example, the statement 
that "a straight line is the shortest distance 
between two points" is an axiom from plane 
geometry. One tends to accept the truth of an 
axiom without proof, because anything which is 
axiomatic is, by its very nature, obviously true. 
On the other hand, a law (in the mathematical 
sense) is the result of defining certain quanti- 
tiles and relationships and then developing logi- 
cal conclusions from the definitions. 


AXIOMS OF EQUALITY 


The four axioms of equality with which we 
are concerned in arithmetic and algebra are 
stated as follows: 

1. E the same quantity is added to each of 
two equal quantities, the resulting quantities 
areequal. This is sometimes stated as follows: 
HF equals are added to equals, the results are 
equal. For example, by adding the same quan- 
tity (3) to both sides of the following equation, 
we obtain two sums which are equal: 


-2= -3+1 
2+32-3+1+4+43 
1= 
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2. If the same quantity is subtracted from 
each of two equal quantities, the resulting quan- 
tities are equal. This is sometimes stated as 
follows: If equals are subtracted from equals, 
the results are equal. For example, by sub- 
tracting 2 from both sides of the following equa- 
tion we obtain results which are equal: 


+ 3 
5 - +3 - 2 


wna 
nou a 
wWnNhs 


3. If two equal quantities are multiplied by 
the same quantity, the resulting products are 
equal. This is sometimes stated as follows: If 
equals are multiplied by equals, the products 
are equal. For example, both sides of the fol- 
lowing equation are multiplied by -3 and equal 
results are obtained: 


5=2+3 
(-3) (5) = (-3)(2 + 3) 
-15 = -15 


4. If two equal quantities are divided by the 
same quantity, the resulting quotients are equal. 
This is sometimes stated as follows: . If equals 
are divided by equals, the results are equal. 
For example, both sides of the following equa- 
tionare divided by 3, and the resulting quotients 
are equal: 


12 +3 = 15 
12 +3 _ 15 
3 3 
4+12=5 


These axioms are especially useful when 
letters are used to represent numbers. If we 
know that 5x = -30, for instance, then dividing 
both 5x and -30 by 5 leads to the conclusion 
that x = -6. 


LAWS FOR COMBINING NUMBERS 


Numbers are combined in accordance with 
the following basic laws: 

1. The associative laws of addition and mul- 
tiplication. 

2. The commutative laws of addition and 
multiplication. 

3. The distributive law. 
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Associative Law of Addition 


The word "associative" suggests association 
or grouping. This law states that the sum of 
three or more addends is the same regardless 
of the manner in which they are grouped. For 
example, 6 + 3 + 1 is the same as 6 + (3 + 1) or 
(6 +3) +1. 

This law can be applied to subtraction by 
changing signs in such a way that all negative 
Signs are treated as number signs rather than 
operational signs. That is, some of the ad- 
dends can be negative numbers. For example, 
6 - 4-2 can be rewritten as 6 + (-4) + (-2). 
By the associative law, this is the same as 


6 + [(-4) + (-2)] or [6 + (-4)] + (-2). 


However, 6 - 4 - 2 isnotthesameas 6 - (4 - 2); 
the terms must be expressed as addends before 
applying the associative law of addition. 


Associative Law of Multiplication 


This law states that the product of three or 
more factors is the same regardless of the 
manner in which they are grouped. For ex- 
ample, 6 -3- 2 is the same as (6-3) - 2 or 
6 - (3 - 2), Negative signs require no special 
treatment in the application of this law. 
For example, 6 - (-4) - (-2) is the same 
as [6 - (-4)] -(-2) or 6 -[(-4) -(-2)]. 


Commutative Law of Addition 


The word "commute" means to change, sub- 
stitute or move from place to place. The com- 
mutative law of addition states that the sum of 
two or more addends is the same regardless of 
the order in which they are arranged. For ex- 
ample, 4 +3+ 2 is the same as 4+2+ 3 or 
2+4+4 3. 

This law can be applied to subtraction by 
changing signs so that all negative signs be- 
come number signs and all signs of operation 
are positive. For example, 5 - 3 - 2 is changed 
to 5 + (-3) + (-2), which is the same as 5 + (-2) 
+ (-3) or (-3) +5 + (-2). 


Commutative Law of Multiplication 


This law states that the product of two or 
more factors is the same regardless of the 
order in which the factors are arranged. For 
example, 3: 4°5 is the same as 5- 3-4 or 
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4-3-5. Negative signs require no special 
treatment in the application of this law. For 
example, 2 - (-4) - (-3) is the same as (-4) - 
(-3) - 2 or (-3) - 2 + (-4). 


Distributive Law 


This law combines the operations of addition 
and multiplication. The word "distributive" re- 
fers to the distribution of a common multiplier 
among the terms of an additive expression. 
For example, 
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°44+2°5 
0 


2(3 + 4 + 5) 


2°:°3+2 
6+8+1 

To verify the distributive law, we note that 
2(3 + 4 +5) is the same as 2(12) or 24. Also, 
6 + 8+ 10 is 24. For application of the dis- 
tributive law where negative signs appear, the 
following procedure is recommended: 


3(4 - 2) = 3 [4 + (-2)] 
3(4) + 3(-2) 
12 - 6 

6 


CHAPTER 4 
COMMON FRACTIONS 


The emphasis in previous chapters of this 
course has been on integers (whole numbers). 
In this chapter, we turn our attention to num- 
bers which are not integers. The simplest type 
of number other than an integer is a COMMON 
FRACTION. Common fractions and integers 
together comprise a set of numbers called the 
RATIONAL NUMBERS; this set is a subset of 
the set of real numbers. 

The number line may be used to show the 
relationship between integers and fractions. 
For example, if the interval between 0 and 1 is 
marked off to form three equal spaces (thirds), 
then each space so formed is one-third of the 
total interval. If we move along the number line 
from 0 toward 1, we will have covered two of 
the three "thirds’’ when we reach the second 
mark. Thus the position of the second mark 
represents the number 2/8. (See fig. 4-1.) 


-2 = o%m % ! 
Figure 4-1.~—Integers and fractions on the 
number line. 


The numerals 2 and 3 in the fraction 2/3 are 
named so that we may distinguish between them; 
2 is the NUMERATOR and 3 is the DENOMINA- 
TOR. In general, the numeral above the di- 
viding line in a fraction is the numerator and 
the numeral below the line is the denominator. 
The numerator and denominator are the TERMS 
of the fraction. The word 'numerator" is re- 
lated to the word '‘enumerate.'' To enumerate 
means to “tell how many"; thus the numerator 
tells us how many fractional parts we have in 
the indicated fraction. To denominate means to 
"give a name" or "tell what kind"; thus the de- 
nominator tells us what kind of parts we have 
(halves, thirds, fourths, etc.). 

Attempts to define the word "fraction" in 
mathematics usually result in a statement sim- 
ilar to the following: A fraction is an indicated 
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division. Any division may be indicated by plac- 
ing the dividend over the divisor and drawing a 
line between them. By this definition, any num- 
ber which can be written as the ratio of two in- 
tegers (one integer over the other) can be con- 
sidered as a fraction. This leads to a further 
definition: Any number which can be expressed 
as the ratio of two integers is a RATIONAL 
number. Notice that every integer is a rational 
number, because we can write any integer as 
the numerator of a fraction having 1 as its de- 
nominator. For example, 5 is the same as 5/1. 
It should be obvious from the definition that 
every common fraction is also a rational 
number. 


TYPES OF FRACTIONS 


Fractions are often classified as proper or 
improper. A proper fraction is one in which the 
numerator is numerically smaller than the de- 
nominator. An improper fraction has a nu- 
merator which is larger than its denominator. 


MIXED NUMBERS 


When the denominator of an improper frac- 
tion is divided into its numerator, a remainder 
is produced along with the quotient, unless the 
numerator happens to be an exact multiple of 
the denominator. For example, 7/5 is equal to 
1 plus a remainder of 2. This remainder may 
be shown as a dividend with 5 as its divisor, as 
follows: 


The expression 1 + 2/5 is a MIXED NUM- 
BER. Mixed numbers are usually written with- 
out showing the plus sign; that is, 1+ 2/5 is 
2 


the same as 1 5 or 1 2/5. Whena mixed num- 


ber is written as 1 2/5, care must be taken to 
insure that there is a space between the 1 and 
the 2; otherwise, 1 2/5 might be taken to mean 
12/5. 
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MEASUREMENT FRACTIONS 


Measurement fractions occur in problems 
such as the following: 

If $2 were spent for a stateroom rug at $3 
per yard, how many yards were bought? If $6 
had been spent we could find the number of yards 
by simply dividing the cost per yard into the 
amount spent. Since 6/3 is 2, two yards could 
be bought for $6. The same reasoning applies 
when $2 are spent, but in this case we can only 
indicate the amount purchased as the indicated 
division 2/3. Figure 4-2 shows a diagram for 
both the $6 purchase and the $2 purchase. 


| 
' 
} 
° $1 $2 $3 $4 $5 $6 $7 


2 YARDS PURCHASED FOR $6 AT $3 PER YARD 


3 4 5 6 7 
34 YARD PURCHASED FOR $2 AT $3 PER YARO 


Figure 4-2.—Measurement fractions. 
PARTITIVE FRACTIONS 


The difference between measurement frac- 
tions and partitive fractions is explained as 
follows: Measurement fractions result when we 
determine how many pieces of a given size can 
be cut from a larger piece. Partitive fractions 
result when we cut a number of pieces of equal 
size from a larger piece and then determine the 
size of each smaller piece. For example, if 4 
equal lengths of pipe areto be cut from a 3-foot 
pipe, what is the size of each piece? If the 
problem had read that 3 equal lengths were to 
be cut from a 6-foot pipe, we could find the size 
of each pipe by dividing the number of equal 
lengths into the overall length. Thus, since 6/3 
is 2, each piece would be 2 feet long. By this 
same reasoning in the example, we divide the 
overall length by the number of equal parts to 
get the size of the individual pieces; that is, 
3/4 foot. The partitioned 6-foot and 3-foot 
pipes are shown in figure 4-3. 
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° IFT 2FT aft 4FT SFT 6FT 
6 FEET DIVIDED INTO SEQUAL PARTS OF 2 FEET EACH 


I PART |_1 PART. I PART) IPART) 
1 MFT “FT| SQFT YFT 
' : ' 
° 1FT 2FT 3FT 


3 FEET DIVIDED INTO 4EQUAL PARTS OF 34 OFA FOOT EACH 
Figure 4-3.—Partitive fractions 


EXPRESSING RELATIONSHIPS 


When a fraction is used to express a rela- 
tionship, the numerator and denominator take 
on individual significance. In this frame of 
reference, 3/4 means 3 out of 4, or 3 parts in 
4, or the ratio of 3to 4. For example, if 1 out 
of 3 of the men in adivision are on liberty, then 
it would be correct to state that 1/3 of the 
division are on liberty. Observe that neither of 
these ways of expressing the relationship tells 
us the actual number of men; the relationship 
itself is the important thing. 


Practice problems. 


. What fraction of 1 foot is 11 inches ? 
Represent 3 out of 8 as a fraction. 

. Write the fractions that indicate the rela- 
tionship of 2 to 3; 8 divided by 9; and 6 out of 
7 equal parts. 


The number 63 means 6 


on. 


2. 3 


Answers: 


1. 11/12 

2. 3/8 

3. 2/3; 8/9; 6/7 
4. plus 


EQUIVALENT FRACTIONS 


It will be recalled that any number divided 
by itself is 1. For example, 1/1, 2/2, 3/3, 4/4, 
and all other numbers formed in this way, have 
the value 1. Furthermore, any number multi- 
plied by 1 is equivalent to the number itself. 
For example, 1 times 2 is 2, 1 times 3 is 3, 
1 times 1/2 is 1/2, etc. 

These facts are used in changing the form 
of a fraction to an equivalent form which is 
more convenient for use ina particular problem. 
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For example, if 1 in the form >is multiplied by 


3, the product will still have a value of 2 but 
will be in a different form, as follows: 


~— ee ze — 


5 
of line b where line a equals line b. Line a 


Figure 4-4 shows that = of line a is equal to 


10 
is marked off in fifths and line b is marked off 
in tenths. It can readily be seen that a and 2 


measure distances of equal length. 


a hE 
i) a 2 a is =z 
5 5 5 5 5 
(aerate. Se eeeerene | 
' ite) 4 
: 1 
b 


ot 2 


Figure 4-4.—Equivalent fractions. 


The markings on a ruler show equivalent 
fractions. The major division of an inch divides 
it into two equal parts. One of these parts 


represents $. The next smaller markings divide 


the inch into four equal parts. It willbe noted that 
two of these parts represent the same distance as 
53 that is, g equals > Also, the next smaller 
markings break the inch into 8 equal parts. How 
many of these parts are equivalent tos 
4 i 
8 2° 

Practice problems. Using the divisions on a 
ruler for reference, complete the following 
exercise: 


inch ? 


1 


The answer is found by noting that — equals 


| eae 3.72 
17-3 3.4 * T6 
1 ? 1 2 
2.9 = 16 4.4 = 16 


30 


Answers: 
1, 2 3. 12 
2.2 4, 4 


A review of the foregoing exercise will re- 
veal that in each case the right-hand fraction 
could be formed by multiplying both the nu- 
merator and the denominator of the left-hand 
fraction by the same number. In each case the 
number may be determined by dividing the de- 
nominator of the right-hand fraction by the de- 
nominator of the left-hand fraction. Thus in 
were multiplied by 2. 
In problem 3, both terms were multiplied by 4. 
It is seen that multiplying both terms of a frac- 
tion by the same number does not change the 
value of the fraction. 


problem 1, both terms of 


Since 3 equals 2 the reverse must also be 


4 
likewise be verified on a ruler. 


must be equal to £ This can 
We have al- 
eady see that 4 is th s Sega e nais = 
ready seen gi e sam >? 16 re 


true; that is 


and 2 equals i. We see that dividing both terms 


of a fraction by the same number does not 
change the value of the fraction. 


FUNDAMENTAL RULE OF FRACTIONS 


The foregoing results are combined to form 
the fundamental rule of fractions, which is 
stated as follows: Multiplying or dividing both 
terms of a fraction by the same number does 
not change the value of the fraction. This is 
one of the most important rules used in dealing 
with fractions. 

The following examples show how the funda- 
mental rule is used: 


1. Change 1/4 to twelfths. 
up as follows: 


This problem is set 


The first step is to determine how many 4's 
are contained in 12. The answer is 3, 50 we 
know that the multiplier for both terms of the 
fraction is 3, as follows: 


Chapter 4—-COMMON FRACTIONS 


2. What fraction with a numerator of 6 is equal 
to 3/4? 


SOLUTION: §.3 


We note that 6 contains 3 twice; therefore we 
need to double the numerator of the right-hand 
fraction to make it equivalent to the numerator 
of the fraction we seek. We multiply both terms 
of 3/4 by 2, obtaining 8 as the denominator of 
the new fraction, as follows: 


We note that the denominator of the fraction 
which we seek is 1/2 as large as the denomina- 
tor of the original fraction. Therefore the new 
fraction may be formed by dividing both terms 
of the original fraction by 2, as follows: 


6:2 _= 3 
16+2 8 


Practice problems. Supply the missing num- 
ber in each of the following: 


3 _ 30 oe ae 1 12 
oo 3. 96 = io 5. > 2 72 
eee i1_6 oe 
2. 48 = i2 4. § = > 6. 5 = 95 
Answers 
1. 80 3, 27 5. 6 
2. 11 4. 36 6. 15 


REDUCTION TO LOWEST TERMS 


It is frequently desirable to change a frac- 
tion to an equivalent fraction with the smallest 
possible terms; that is, with the smallest pos- 
sible numerator and denominator. This process 


is called REDUCTION. Thus, = reduced to 


lowest terms is z Reduction can be accom- 


plished by finding the largest factor that is 
common to both the numerator and denominator 
and dividing both of these terms by it. Dividing 
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both terms of the preceding example by 6 re- 
duces the fraction to lowest terms. In computa- 
tion, fractions should usually be reduced to 
lowest terms where possible. 

If the greatest common factor cannot readily 
be found, any common factor may be removed 
and the process repeated until the fraction is in 


lowest terms: Thus, ia could first be divided 
by 2 and then by 3. 


18:2 9 
48>2° 24 
9:3 3 
24473 °8 


Practice problems. Reduce the following 
fractions to lowest terms: 


1. 2, 52 3, 2 

4 & 5. 38 6. 
Answers 

2 2, 3 3.2 

4. 2 5. 3 6, 77 


IMPROPER FRACTIONS 


Although the "improper" fraction is really 
quite "proper" mathematically, it is usually 
customary to change it toa mixed number. A 


recipe may call for 14 cups of milk, but would 
2 


not call for 3 cups of milk. 


Since a fraction is an indicated division, a 
method is already known for reduction of im- 
proper fractions to mixed numbers. The im- 


proper fraction 3 may be considered as the di- 


vision of 8 by 3. This division is carried out 
as follows: 


2R2= 22 
3/8 
6 
2 
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The truth of this can be verified another way: 


If 1 equals ES Thus, 


6 
3? then 2 equals 3° 


These examples lead to the following con- 
clusion, which is stated as a rule: To change 
an improper fraction to a mixed number, divide 
the numerator by the denominator and write the 
fractional part of the quotient in lowest terms. 


Practice problems. Change the following 
fractions to mixed numbers: 


1. 31/20 3. 65/20 
2. 33/9 4. 45/8 
Answers: 
11 1 
1 155 3 35 
2 5 
2 33 4 55 


OPERATING WITH MIXED NUMBERS 


In computation, mixed numbers are often un- 
wieldy. As it is possible to change any im- 
proper fraction to a mixed number, it is like- 
wise possible to change any mixed number to an 
improper fraction. The problem can be reduced 
to the finding of an equivalent fraction and a 
simple addition. 


EXAMPLE: Change 25 to an improper fraction. 
SOLUTION: 


Step 1: Write ae as a whole number plus a 


5 


Step 2: Change 2 to an equivalent fraction 
with a denominator of 5, as follows: 


fraction, 2 + 


2_? 

1S 

2(5) _ 10 

1(5) 55 

pan te ts TE 
Step 3: Add Ste re 
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1 11 
Thus, 25 = +S 
EXAMPLE: Write 52 as an improper fraction. 
2 2 
SOLUTION: 59 = 5 + 9 
5 _ ? 
oar 
5(9) _ 45 
199) 9 
45,247 
9° 9 & 
2 _ 47 
Thus, 59 = Sg 


In each of these examples, notice that the 
multiplier used in step 2is the same number as 
the denominator of the fractional part of the 
original mixed number. This leads to the fol- 
lowing conclusion, which is stated as a rule: 
Tochange a mixed number to an improper frac- 
tion, multiply the whole-number part by the 


‘denominator of the fractional part and add the 


numerator to this product. The result is the 
numerator of the improper fraction; its denom- 
inator is the same as the denominator of the 
fractional part of the original mixed number. 


Practice problems. Change the following 
mixed numbers to improper fractions: 


i; 3, 3% 
ane 4. 475 
Answers: 
1.2 iS 
2, 3 4. ss 


NEGATIVE FRACTIONS 


A fraction preceded by a minus sign is nega- 
tive. Any negative fraction is equivalent to a 
positive fraction multiplied by -1. For example, 
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4-28) 


The number - 2 is read "minus two-fifths." 


We know that the quotient of two numbers 
with unlike signs is negative. Therefore, 


2 _ 2 eas 
5g One ag eS 


2 
5 
This indicates that a negative fraction is equiv- 
alent to a fraction with either a negative nu- 
merator or a negative denominator. 


The fraction 4 is read "two over minus 


five." The fraction 2 is read "minus two 


over five," 

A minus sign in a fraction can be moved 
about at will. It can be placed before the nu- 
merator, before the denominator, or before the 
fraction itself. Thus, 


Moving the minus sign from numerator to 
denominator, or vice versa, is equivalent to 
multiplying the terms of the fraction by -1. 
This is shown in the following examples: 


-2(-1) _ 

5(-1) 

A fraction may be regarded as having three 

signs associated with it—the sign of the numer- 

ator, the sign of the denominator, and the sign 

preceding the fraction. Any two of these signs 

may be changed without changing the value of 
the fraction. Thus, 


2 2(-1) _ -2 
zB and TET) = 


OPERATIONS WITH FRACTIONS 


It will be recalled from the discussion of 
denominate numbers that numbers must be of 
the same denomination to be added. We can add 
pounds to pounds, pints to pints, but not ounces 
to pints. If we think of fractions loosely as de- 
nominate numbers, it will be seen that the rule 
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of likeness applies also to fractions. We can 
add eighths to eighths, fourths to fourths, but 
not eighths to fourths. To add ¢ inch to 2 inch 
we simply add the numerators and retain the 
denominator unchanged. The denomination is 
fifths; as with denominate numbers, we add 1 


fifth to 2 fifths to get 3 fifths, or 2. 


LIKE AND UNLIKE FRACTIONS 
We have shown that like fractions are added 


by simply adding the numerators and keeping the 
denominator. Thus, 


3,2_3+2_5 
8*8" 8 78 
or 
ne ot ae 
16 16 ~ i6 


Similarly we can subtract like fractions by 
subtracting the numerators. 


The following examples will show that like 
fractions may be divided by dividing the nu- 
merator of the dividend by the numerator of 
the divigor. 


SOLUTION: We may state the problem as a 


question: "How many times does + appear in 3, 


or how many times may $ be taken from Son 


3/8 - 1/8 = 2/8 (1) 
2/8 - 1/8 = 1/8 (2) 
1/8 - 1/8 = 0/8 = 0 (3) 


We see that 1/8 can be subtracted from 3/8 
three times. Therefore, 


3/8 = 1/8 = 3 
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When the denominators of fractions are un- 
equal, the fractions are said to be unlike. Ad- 
dition, subtraction, or division cannot be per- 
formed directly on unlike fractions. The 
proper application of the fundamental rule, 
however, can change their form so that they 
become like fractions; then all the rules for 
like fractions apply. 


LOWEST COMMON DENOMINATOR 


To change unlike fractions to like fractions, 
it is necessary to find a COMMON DENOMINA- 
TOR and it is usually advantageous to find the 
LOWEST COMMON DENOMINATOR (LCD). 
This is nothing more than the least common 
multiple of the denominators. 


Least Common Multiple 


If a number is a multiple of two or more 
different numbers, it is called a COMMON 
MULTIPLE. Thus, 24 is a common multiple of 
6 and 2. There are many common multiples of 
these numbers. The numbers 36, 48, and 54, to 
name a few, are also common multiples of 6 
and 2. 

The smallest of the common multiples of a 
set of numbers is called the LEAST COMMON 
MULTIPLE. It is abbreviated LCM. The least 
common multiple of 6 and 2is 6. To find the 
least common multiple of a set of numbers, 
first separate each of the numbers into prime 
factors. 

Suppose that we wish to find the LCM of 14, 


24, and 30. Separating these numbers into 
prime factors we have 

14=22.-T7 

24 = 2°. 3 

30=2:3°5 


The LCM will contain each of the various prime 
factors shown. Each prime factor is used the 
greatest number of times that it occurs in any 
one of the numbers. Notice that 3, 5, and 7each 
occur only once in any one number. On the 
other hand, 2 occurs three times in one number. 
We get the following result: 


23>-3-5°7 
840 


LCM 


Thus, 840 is the least common multiple of 14, 
24, and 30. 
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Greatest Common Divisor 


The largest number that can be divided into 
each of two or more given numbers without a 
remainder is called the GREATEST COMMON 
DIVISOR of the givennumbers. It is abbreviated 
GCD. It is also sometimes calied the HIGHEST 
COMMON FACTOR. 


In finding the GCD of a set of numbers, se- 
parate the numbers into prime factors just as 
for LCM. The GCD is the product of only those 
factors that appear in all of thenumbers. Notice 
in the example of the previous section that 2 is 
the greatest common divisor of 14, 24, and 30. 


Find the GCD of 650, 900, and 700. The pro- 
cedure is as follows: 


650 = 2-57 - 13 
900 = 27-37. 5? 
700 = 27-57?-7 
GCD = 2 - 5? = 50 


Notice that 2 and 5? are factors of each num- 
ber. The greatest common divisor is 2 x 25 = 50. 


USING THE LCD 


Consider the example 


1.1 
273 

The numbers 2 and 3 are both prime; so the 
LCD is 6. 


1.3 
Therefore 2 6 
and 1.2 
3. 66 
Thus, the addition of 1 and 4 is performed as 
follows: 
1,1.3,2_5 
273° 6°76 6 
In the example 
1,3 
5” 10 


10 is the LCD. 
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Therefore, 


Sles 


po 
3 


i=) 


res 
1 
1 


ola solv 


2 


Practice problems. Change the fractions in 
each of the following groups to like fractions 
with least common denominators: 


11 112 
1.3 § 3.99 3 

2 2 1321 
2. 193 4. lo 5 

Answers 

21 6 3 8 
1. % 3. if 12° 12 
ovis a 5 9 6 
- 72° 12 - 30° 30° 30 
ADDITION 


It has been shown that in adding like frac- 
tions we add the numerators. In adding unlike 
fractions, the fractions must first be changed so 
that they have commondenominators. We apply 
these same rules in adding mixed numbers. It 
will be remembered that a mixed number is an 


indicated sum. Thus, 2 3 Add- 


ing can be done in any order. The following 
examples will show the application of these 
rules: 


; is really 2 + 


EXAMPLE: 


-| 


3 


This could have been written as follows: 


2+ 
1 
3+95 
2_,2 
5+ 9559 
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EXAMPLE: 
5 
a 
3 
aon 
8 
10 7 
Here we change 2 to the mixed number 1 z. Then 
f= 10+14+9 
1 
= 11 7 
EXAMPLE: 
1 
Add 4 
2 
25 


We first change the fractions so that they are 
like and have the least common denominator 
and then proceed as before. 


J 3 
4 12 
2.58 
ang 5849 
11 
2 12 
EXAMPLE: 
Add 
5 5 
45-24 
8 43 
1.94 
25°73 
112 
4 8 
11 
an) 
Since equals 13, the final answer is found 


as follows: 
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ii. 3 
Cay Tbr les 


ae ae 
=73 


Practice problems. 
sums to simplest terms: 


Add, and reduce the 


Lig 2 $ 362 4 2 5.45 
Answers 
1. 3 3 2.24 3. 9 35 4.2 3% 5.5 3 


The following example demonstrates a prac- 
tical application of addition of fractions: 


EXAMPLE: Find the total length of the plece 
of metal shown in figure 4-5 (A). 


SOLUTION: First indicate the sum as follows: 


9 
je *4 


Changing to like fractions and adding numerators, 


tt 
La) 


The total length is 3 5 inches. 


Practice problem. Find the distance from 
the center of the first hole to the center of the 
last hole in the metal plate shown in figure 
4-5 (B). 


Answer: 2 tu inches 


SUBTRACTION 


The rule of likeness applies in the sub- 
traction of fractions as well as in addition. 
Some examples will show that cases likely to 
arise may be solved by use of ideas previously 
developed. 
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(A) 


x 


= 


(8) 


Figure 4-5.—Adding fractions to obtain 
total length or spacing. 


EXAMPLE: Subtract 1; from 5 é 


We see that whole numbers are subtracted from 
whole numbers; fractions from fractions. 


EXAMPLE: Subtract 7 from 4 


Changing to like fractions with an LCD, we have 


32. 
40 
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EXAMPLE: Subtract 3 from 3z 
2.35 8 
: 3 3 ip 
ul 
12 * 7 


38 . 12, 8 
2+1+i 2+55+ ip 
Then 
2 _ 9 20 
83725 
poms 
1 1 
al 3 
| 


Practice problems. Subtractthe lower num- 
ber from the upper number and reduce the 
difference to simplest terms: 


rT 2 ~s 3 
1. 5 2. 3 3. 5 iD 4. 5 5. 2 7) 

1 1 7 2 5 

§ 3S *m *5 8 

Answers 

11 1 5 1 3 
1. 55 2.3 3. 25 4.23 5. 14 


The following problem demonstrates sub- 
traction of fractions in a practical situation. 


EXAMPLE; What is the length of the dimen- 
sion marked X on the machine bolt shown in 
figure 4-6 (A)? 


SOLUTION: Total the lengths of the known 
parts. 


me] 


re a 
*e4 +273 


Subtract this sum from the overall 


length. 


37 


_ 
_ 
ao 


The answer is 1 a inch. 


(A) 


(B) 


aK 


Figure 4-6.— Finding unknown dimensions 
by subtracting fractions. 


Practice problem. Find the length of the 
dimension marked Y on the machine bolt in 
figure 4-6 (B). 


Answer: 2 = inches 


MULTIPLICATION 


Thefact that multiplication by a fraction does 
not increase the value of the product may con- 
fuse those who remember the definition of mul- 
tiplication presented earlier for whole numbers. 
It was stated that 4(5) means 5 is taken as an 


addend 4 times. How is it then that 44) is 2, a 


number less than 4? Obviously our idea of 
multiplication must be broadened. 
Consider the following ao 


4(4) 
3(4) 
2(4) 
1(4) 


m0 me 
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ligy - 
4a = 2 
#4) = 1 


Notice that as the multiplier decreases, the 
product decreases, until, when the multiplier 
is a fraction, the product is less than 4 and 
continues to decrease as the fraction decreases. 
The fraction introduces the "part of" idea: 


34) means 4 of 4; 4(4) means 4 of 4. 


The definition of multiplication stated for 
whole numbers may be extendedto include frac- 
tions. Since 4(5) means that 5 is to be used 4 
times as an addend, we can say that with frac- 
tions the numerator of the multiplier tells how 
many times the numerator of the multiplicand 
is to be used as an addend. By the same rea- 
soning, the denominator of the multiplier tells 
how many times the denominator of the mul- 
tiplicand is to be used as an addend. The fol- 
lowing examples illustrate the use of this idea: 

1 


1. The fraction 72s multiplied by the whole 
number 4 as follows: 
eee Sere 
ak Mas Baa 7) 
1+1+1+1 
12 
ees 
~ 127° 3 
This example shows that 4 (1/12) is the same as 
4(1) 
12 ° 


Another way of thinking aboutthe multiplica- 
tion of 1/12 by 4 is as follows: 


doa Rit Bk ab gt ke 
4x a5" is + ig + ig * ig 
4 
- 4.2.1 
2° 3 


2. The fraction 2/3 is multiplied by 1/2 as 
follows: 
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From these examples a general rule is 
deveioped: To find the product of two or more 
fractions multiply their numerators together 
and write the result as the numerator of the 
product; multiply their denominators and write 
the result as the denominator of the product; 
reduce the answer to lowest terms. 

In using this rule with whole numbers, write 
each whole number as a fraction with 1 as the 
denominator. For example, multiply 4 times 
1/12 as follows: 


ee ns 
4% T5-°4* ip 
Cee eee 
12° 3 


In using this rule with mixed numbers, re- 
write all mixed numbers as improper frac- 
tions before applying the rule, as follows: 


A second method of multiplying mixed num- 
bers makes use of the distributive law. This 
law states that a multiplier applied to a two-part 
expression is distributed over both parts. For 


4 by 4 we may rewrite 


as 6 + 1/3. Then the problem can be written 


example, to multiply 6 


1 
6s 


as 4(6 + 1/3) and the multiplication proceeds as 
follows: 


4(6 + 1/3) = 24 + 4/3 
= 25 + 1/3 


225i 
= 253 


Cancellation 


Computation can be considerably reduced by 
dividing out (CANCELLING) factors common to 
both the numerator and the denominator. We 
recognize a fraction as an indicated division. 


Thinking of Gas an indicated division, we re- 


member that we can simplify division by show- 
ing both dividend and divisor as the indicated 
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products of their factors and then dividing like 
factors, or canceling. Thus, 


Dividing the factor 3 in the numerator by 3 in 
the denominator gives the following simplified 
result: 


1 


2x3 


=2 
3x3 3 
1 


This method is most advantageous when done 
before any other computation. Consider the 


example, 
1,3,2 
$*9*5 
The product in factored form is 
x 3x2 
x2x 5 
Rather than doing the multiplying and then 
reducing the result 6 it is simpler to cancel 


30° 
like factors first, as follows: 


Likewise, 


Here we mentally factor 6 to the form 3 x 2, 
and 4 to the form 2 x 2. Cancellation is a 
valuable tool in shortening operations with 
fractions. 

The general rule may be applied to mixed 
numbers by simply changing them to improper 
fractions. 


Thus, 


i y es 
aixsi-? 
3 ib 
9,10.8,H_15 
43 ~g* F > 9 
2 1 
Hee 
= aS 


Practice problems. Determine the following 
products, using the general rule and canceling 
where possible: 


5 4 ti8 

1. @x 12 8.5 x5 5.3% 5 

1,1,2 3 4,1 

2X gxe 4.7.x 6 6.3% & 
Answers: 

1 2 2 

1. 15 3. 25 5. 5 

es 1 2 

2. is 4.45 6.5 


The following problem illustrates the mul- 
tiplication of fractions in a practical situation. 


EXAMPLE: Find the distance between the cen- 
ter lines of the first and fifth rivets connecting 
the two metal plates shown in figure 4-7 (A). 
SOLUTION: The distance between two adjacent 
rivets, centerline to centerline, is 4 1/2 times 
the diameter of one of them. 


Thus, 


1 space 


There are 4 such spaces between the first and 
fifth rivets. Therefore, the total distance, D, 
is found as follows: 
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(A) 


54 = DIAMETER 


(8) 


RIVET SPACING = 4k DIAMETERS 


RIVET SPACING = 


? 


%q_ =DIAMETER 


5k, DIAMETERS 


Figure 4-7.~—Application of multiplication of fractions 
in determining rivet spacing. 


The distance is 11 ; inches 


Practice problem. Find the distance between 
the centers of the two rivets shown in figure 
4-7 (B). 


4 18 inches 


Answer: 16 


DIVISION 


There are two methods commonly used for 
performing division with fractions. One is the 
common denominator method and the other is 
the reciprocal method. 


Common Denominator Method 


The common denominator method is anadap- 
tation of the method of like fractions. The rule 
is as follows: Change the dividend and divisor 
to like fractions and divide the numerator of 
the dividend by the numerator of the divisor. 
This method can. be demonstrated with whole 
numbers, first changing them to fractions with 
1 as the denominator. For example, 12 + 4 can 
be written as follows: 


ee oe | 
Ws4-+45 
_ 124 

- T+] 
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12 + 4 
1 


= 3 


If the dividend and divisor are both fractions, 
as in 1/3 divided by 1/4, we proceed as follows: 


" 
ry 
+ 
w 
u 


Reciprocal Method 


The word "reciprocal" denotes an inter- 
changeable relationship. It is used in mathe- 
matics to describe a specific relationship be- 
tween two numbers. We say that two numbers 
are reciprocals of each other if their product 


is one. In the example 4 x 4 = 1, the fractions 4 


1 


and 7 are reciprocals. Notice the interchange- 


ability: 4 is the reciprocal of + and i is the re- 
ciprocal of 4. 
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What is the reciprocal of $? It must be a 


number which, when multiplied by 3, produces 
the product, 1. Therefore, 


me agitan ales 


1 
xf. 1 
1 


We see that Fis the only number that could ful- 


fill the requirement. Notice that the numerator 
and denominator ot were simply interchanged 


to get its reciprocal. Hf we know a number, we 
can always find its reciprocal by dividing 1 by 
the number. Notice this principle in the follow- 
ing examples: 

1. What is the reciprocal of 7? 


1 
eae Sad) 
Check: 
ee ae 
z*771 


Notice that the cancellation process in this ex- 
ample does not show the usual 1's which result 
when dividing a number into itself. For ex- 
ample, when 7 cancels 7, the quotient 1 could be 
shown beside each of the 7's. However, since 1 
as a factor has the same effect whether it is 
written in or simply understood, the 1's need 
not be written. 


2. What is the reciprocal of oe 


Check: 


3. What is the reciprocal of 22 
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: iP ee 2 
SOLUTION: 1 273° 3 
=2:+5 
22 
5 
: BZ x 
Check: J x 7 1 
4. What is the reciprocal of 3 3? 
; 2gip 8. 25 
SOLUTION: 1: 3 a oe 
= 8 + 25 
= 8 
~ 25 
: BL 
Check: x 8 1 


The foregoing examples lead to the rule for 
finding the reciprocal of any number: The re- 
ciprocal of a number is the fraction formed 
when 1 is divided by the number. (If the final 
result is a whole number, it can be considered 
as a fraction whose denominator is 1.) A short- 
cut rule which is purely mechanical and does 
not involve reasoning may be stated as follows: 
To find the reciprocal of a number, express 
the number as a fraction and then invert the 
fraction. 

When the numerator of a fraction is 1, the 
reciprocal is a whole number. The smaller the 
fraction, the greater is the reciprocal. For ex- 
1 
1,000 is 1,000. 

Also, the reciprocal of any whole number is a 
proper fraction. Thus the reciprocal of 50 is 
1 


ample, the reciprocal of 


50° 
Practice problems. Write the reciprocal of 
each of the following numbers: 


i i 3 5. 
14025 325 417 55 6.5 


Answers: 


-_ 
ve |e 
no 
° 
wo 
we 
anjpo 
os 
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The reciprocal method of division makes use 
of the close association of multiplication and 
division. In any division problem, we must find 
the answer to the following question: What 
number multiplied by the divisor yields the 
dividend? For example, if the problem is to 
divide 24 by 6, we must find the factor which, 
when multiplied by 6, yields 24. Experience 
tells us that the number we seek is 1/6 of 24. 
Thus, we may rewrite the problem as follows: 


24=6= 1x 24 
4 
_1x# 
6x1 
= 4 
Check: 6x 4 = 24 
1. 


In the example 1 3, we could write 3x ? = 


2 
1 . The number we seek must be one-third of 


1 + Thus we can do the division by taking one- 


third of 1 3 that is, we multiply id by the re~ 


ciprocal of 3. 


Lege yy ty tl 
1s 3 15%3 
eAxli 
2 2 
coe 
2 
P 1_.3.,1 
Check: 3xg5g719 


The rule for division by the reciprocal 
method is: Multiply the dividend bythe recipro- 
cal of the divisor. This is sometimes stated in 
short form as follows: Invert the divisor and 
multiply. 

The following examples of cases that arise 
in division with fractions will be solved by both 
the reciprocal method and the common denom- 
inator method. The common denominator 
method more clearly shows the division proc- 
ess and is easier for the beginner to grasp. 
The reciprocal method is more obscure as to 
the reason for its use but has the advantage of 
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speed and the possibility of cancellation of like 
factors, which simplifies the computation. It 
is the suggested method once the principles be- 
come familiar. 


EXAMPLE: 2 : 


Common Denominator Reciprocal Method 


Method 
2.4.2 .20 br ie eee re 
5 TS S 5° 45 %4 
= 2 +20 ~2x1 
5x4 
2 
mee eee 
20 ~ 10 
sted 
= 70 
EXAMPLE: 22 23=? 


Common Denominator Reciprocal Method 


Method 
2.3-8-.9 2.23-8,1 
23° 3=373 aa 2 gs 
=8:9 _bxi 
~ 3x3 
_38 
9 a8 
ar) 
EXAMPLE: 9+2-7 


Common Denominator Reciprocal Method 


Method 
2. 6 . 2 Ae ve a 
ee eee Qe ZT IXG 
= 63 = 2 _9x7 
1x2 
63 i 
= = 319 BS 2k 
ee 
: 2 2 
EXAMPLE: 10+ 55=? 
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Common Denominator Reciprocal Method 


Method 
+53. 40 , 23 25235 4 
10+ 5727+] 10-54 10x 55 
= 40 + 23 _ 10x4 
~ 1x 23 
-40.,17 
23 2 -40_.,17 
23 23 
id 22 1s 
EXAMPLE: 3 4 ? 


Common Denominator Reciprocal Method 


Method 
2,1.8.3 2 de eye 
3 4 #12 ~° «(12 3°4 ° #3° 1 
= 8:3 2f.92 
~ 3 23 
-~ 82.92 
“3 23 
; 9.3. 
EXAMPLE: i6 * lo ? 


Common Denominator Reciprocal Method 


Method 

2 . 3 _45 . 24 2.38 2 3, 10 

16 ~ 10 ~ 80 ~ 60 16°10 16” 3 
= 45 + 24 3 5 
_ 45. 15 Bx 
2F 6 8 
=12 = 15.47 
3 a 13 


Practice problems. Perform the following 
division by the reciprocal method: 


3.2 » ore eG 5,5 1.4 
org 2% 27719 3.9ig 4375 

Answers 

2 5 & 
1. 2 214 3. 2 4.4 


COMPLEX FRACTIONS 


When the numerator or denominator, or both, 
in a fraction are themselves composed of 
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fractions, the resulting expression is called 
a complex fraction. The following expression 
is a complex fraction: 


3/5 
3/4 


This should be read "three-fifths over three- 
fourths" or ‘three-fifths divided by three- 
fourths." Any complex fraction may be sim- 
plified by writing it as a division problem, as 
follows: 


3/4 ~-5° 4 
-3.4 
5°32 
= 4/5 
Similarly, 
3i 2 
~3_.10.5_.M,2.4.,1 
91 3 2° 3 °F 3 3 
2 


Complex fractions may also contain an in- 
dicated operation in the numerator or denom- 
inator or both. Thus, 


9 
5 + 


is a complex fraction. To simplify such a 
fraction we simplify the numerator and denom- 
inator and proceed as follows: 


1,1 3,2 5 
2 3.6 6 6 
9,1 10 2 
5 +5 5 
-2.2 
61 
=3y,1 
“6 *3 
-_ 2 
= 12 


Mixed numbers appearing in complex fractions 
usually show the plus sign. 


Thus, 
2 = iL 
4 5 7 3 
might be written 
2 
4+ 5 
1 
T+ 3 


Practice problems. Simplify the following 
complex fractions: 


1 gi 2 . Saree 
bh oe 4,473 
“3 3 "92 oe ree 

8 5 16 32 

Answers 

2 5 19 2 
1, 23> 2.3 3. 1 35 4.183 


Complex fractions may arise in electronics 
when it is necessary to find the total resistance 
of several resistances in parallel as shown in 
figure 4-8. The rule is: The total resistance 
of a parallel circuit is 1 divided by the sum of 
the reciprocals of the separate resistances. 
Written as a formula, this produces the follow- 
ing expression: 


= 1 
ai saa CRE 
R, R, R,; 


EXAMPLE: Find the total resistance of the 
paralle] circuit in figure 4-8 (A). Substituting 
the values 3, 4, and 6 for the letters R,, R,, 
and R,, we have the following: 


(A) 


Figure 4-8.—Application of complex fractions 
in calculating electrical resistance. 


4 


The LCD of the fractions i 


1 1 
77 and = is 12. 


4 


Thus, 


= 1 4 ohms (measure of resistance). 
Practice problem: Find the total resistance 
of the parallel circuit in figure 4-8 (B). 


Answer: 1 + ohms. 


CHAPTER 5 
DECIMALS 


The originand meaning of the word "decimal" 
were discussed in chapter 1 of thiscourse. Also 
discussed in chapter 1 were the concept of place 
value and the use of the number ten as the base 
for our number system. Another term which is 
frequently used to denote the base of a number 
system is RADIX. For example, two is the 
radix of the binary system and ten is the radix 
of the decimal system. The radix of a number 
system is always equal to the number of differ- 
ent digits used in the system. For example, the 
decimal system, with radix ten, has ten digits: 
0 through 9. 


DECIMAL FRACTIONS 


A decimal fraction is a fraction whose de- 
nominator is 10 or some power of 10, such as 
100, 1,000, or 10,000. Thus, rc i: d 2B 
are decimal fractions. Decimal fractions have 
special characteristics that make computation 
much simpler than with other fractions. 

Decimal fractions complete our decimal 
system of numbers. In the study of whole num- 
bers, we found that we could proceed to the left 
from the units place, tens, hundreds, thousands, 
and on indefinitely to any larger place value, 
but the development stopped with the units place. 
Decimal fractions complete the development so 
that we can proceed to the right of the units 
place to any smaller number indefinitely. 

Figure 5-1 (A) shows how decimal fractions 
complete the system. It should be noted that as 
we proceed from left to right, the value of each 
place is one-tenth the value of the preceding 
piace, and that the system continues uninter- 
rupted with the decimal fractions. 

Figure 5-1 (B) shows the system again, this 
time using numbers. Notice in (A) and (B) that 
the units place is the center of the system and 
that the place values proceed to the right or 
left of it by powers of ten. Ten on the left is 
balanced by tenths on the right, hundreds by 
hundredths, thousands by thousandths, etc. 

Notice that 1/10 is one place to the right of 
the units digit, 1/100 is two places to the right, 
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etc. (See fig. 5-1.) If a marker is placed after 
the units digit, we can decide whether a decimal 
digit is in the tenths, hundredths, or thousandths 
position by counting places to the right of the 
marker. In some European countries, the 
marker is a comma; but in the English-speaking 
countries, the marker is the DECIMAL POINT. 
3 
too it is 
necessary to show that 3 is in the second place 
to the right of the decimal point, soa zero is 


inserted in the first place. Thus, 


Thus, i is written 0.3. To write 


3 
i00 is written 


0.03. Similarly, aa can be written by insert- 


ing zeros in the first two places to the right of 
the decimal point. Thus, 3 


i000 is written 0.003. 
In the number 0.3, we say that 3 is in the first 
decimal place; in 0.03, 3 is in the second deci- 
mal place; and in 0.003, 3 is in the third deci- 
mal place. Quite frequently decimal fractions 
are simply called decimals when written in this 
shortened form. 


WRITING DECIMALS 


Any decimal fraction may be written in the 
shortened form bya simple mechanical process. 
Simply begin at the right-hand digit of the nu- 
merator and count off to the leftas many places 
as there are zeros in the denominator. Place 
the decimal point to the left of the last digit 
counted. The denominator may then be dis- 
regarded. [If there are not enough digits, as 
many place-holding zeros as are necessary are 
added to the left of the left-hand digit in the 
numerator. 


Thus, in po beginning with the digit 3, 


we count off four places to the left, adding two 
0's as we count, and place the decimal point to 
the extreme left. (See fig. 5-2.) Either form 
is read "twenty-three ten-thousandths." 

When a decimal fraction is written in the 
shortened form, there will always be as many 
decimal places in the shortened form as there 
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Figure 5-1.-Place values including decimals. 


23 . Cano 
Toooo * -AP28 
PLACE HOLDING 
ZEROS ADDED 


Figure 5-2.-Conversion 
of a decimal fraction 
to shortened form. 


are zeros in the denominator of the fractional 
form. 
24358 
100000 
what is meant when it is changed to the short- 
ened form. This figure is presented to show 
further that each digit of a decimal fraction 
holds a certain position in the digit sequence 
and has a particular value. 

By the fundamental rule of fractions, it 


5 _50 _ 500 
should be clear that 10 ~ 100 ~ 1000° 


the same values in the shortened way, we have 
0.5 = 0.50 = 0.500. In other words, the value of 
a decimal is not changed by annexing zeros at 
the right-hand end of the number. This is not 


and 


Figure 5-3 shows the fraction 


Writing 
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2 TENTHS < ee: 
4 HUNOREDTHS . 
24358 ALSO MEANS) 3 rHoUSANOTHS oR .003 


1OQ000 THE SUM OF VS sen-THOUSANDTHS oR .0005 
3 HUNDRED-THOUSANDTHS OR _O9008 


24358 


Figure 5-3.Steps in the conversion of a 
decimal fraction to shortened form. 


true of whole numbers. Thus, 0.3, 0.30, and 
0.300 are equal but 3, 30, and 300 are not equal. 
Also notice that zeros directly after the deci- 
mal point do change values. Thus 0.3 is not 
equal to either 0.03 or 0.003. 

Decimals such as 0.125 are frequently seen. 
Although the 0 on the left of the decimal point 
is not required, it is often helpful. This is par- 
ticularlytrue in an expression such as 32 + 0.1. 
In this expression, the lower dot of the division 
symbol must not be crowded against the decimal 
point; the O serves as an effective spacer. If 
any doubt exists concerning the clarity of an 
expression such as .125, it should be written as 
0.125. 
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Practice problems. In problems 1 through 4, 
change the fractions to decimals. In problems 
5 through 8, write the given numbers as deci- 
mals: 


1. 8/100 5. Four hundredths 

2. 5/1000 6. Four thousandths 

3. 43/1000 7. Five hundred one ten- 
’ 4. 32/10000 thousandths 

8. Ninety-seven thousandths 
Answers: 

1. 0.08 5. 0.04 

2. 0.005 6. 0.004 

3. 0.043 7. 0.0501 

4. 0.0032 8. 0.097 


READING DECIMALS 


To read a decimal fraction in full, we read 
both its numerator and denominator, as in read- 
ing common fractions. To read 0.305, we read 
“three hundred five thousandths.'' The denomi- 
nator is always 1 with as many zeros as deci- 
mal places. Thus the denominator for 0.14 is 
1 with two zeros, or 100. For 0.003 it is 1,000; 
for 0.101 it is 1,000; and for 0.3 it is 10. The 
denominator may also be determined by count- 
ing off place values of the decimal. For 0.13 
we may think "tenths, hundredths''and the frac- 
tion is in hundredths. In the example 0.1276 we 
may think "tenths, hundredths, thousandths, 
ten-thousandths."" We see that the denominator 
is 10,000 and we read the fraction "one thou- 
sand two hundred seventy-six ten-thousandths." 

A whole number with a fraction in the form 
of a decimal is called a MIXED DECIMAL. 
Mixed decimals are read in the same manner 
as mixed numbers. We read the whole number 
in the usual way followed by the word "and" and 
then read the decimal. Thus, 160.32 is read 
"one hundred sixty and thirty-two hundredths." 
The word "and" in this case, as with mixed 
numbers, means plus. The number 3.2 means 
three plus two tenths. 

It is also possible to have a comptex deci- 
mal, A COMPLEX DECIMAL contains a com- 
mon fraction. The number 0.33 is a complex 
decimalandis read "three and one-third tenths." 
The number 0.875 means 875 hundredths. The 
common fraction in each case forms a part of 
the last or right-hand place. 
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In actual practice when numbers are called 
out for recording, the above procedure is not 
used. Instead, the digits are merely called out 
in order with the proper placing of the decimal 
point. For example, the number 216.003 is 
read, "two one six point zero zero three."’ The 
number 0.05 is read, "zero point zero five." 


EQUIVALENT DECIMALS 


Decimal fractions may be changed to equiv- 
alent fractions of higher or lower terms, as is 
the case with common fractions. HEH each deci- 
mal fraction is rewritten in its common frac- 
tion form, changing to higher terms is accom- 
plished by multiplying both numerator and 
denominator by 10, or 100, or some higher 
power of 10. For example, if we desire to 
change 2 to hundredths, we may do so by mul- 
tiplying both numerator and denominator by 10. 
Thus, 


In the decimal form, the same thing may be ac- 
complished by simply annexing a zero. Thus, 


0.5 = 0.50 


Annexing a 0 on a decimal has the same ef- 
fect as multiplying the common fraction form 
of the decimal by 10/10. This is an application 
of the fundamental rule of fractions. Annexing 
two 0's has the same effect as multiplying the 
common fractionform of the decimal by 100/100; 
annexing three 0's has the same effect as mul- 
tiplying by 1000/1000; etc. 


REDUCTION TO LOWER TERMS 


Reducing to lower terms is known as ROUND- 
OFF, or simply ROUNDING, when dealing with 
decimal fractions. If it is desired to reduce 
6.3000 to lower terms, we may simply drop as 
many end zeros as necessary since this is 
equivalent to dividing both terms of the fraction 
by some power of ten. Thus, we see that 6.3000 
is the same as 6.300, 6.30, or 6.3. 

It is frequently necessary to reduce a num- 
ber such as 6.427 to some lesser degree of 
precision. For example, suppose that 6.427 is 
to be rounded to the nearest hundredth. The 
question to be decided is whether 6.427 is closer 
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to 6.42 or 6.43. The best way to decide this 
question is to compare the fractions 420/1000, 
427/1000, and 430/1000. It is obvious that 
427/1000 is closer to 430/1000, and 430/1000 
is equivalent to 43/100; therefore we say that 
6.427, correct to the nearest hundredth, is 6.43. 

A mechanical rule for rounding off can be 
developed from the foregoing analysis. Since 
the digit in the tenths place is not affected when 
we round 6.427 to hundredths, we may limit our 
attention to the digits in the hundredths and 
thousandths places. Thus the decision reduces 
to the question whether 27 is closer to 20 or 30. 
Noting that 25 is halfway between 20 and 30, it 
is clear that anything greater than 25 is closer 
to 30 than it is to 20. 

In any number between 20 and 30, if the digit 
in the thousandths place is greater than 5, then 
the number formed by the hundredths and thou- 
sandths digits is greater than 25. Thus we 
would round the 27 in our original problem to 
30, as far as the hundredths and thousandths 
digits are concerned. This result could be sum- 
marized as follows: When rounding to hun- 
dredths, if the digit in the thousandths place is 
greater than 5, increase the digit in the hun- 
dredths place by 1 and drop the digit in the 
thousandths place. 

The digit in the thousandths place may be 
any one of the ten digits, 0 through 9. Hf these 
ten digits are split into two groups, one com- 
posed of the five smaller digits (0 through 4) 
andthe other composed of the five larger digits, 
then 5 is counted as one of the larger digits. 
Therefore, the general rule for rounding off is 
stated as follows: If the digit in the decimal 
place to be eliminated is 5 or greater, increase 
the digit in the next decimal place to the left 
by 1. Ef the digit to be eliminatedis less than 5, 
leave the retained digits unchanged. 

The following examples illustrate the rule 
for rounding off: 

1. 0.1414 rounded to thousandths is 0.141. 

2. 3.147 rounded to tenths is 3.1. 

3. 475 rounded to the nearest hundred is 500. 

Observe carefully that the answer to exam- 
ple 2 is not 3.2. Some trainees make the error 
of treating the rounding process as a kind of 
chain reaction, in which one first rounds 3.147 
to 3.15 and then rounds 3.15 to 3.2. The error 
of this method is apparent when we note that 
147/1000 is closer to 100/1000 than it is to 
200/1000. 

Problems of the following type are some- 
times confusing: Reduce 2.998 to the nearest 
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hundredth. To drop the end figure we must in- 
crease the next figure by 1. The final result is 
3.00. We retain the zeros to show that the an- 
swer is carried to the nearest hundredth. 
Practice problems. Round off as indicated: 


1. 0.5862 to hundredths 
2. 0.345 to tenths 

3. 2346 to hundreds 

4. 3.999 to hundredths 


Answers: 


1. 0.59 3. 2300 
2. 0.3 4. 4.00 


CHANGING DECIMALS 
TO COMMON FRACTIONS 


Any decimal may be reduced to a common 
fraction. To do this we simply write out the 
numerator and denominator in full and reduce 
to lowest terms. For example, to change 0.12 
to a common fraction, we simply write out the 
fraction in full, 


100 


and reduce to lowest terms, 


4 on 


3 
i 
168 = 25 
25 


Likewise, 0.77 is written 


TT 
100 


but this is in lowest terms so the fraction can- 
not be further reduced. 

One way of checking to see if a decimal frac- 
tion can be reduced to lower terms is to con- 
sider the makeup of the decimal denominator. 
The denominator is always 10 or a power of 10. 
Inspection shows that the prime factors of 10 
are 5 and 2. Thus, the numerator must be di- 
visible by 5 or 2 or both, or the fraction cannot 
be reduced. 


EXAMPLE: Change the decimal 0.0625 to a 
common fraction and reduce to lowest terms. 
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_ 625 
SOLUTION: 0.0625 = T5555 
- 625 + 25 _ 25 
10000 + 25 400 
oi de 
16 


Complex decimals are changed to common 
fractions by first writing out the numerator and 
denominator in full and then reducing the re- 
sulting complex fraction in the usual way. For 


to reduce 0.124 we first write 


example, 5 


122 
100 


nN 


Writing the numerator as an improper fraction 
we have 


and applying the reciprocal method of division, 
we have ; 


1 1 
Bx d-} 
4 


Practice problems. Change the following 
decimals to common fractions in lowest terms: 


1. 0.25 3. 0.64 

2. 0.375 4. 0.032 
Answers: 

1. 1/4 3. 5/8 

2. 3/8 4. 4/125 


CHANGING COMMON 
FRACTIONS TO DECIMALS 


The only difference between a decimal frac- 
tion and a common fraction is that the decimal 
fraction has 1 with a certain number of zeros 
(in other words, a power of 10) for a denomina- 
tor. Thus, a common fraction can be changed 


49 


to a decimal if it can be reduced to a fraction 
having a power of 10 for a denominator. 

If the denominator of the common fraction in 
its lowest terms is made up of the prime fac- 
tors 2 or 5 or both, the fraction can be con- 
verted toan exact decimal. If some other prime 
factor is present, the fraction cannot be con- 
verted exactly. The truth of this is evident 
when we consider the denominator of the new 
fraction. It must alwaysbe 10 or a power of 10, 
and we know the factors of such a number are 
always 2's and 5's. 

The method of converting a common fraction 
to a decimal is illustrated as follows: 


EXAMPLE: Convert 3/4 to a decimal. 


SOLUTION: 3 = 300 


4 
= 
“ 


I] 
~ 
on 
” 


= 0.75 


Notice that the original fraction could have been 
rewritten as 3000/4000, in which case the re- 
sult would have been 0.750. On the other hand, 
if the original fraction had been rewritten as 
30/40, the resulting division of 4 into 30 would 
not have been possible without a remainder. 
When the denominator in the original fraction 
has only 2's and 5's as factors, so that we know 
a remainder is not necessary, the fraction 
should be rewritten with enough 0's to complete 
the division with no remainder. 

Observation of the results in the foregoing 
example leads toa shortcut in the conversion 
method. Noting that the factor 1/100 ultimately 
enters the answer in the form of a decimal, we 
could introduce the decimal point as the final 
step without ever writing the fraction 1/100. 
Thus the rule for changing fractions to deci- 
mals is as follows: 

1. Annex enough 0's to the numerator of the 
original fraction so that the division will be 
exact (no remainder). 

2. Divide the original denominator into the 
new numerator formed by annexing the 0's. 

3. Place the decimal point in the answer so 
thatthe number of decimal places in the answer 
is the same as the number of 0's annexed to the 
original numerator. 
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If a mixed number in common fraction form 
is to be converted, convert only the fractional 
part and then write the two parts together. This 
is illustrated as follows: 


3 _ 3 _ # 
4524+ 52+ DB = 2.55 


Practice problems. Convert the following 
common fractions and mixed numbers to deci- 
mal form: 


1 3 _ a) 
1. 4 2. 8 3. 30 4. 275 
Answers: 
1. 0.25 2. 0.375 3. 0.15625 4. 2.3125 


Nonterminating Decimals 


As stated previously, if the denominator of a 
common fraction contains some prime factor 
other than 2 or 5, the fraction cannot be con- 
verted completely to a decimal. When such 
fractions are converted according to the fore- 
going rule, the decimal resulting will never 
terminate. Consider the fraction 1/3. Apply- 
ing the rule, we have 


The division will continue indefinitely. Any 
common fraction that cannot be converted ex- 
actly yields a decimal that will never terminate 
and in which the digits sooner or later recur. 
In the previous example, the recurring digit 
was 3. In the fraction 5/11, we have 


The recurring digits are 4 and 5. 
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When a common fraction generates such a 
repeating decimal, it becomes necessary to 
arbitrarily select a point at which to cease the 
repetition. This may be done in two ways. We 
may write the decimal fraction by rounding off 
at the desired point. For example, to round off 
the decimal generated by i to hundredths, we 
carry the division to thousandths, see that this 


figure is less than 5, and drop it. Thus, ; 


rounded tohundredths is 0.33. The other method 

is to carry the division to the desired number 

of decimal places and carry the remaining in- 

complete division as a common fraction—that 

is, we write the result of a complex decimal. 
1 


For example, 3 carried to thousandths would be 


Practice problems. Change the following 
common fractions to decimals with three places 
and carry the incomplete division as a common 
fraction: 


at 5 4 5 
1. 13 2. 9 3 is 4. ia 
Answers: 
6 2 
1. 0.53875 3. 0.2663 
3 2 
2. 0.5555 4, 0.416; 


OPERATION WITH DECIMALS 


In the study of addition of whole numbers, it 
was established that units must be added to 
units, tens to tens, hundreds to hundreds, etc. 
For convenience, in adding several numbers, 
units were written under units, tens under tens, 
etc. The addition of decimals is accomplished 
in the same manner. 
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ADDITION 


In adding decimals, tenths are written under 
tenths, hundredths under hundredths, etc. When 
this is done, the decimal points fall in a straight 
line. The addition is the same as in adding 
whole numbers. Consider the following example: 


2.18 
34.35 
0.14 
4.90 


—— 


41.57 


Adding the first column on the right gives 17 
hundredths or 1 tenth and 7 hundredths. As 
with whole numbers, we write the 7 under the 
hundredths column and add the 1 tenth in the 
tenths column—that is, the column of the next 
higher order. The sum of the tenths column is 
15 tenths or 1 unit and 5 tenths. The 5 is writ- 
ten under the tenths column and the 1 is added 
in the units column. 

It is evident that if the decimal points are 
kept in a straight line—that is, if the place 
values are kept in the proper columns—addition 
with decimals may be accomplished in the ordi- 
nary manner of addition of whole numbers. It 
should also be noted that the decimal point of 
the sum falls directly under the decimal points 
of the addends. 


SUBTRACTION 


Subtraction of decimals likewise involves no 
new principles. Notice that the place values of 
the subtrahend in the following example are 
fixed directly under the corresponding place 
values in the minuend. Notice also that this 
causes the decimal points to be alined and that 
the figures in the difference (answer) also re- 
tain the correct columnar alinement. 


45.76 
-31.87 


13.89 


We subtract column by column, as with whole 
numbers, beginning at the right. 

Practice problems. Add or subtract as 
indicated: 


1. 12.3 + 2.13 + 4 + 1.234 
2. 0.5 + 0.04 + 12.001 + 10 
3. 237.5 - 217.9 
4, 9.04 - 7.156 
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Answers: 
1. 19.664 3. 19.6 
2. 22.541 4. 1.884 
MULTIPLICATION 


Multiplication of a decimal by a whole num- 
ber may be explained by expressing the decimal 
as a fraction. 


EXAMPLE: Multiply 6.12 by 4. 


, 4 y G12 _ 2448 
SOLUTION: i x 100 100 
= 24.48 


When we perform the multiplication keeping 
the decimal form, we have 


6.12 
4 


24.48 


By common sense, it is apparent that the whole 
number 4 times the whole number 6, with some 
fraction, will yield a number in the neighbor- 
hood of 24. Hence, the placing of the decimal 
point is reasonable. 

An examination of several examples will re- 
veal that the product of a decimal and a whole 
number has the same number of decimal places 
as the factor containing the decimal. Zeros, if 
any, atthe end of the decimal shouldbe rejected. 


Multiplication of Two Decimals 


To show the rule for multiplying two deci- 
mals together, we multiply the decimal in frac- 
tional form first and then in the conventional 
way, as in the following example: 


0.4 x 0.37 
Writing these decimals as common fractions, 
we have 
Ay 37. 4x 37 
10 100 10x 100 
148 
1000 
= 0.148 
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In decimal form the problem is Practice problems. Multiply as indicated: 
0.37 1. 3.7 x 0.02 2. 0.45 x 0.7 
OF 3. 6.5 4. 0.0073 
0.148 x0.01 x5.4 
The placing of the decimal point is reasonable, Answers: 
since 4 tenths of.37 hundredths is a little less 
than half of 37 hundredths, or about 15 hun- 1. 0.074 2. 0.315 
dredths. 3. 0.065 4, 0.03942 
Consider the following example: oes af 
4.316 x 3.4 Multiplying by Powers of 10 
Multiplying by a power of 10 (10, 100, 1,000, 
In the common fraction form, we have etc.) is done mechanically by simply moving 
the decimal point to the right as many places 
sais x 34 = $316 x 34 as there are zeros in the multiplier. For ex- 
10 0 00 x 1 ample, 0.00687 is multiplied by 1,000 by mov- 
_ 146744 ing the decimal point three places to the right 
~ 10000 as follows: 
= 14.6744 1,000 x 0.00687 = 6.87 
Multiplying a number by 0.1, 0.01, 0.001 
In the decimal form the problem is etc., is done mechanically by simply moving 
4.31 the decimal point to the left ag many places as 
, : there are decimal places inthe multiplier. For 
_3.4 example, 348.2 is multiplied by 0.001 by moving 
17264 the decimal point three places to the left as 
12048 follows: 
14.6744 348.2 x 0.001 = 0.3482 
We note that 4 and a fraction times 3 and a DIVISION 
fraction yields a product in the neighborhood of When the dividend is a whole number, we 
a Thus, the decimal point is in the logical recognize the problem of division as that of 
place. convert ac fraction t imal. 
In the above examples it should be noted in mie sai eravaple nar os aa the 
each case that when we multiply the decimals problem could be written : 
together we are multiplying the numerators. 
When we place the decimal point by adding the 5000 5000 + 8 
number of decimal places in the multiplier and 1000 * 8 = “1000 
multiplicand, we are in effect multiplying the 
denominators. _ 625 
When the numbers multiplied together are ~ 1000 
thought of as the numerators, the decimal points = 625 
may be temporarily disregarded and the num- : 
bers may be considered whole. This justifies This same problem may be worked by the 


the apparent disregard for place value in the follow : : 
multiplication of decimals. We see that the 2 nee mre deere SOe 


rule for multiplying decimals is only a modifi- 5 .625 
cation of the rule for multiplying fractions. B= 8/5.000 
To multiply numbers in which one or more 48 
of the factors contain a decimal, multiply as 20 
though the numbers were wholenumbers. Mark 16 
off as many decimal places in the product as “40 
there are decimal places in the factors together. 40 
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Since not all decimals generated by division 
terminate so early as that in the above exam- 
ple, if at all, it should be predetermined as to 
how many decimal places it is desired to carry 
the quotient. If it is decided to terminate a 
quotient at the third decimal place, the division 
should be carried to the fourth place so that the 
correct rounding off to the third place may be 
determined. 

When the dividend contains a decimal, the 
Same procedure applies as when the dividend is 
whole. Notice the following examples (rounded 
to three decimal places): 


-1887 = .789 
8/6.3100 


1. 6.31 + 8 


2. 0.0288 + 32 0.0009 = 0.001 
32/0.0288 


288 


Observe in each case (including the case 
where the dividend is whole), that the quotient 
contains the same number of decimal places as 
the number used in the dividend. Notice also 
that the place values are rigid; that is, tenths 
in the quotient appear over tenths in the divi- 
dend, hundredths over hundredths, etc. 

Practice problems. In the following division 
problems, round off each quotient correct to 
three decimal places. 


i. 10 + 6 3. 2.743 + 77 

2. 23.5 + 16 4. 1.00 +3 
Answers: 

1. 1.667 3. 0.036 

2. 1.469 4. 0.333 


Decimal Divisors 


In the foregoing examples, the divisor in 
each case was an integer. Division with divi- 
sors which are decimals may be accomplished 
by changing the divisor and dividend so that the 
divisor becomes a whole number. 


Recalling that every division expression may 
be written in fraction form, we use the funda- 
mental rule of fractions as follows: Rewrite 
the division problem as a fraction. Multiply 
the numerator (dividend) and denominator (divi- 
sor) by 10, 100, or some higher power of 10; 
the power of 10 must be large enough to change 
the divisor to a whole number. This rule is 
illustrated as follows: 


2.568 + 0.24 = === 


0.24 * 100 


Thus 2.568 divided by 0.24 is the same as 256.8 
divided by 24. 

From the mechanical standpoint, the fore- 
going rule has the effect of moving the decimal 
point to the right, as many places as necessary 
to change the divisor to an integer. Therefore 
the rule is sometimes stated as follows: When 
the divisor is a decimal, change it to a whole 
number by moving the decimal point to the 
right. Balance the change in the divisor by 
moving the decimal point in the dividend an 
equal number of places to the right. 

The following example illustrates this ver- 
sion of the rule: 


91.1 
0.94/81.9,9 


The inverted v, called a caret, is used as a 
marker to indicate the new position of the deci- 
mal point. Notice that the decimal point in the 
quotient is placed immediately above the caret 
in the dividend. Alinement of the first quotient 
digit immediately above the 1 in the dividend, 
and the second quotient digit above the 9, as- 
sures that these digits are placed properly with 
respect to the decimal point. 

Practice problems. In the following division 
problems, round off each quotient to three dec- 
imal places: 


1. 0.02958 + 0.12 
2. 30.625 + 3.5 


3. 4610 + 0.875 
4. 0.000576 + 0.008 


Answers: 
1. 0.247 3. 5268.571 
2. 8.750 4. 0.072 
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Dividing by Powers of 10 


Division of any number by 10, 100, 1,000, 
etc., is really just an exercise in placing the 
decimal point of a decimal fraction. Thus, 
5,031 + 100 may be thought of as the decimal 


fraction aeet to remove the denominator, we 


simply count off two places from the right. 
Thus, 


The following three examples serve to illus- 
trate this procedure further: 


401 = 10 = 40.1 
2 + 1,000 = .002 
11,431 = 100 = 114.31 


If the dividend already contains a decimal 
part, begin counting with the first number to 
the leftof the decimal point. Thus, 243.6 +100 = 
2.436. When the decimal point is not shown in 
a number, it is always considered to be to the 
right of the right-hand digit. 

Dividing by 0.1, 0.01, 0.001, etc., may also 
be accomplished by a simple mechanical rule. 
We simply begin at the position of the decimal 
point in the dividend and count off as many 
places to the right as there are decimal places 
in the divisor. The decimal point is then placed 
to the right of the last digit counted. H there 
are not enough digits, zeros may be added. 
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The foregoing rule is based on the fact that 


0.1 is really i 0.01 is i 


For example, 


23 + 0.1 


Notice that dividing 


0.001 is —_, ete. 


100’ 1000 
- & lt 
= 23 + 75 
_ 10 
= 23 x 1 


= 230 


by 0.1 is the same as 


multiplying by 10. Likewise, 


234.1 + 0.001 


and 
24 + 0.01 = 24+ 


Practice problems. 
the decimal point. 


1. 276 + 100 
2. 2,845 = 1,000 
Answers: 


1. 2.76 
2. 2.845 


100 


= eee! ee 
= 234.1 + 1000 
= 234.1 x 1000 

1 
= 234,100 


= 24x 100 = 2,400 


Divide by relocation of 


3. 276 = 0.01 
4. 2,845 = 0.001 


3. 27,600 
4. 2,845,000 


CHAPTER 6 
PERCENTAGE AND MEASUREMENT 


In the discussion of decimal fractions, it was 
shown that for convenience in writing fractions 
whose denominators are 10 or some power of 
10, the decimal point could be employed and the 
denominators could be dropped. Thus, this spe- 
cial group of fractions could be written in a 
much simpler way. As early as the 15th cen- 
tury, businessmen made use of certain decimal 
fractions so much that they gave them the spe- 
cial designation PERCENT. 


MEANING OF PERCENT 


The word "percent" is derived from Latin. 
It was originally "per centum," which means 
"by the hundred."' Thus the statement is often 
made that "percent means hundredths." 

Percentage deals with the group of decimal 
fractions whose denominators are 100—that is, 
fractions of two decimal places. Since hun- 
dredths were used so frequently, the decimal 
point was dropped and the symbol % was placed 
after the number and read "percent" (per 100). 
Thus, 0.15 and 15% represent the same value, 
15/100. The first is read "15 hundredths," and 
the second is read "15 percent.'’ Both mean 15 
parts out of 100. 

Ordinarily, percent is used in discussing 
relative values. For example, 25 percent may 
convey an idea of relative value or relationship. 
To say "25 percent of the crew is ashore" gives 
an idea of what part of the crew is gone, but it 
does not tell how many. For example, 25 per- 
cent of the crew would represent vastly different 
numbers if the comparison were made betwesn 
an LSM and a cruiser. When it is necessary 
to use a percent in computation, the number is 
written in its decimal form to avoid confusion. 

By converting all decimal fractions so that 
they had the common denominator 100, men 
found that they could mentally visualize the 
relative size of the part of the whole that was 
being considered. 


CHANGING DECIMALS TO PERCENT 


Since percent means hundredths, any decimal 
may be changed to percent by first expressing 
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it as a fraction with 100 as the denominator. 
The numerator of the fraction thus formed in- 
dicates how many hundredths we have, and 
therefore it indicates “how many percent" we 
have. For example, 0.36 is the same as 36/100. 
Therefore, 0.36 expressed as a percentage 
would be 36 percent. By the same reasoning, 
since 0.052 is equal to 5.2/100, 0.052 is the 
same as 5.2 percent. 

In actual practice, the step in which the de- 
nominator 100 occurs is seldom written down. 
The expression in terms of hundredths is con- 
verted mentally to percent. This results in the 
following rule: To changea decimal to percent, 
multiply the decimal by 100 and annex the per- 
cent sign (%). Since multiplying by 100 has the 
effect of moving the decimal point two places to 
the right, the rule is sometimes stated as fol- 
lows: To change a decimal to percent, move 
the decimal point two places tothe right and 
annex the percent sign. 


Changing Common Fractions and 
Whole Numbers To Percent 


Common fractions are changed to percent by 
first expressing them as decimals. For exam- 
ple, the fraction 1/4 is equivalent to the deci- 
mal 0.25. Thus 1/4 is the same as 25 percent. 

Whole numbers may be considered as special 
types of decimals (for example, 4 may be writ- 
tenas 4.00) and thus may be expressed interms 
of percentage. The meaning of an expression 
such as 400 percent is vague unless we keep in 
mind that percentage is a form of comparison. 
For example, a question which often arises is 
"How can I have more than 100 percent of some- 
thing, if 100 percent means all of it?" 

This question seems reasonable, if we limit 
our attention to such quantities as test scores. 
However, it is also reasonable to use percent- 
age in comparing a current set of data with a 
previous set. For example, if the amount of 
electrical power used by a Navy facility this 
year is double the amount used last year, then 
this year's power usage is 200 percent of last 
year's usage. 
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The meaning of a phrase such as ''200 per- 
cent of last year's usage" is often misinter- 
preted. A total amount that is 200 percent of 
the previous amount is not the same as an in- 
crease of 200 percent. The increase in this 
case is only 100 percent, for a total of 200. If 
the increase had been 200 percent, then the 
new usage figure would be 300 percent of the 
previous figure. 

Baseball batting averages comprise a spe- 
cial case in which percentage is used with only 
occasional reference to the word “percent.” 
The percentages in batting averages are ex- 
pressed in their decimal form, with the figure 
1.000 representing 100 percent. Although a 
batting average of 0.300 is referred to as "bat- 
ting 300," this is actually erroneous nomencla- 
ture from the strictly mathematical standpoint. 
The correct statement, mathematically, would 
be "batting point three zero zero” or “batting 
30 percent.” 

Practice problems. Change each of the fol- 
lowing numbers to percent: 


1. 0.0065 3. 0.363 5. 7 

2. 1.25 4. 3/4 6. 1/2 
Answers: 

1. 0.65% 3. 36.3% 5. 700% 

2. 125% 4. 75% 6. 50% 


CHANGING A PERCENT 
TO A DECIMAL 


Since we do not compute with numbers in the 
percent form, it is often necessary to change a 
percent back to the decimal form. The proce- 
dure is just opposite to that used in changing 
decimals to percents: To change a percent to a 
decimal, drop the percent sign and divide the 
number by 100. Mechanically, the decimal 
point is simply shifted two places to the left 
and the percent sign is dropped. For example, 
25 percent is the same as the decimal 0.25. 
Percents larger than 100 percent are changed 
to decimals by the same procedure as ordinary 
percents. For example, 125 percent is equiva- 
lent to 1.25. 

Practice problems. 
percents to decimals: 


Change the following 


1, 2.5% 3. 125% 5. 59% 
2. 0.63% 4, 25% 6. a5 
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Answers: 
1. 0.025 3. 1.25 5. 5.75% = 0.0575 
2. 0.0063 4. 0.25 6. 9.50% = 0.095 


THE THREE PERCENTAGE CASES 


To explain the cases that arise in problems 
involving percents, it is necessary to define the 
terms that will be used. Rate (r) is the number 
of hundredths parts taken. This is the number 
followed by the percent sign. The base (b) is 
the whole on which the rate operates. Percent- 
age (p) is the part of the base determined by 
the rate. In the example 


5% of 40 = 2 


5% is the rate, 40 is the base, and 2 is the 
percentage. 

There are three cases that usually arise in 
dealing with percentage, as follows: 


Case I—-To find the percentage when the 
base and rate are known. 


EXAMPLE: What number is 6% of 507 


Case I~To find the rate when the base and 
percentage are known. 


EXAMPLE: 20 is what percent of 60? 


Case Ill—To find the base when the percent- 
age and rate are known. 


EXAMPLE: The number 5 is 25% of what 
number ? 


Case I 
In the example 
6% of 50 = ? 


the "of'’ has the same meaning as it does in 
fractional examples, such as 


In other words, "of'' means to multiply. Thus, 
to find the percentage, multiply the base by the 
rate. Of course the rate must be changed from 
a percent to a decimal before multiplying can 
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be done. Rate times base equals percentage. 
Thus, 

6% of 50 = ? 

0.06 x 50 = 3 


The number that is 6% of 50 is 3. 

FRACTIONAL PERCENTS.—Afractional 
percent represents a part of 1 percent. Ina 
case such as this, it is sometimes easier to 
find 1 percent of the number and then find the 
fractional part. For example, we would find 
1/4 percent of 840 as follows: 


1% of 840 = 0.01 x 840 
= 8.40 


Therefore, ih of 840 = 8.40 x i 


= 2.10 


Case I 


To explain case IJ and case I, we notice in 
theforegoing example that the base corresponds 
to the multiplicand, the rate corresponds to the 
multiplier, and the percentage corresponds to 
the product. 


50 (base or multiplicand) 
.06 (rate or multiplier) 


3.00 (percentage or product) 


Recalling that the product divided by one of its 
factors gives the other factor, we can solve the 
following problem: 


2% of 60 = 20 


We are given the base (60) and percentage (20). 


60 (base) 
_? (rate) 


20 (percentage) 


We then divide the product (percentage) by the 
multiplicand (base) to get the other factor (rate). 
Percentage divided by base equals rate. The 
rate is found as follows: 


20 1 
60 3 
= 1 
= 335 


335% (rate) 
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The rule for case HW, as illustrated in the 
foregoing problem, is as follows: To find the 
rate when the percentage and base are known, 
divide the percentage by the base. Write the 
quotient in the decimal form first, and finally 
as a percent. 


Case OI 


The unknown factor in case III is the base, 
and the rate and percentage are known. 


EXAMPLE: 25% of ? = 5 


? (base) 
225 (rate) 


5.00 (percentage) 


We divide the product by its known factor to 
find the other factor. Percentage divided by 
rate equals base. Thus, 


5 
25 


The rule for case II may be stated as follows: 
To find the base when the rate and percentage 
are known, divide the percentage by the rate. 

Practice problems. In each of the following 
problems, first determine which case is in- 
volved; then find the answer. 


= 20 (base) 


1. What is $% of 740? 


2. 7.5% of 2.75 = ? 

3. 8 is 2% of what number? 

4. ?% of 18 = 15. 

5, 12% of ? = 12. 

6. 8 is what percent of 327 
Answers: 


1. Case I, 5.55 
2. Case I; 0.20625 
3. Case I; 400 
4. Case IL 835% 
5. Case DI; 100 
6. Case II; 25% 
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PRINCIPLES OF MEASUREMENT 


Computation with decimals frequently in- 
volves the addition or subtraction of numbers 
which do not have the same number of decimal 
places. For example, we may be asked to add 
such numbers as 4.1 and 32.31582. How should 
they be added? Should zeros be annexed to 4.1 
until it is of the same order as the other deci- 
mal(to the same number of places)? Or, should 
.31582 be rounded off to tenths? Would the sum 
be accurate to tenths or hundred-thousandths ? 
The answers to these questions depend on how 
the numbers orignially arise. 

Some decimals are finite or are considered 
as such because of their use. For instance, the 


>? that is 0.5, is as 
accurate at 0.5 as it is at 0.5000. Likewise, 


decimal that represents 


the decimal that represents 5 has the value 


0.125 and could be written just as accurately 
with additional end zeros. Such numbers are 
said to be finite. Counting numbers are finite. 
Dollars and cents are examples of finite values. 
Thus, $10.25 and $5.00 are finite values. 


To add the decimals that represent 2 and 7 


it is not necessary to round off 0.125 to tenths. 
Thus, 0.5 + 0.125 is added as follows: 


0.500 
0.125 


0.625 


Notice that the end zeros were added to 0.5 to 
carry it out the same number of places as 0.125, 
It is not necessary to write such place-holding 
zeros if the figures are kept in the correct col- 
umns and decimal points are alined. Decimals 
that have a definite fixed value may be added or 
subtracted although they are of different order. 

On the other hand, if the numbers result 
from measurement of some kind, then the ques- 
tion of how much to round off must be decided 
in terms of the precision and accuracy of the 
measurements. 


ESTIMATION 


Suppose that two numbers to be added re- 
sulted from measurement. Let us say that one 
number was measured with a ruler marked off 
in tenths of an inch and was found, to the near- 
est tenth of an inch, to be 2.3 inches. The other 
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number measured with a precision rule was 
found, to the nearest thousandth of an inch, to 
be 1.426 inches. 

Each of these measurements requires esti- 
mation between marks on the rule, and estima- 
tion between marks on any measuring instru- 
ment is subject to human error. Experience 
has shown that the best the average person can 
do with consistency is to decide whether a 
measurement is more or less than halfway be- 
tween marks. The correct way to state this 
fact mathematically is to say that a measure- 
ment made with an instrument marked off in 
tenths of an inch involves a maximum probable 
error of 0.05 inch (five hundredths is one-half 
of one tenth). By the same reasoning, the prob- 
able error ina measurement made with an in- 
strument marked in thousandths of an inch is 
0.0005 inch. 


PRECISION 


In general, the probable error in any meas- 
urement is one-half the size of the smallest 
division on the measuring ‘instrument. Thus 
the precision of a measurement depends upon 
how precisely the instrument is marked. It is 
important to realize that precision refers to 
the size of the smallest division on the scale; it 
has nothing to do with the correctness of the 
markings. In other words, to say that one in- 
strument is more precise than another 
does not imply that the less precise in- 
strument is poorly manufactured. In fact, it 
would be possible to make an instrument with 
very high apparent precision, and yet mark it 
carelessly so that measurements taken with it 
would be inaccurate. 

From the mathematical standpoint, the pre- 
cision of a number resulting from measurement 
depends upon the number of decimal places; 
that is, a larger number of decimal places 
means a smaller probable error. In 2.3 inches 
the probable error is 0.05 inch, since 2.3 actu- 
ally lies somewhere between 2.25 and 2.35. In 
1.426 inches there is a much smaller probable 
error of 0.0005 inch. If we add 2.300 + 1.426 
and get an answer in thousandths, the answer, 
3.726 inches, would appear to be precise to 
thousandths; but this is not true since there 
was a probable error of .05 in one of the ad- 
dends. Also 2.300 appears to be precise to 
thousandths but in this example it is precise 
only to tenths. It is evident that the precision 
of a sum is no greater than the precision of the 
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least precise addend. It can also be shown that 
the precision of a difference is no greater than 
the less precise number compared. 

To add or subtract numbers of different or- 
ders, all numbers should first be rounded off to 
the order of the least precise number. In the 
foregoing example, 1.426 should be rounded to 
tenths—that is, 1.4. 

This rule also applies to repeating decimals. 
Since it is possible to round off a repeating 
decimal at any desired point, the degree of pre- 
cision desired should be determined and all re- 
peating decimals to be added should be rounded 
to this level. Thus, to add the decimals gener- 


ated by , : and 2 correct to thousandths, 


3? 
first round off each decimal to thousandths, and 
then add, as follows: 


333 
667 
-417 


1.417 


When a common fraction is used in recording 
the results of measurement, the denominator of 
the fraction indicates the degree of precision. 
For example, a ruler marked in sixty-fourths 
of an inch has smaller divisions than one 
marked in sixteenths of aninch. Therefore a 


4... F ‘ 
measurement of 35q inches is more precise 


than a measure of 3-Linches, even though the 


two fractions are numerically equal. Remember 
that a measurement of 34 inches contains a 


probable error of only one-half of one sixty- 
fourth of an inch. On the other hand, if the 
smallest divisiononthe ruler is one-sixteenth of 


: ole 
an inch, then a measurement of 35 inches con- 


tains a probable error of one thirty-second of 
an inch. 


ACCURACY 


Even though a number may be very precise, 
which indicates that it was measured with an 
instrument having closely spaced divisions, it 
may not be very accurate. The accuracy of a 
measurement depends upon the relative size of 
the probable error when compared with the 
quantity being measured. For example,a dis- 
tance of 25 yards on a pistol range may be 
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measured carefully enough to be correct to the 
nearest ineh. Since there are 900 inches in 25 
yards, this measurement is between 899.5 
inches and 900.5 inches. When compared with 
the total of 900 inches, the 0.5-inch probable 
error is not very great. 

On the other hand, a length of pipe may be 
measured rather precisely and found to be 3.2 
inches long. The probable error here is 0.05 
inch, and this measurement is thus more pre- 
cise than that of the pistol range mentioned be- 
fore. Tocompare the accuracy of the twomeas- 
urements, we note that 0.05 inch out of a total 
of 3.2 inches is the same as 0.5 inch out of 32 
inches. Comparing this with the figure obtained 
in the other example (0.5 inch out of 900), we 
conclude that the more precise measurement is 
actually the less accurate of the two measure- 
ments considered. 

It is important to realize that the location of 
the decimal point has no bearing on the accu- 
racy of the number. For example, 1.25 dollars 
represents exactly the same amount of money 
as 125 cents. These are equally accurate ways 
of representing the same quantity, despite the 
fact that the decimal point is placed differently. 

Practice problems. In each of the following 
problems, determine whichnumber of each pair 
is more accurate and which is more precise: 


—y 


. 3.72 inches or 2,417 feet 
. 2.5 inches or 17.5 inches 


iw 


3. 52 inches or 124 inches 
4. 34.2 seconds or 13 seconds 
Answers: 


1. 3.72 inches is more precise. 
2,417 feet is more accurate. 

2. The numbers are equally precise. 

17.5 inches is more accurate. 

127 inches is more precise and more accu- 

rate. 

4. 34.2 seconds is more precise and more ac- 
curate. 


Percent of Error 


The accuracy of a measurement is deter- 
mined by the RELATIVE ERROR. The relative 
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error is the ratio between the probable error 
and the quantity being measured. This ratio is 
simply the fraction formed by using the prob- 
able error as the numerator and the measure- 
ment itself as the denominator. For example, 
suppose that a metal plate is found to be 5.4 
inches long, correct to the nearest tenth of an 
inch. The maximum probable error is five 
hundredths of an inch (one-half of one tenth of 
an inch) and the relative error is found as 
follows: 


probable error _ 0.05 
measured value 544 
- 
~ 540 


Thus the relative error is 5 parts out of 540. 

Relative error is usually expressed as PER- 
CENT OF ERROR. When the denominator of 
the fraction expressing the error ratio is di- 
vided into the numerator,a decimal is obtained. 
This decimal, converted to percent, gives the 
percent of error. For example, the error in 
the foregoing problem could be stated as 0.93 
percent, since the ratio 5/540 reduces to 0.0093 
(rounded off) in decimal form. 


Significant Digits 


The accuracy of a measurement is often de- 
scribed in terms of the number of significant 
digits used in expressing it. If the digits of a 
number resulting from measurement are exam- 
ined one by one, beginning with the left-hand 
digit, the first digit that is not 0 is the first 
significant digit. For example, 2345 has four 
significant digits and 0.023 has only two sig- 
nificant digits. 

The digits 2 and 3 in a measurement such as 
0.023 inch signify how many thousandths of an 
inch comprise the measurement. The 0's are 
of no significance in specifying the number of 
thousandths in the measurement; their presence 
is required only as "place holders" in placing 
the decimal point. 

A rule that is often used states that the sig- 
nificant digits in a number begin with the first 
nonzero digit (counting from left to right) and 
end with the last digit. This implies that 0 can 
be a significant digit if it is not the first digit 
in the number. For example, 0.205 inch is a 
measurement having three significant digits. 
The 0 between the 2 and the 5 is significant 
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because it is a part of the number specifying 
how many hundredths are in the measurement. 

The rule stated in the foregoing paragraph 
fails to classify final 0's on the right. For ex- 
ample, in a number such as 4,700, the number 
of significant digits might be two, three, or 
four. If the 0's merely locate the decimal point 
(that is, if they show the number to be approxi- 
mately forty-seven hundred rather than forty 
seven), then the number of significant digits is 
two. However, if the number 4,700 represents 
a number such as 4,730 rounded off to the near- 
est hundred, there are three significant digits. 
The last 0 merely locates the decimal point. If 
the number 4,700 represents a number such as 
4,700.4 rounded off, then the number of signifi- 
cant digits is four. 

Unless we know how a particular number 
was measured, it is sometimes impossible to 
determine whether right-hand 0's are the result 
of rounding off. However, in a practical situa- 
tion it is normally possible to obtain informa- 
tion concerning the instruments used and the 
degree of precision of the original data before 
any rounding was done. 

In a number such as 49.30 inches, it is rea- 
sonable to assume that the 0 in the hundredths 
place would not have been recorded at all if it 
were not significant. In other words, the in- 
strument used for the measurement can be read 
to the nearest hundredth of an inch. The 0 on 
the right is thus significant. This conclusion 
can be reached another way by observing that 
the 0 in 49.30 is not needed as a place holder in 
placing the decimal point. Therefore its pres- 
ence must have some other significance. 

The facts concerning significant digits may 
be summarized as follows: 

1. Digits other than Oare always significant. 

2, Zero is significant when it falls between 
significant digits. 

3. Any final 0 to the right of the decimal 
point is significant. 

4. When a 0 is present only as a place 
holder for locating the decimal point, it is not 
significant. 

5. The following categories comprise the 
Significant digits of any measurement number: 

a. The first nonzero left-hand digit is 
significant. 

b. The digit which indicates the precision 
of the number is significant. This is the digit 
farthest to the right, except when the right-hand 
digit is 0. If it is 0, it may be only a place 
holder when the number is an integer. 
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c. All digits between significant digits 
are significant. 
Practice problems. Determine the percent 
of error and the number of significant digits in 
each of the following measurements: 


3. 4.17 sec 
4. 147.50 miles 


1. 5.4 feet 
2. 0.00042 inch 


Answers: 


1. Percent of error: 0.93% 
Significant digits: 2 


2. Percent of error: 1.19% 
Significant digits: 2 


3. Percent of error: 0.12% 
Significant digits: 3 


4. Percent of error: 0.0034% 
Significant digits: 5 


CALCULATING WITH 
APPROXIMATE NUMBERS 


The concepts of precisionand accuracy form 
the basis for the rules which govern calculation 
with approximate numbers (numbers resulting 
from measurement). 


Addition and Subtraction 


A sum or difference can never be more pre- 
cise than the least precise number in the cal- 
culation. Therefore, before adding or sub- 
tracting approximate numbers, they should be 
rounded to the same degree of precision. The 
more precise numbers are all rounded to the 
precision of the least precise number in the 
group to be combined. For example, the num- 
bers 2.95, 32.7, and 1.414 would be rounded to 
tenths before adding as follows: 


3. 
32. 
1. 


m1 © 


Multiplication and Division 


When two numbers are multiplied, the result 
often has several more digits than either of the 
original factors. Division also frequently pro- 
duces more digits in the quotient than the orig- 
inal data possessed, if the division is "carried 
out'' to several decimal places. Results such 
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as these appear to have more Significant digits 
than the original measurements from which they 
came, giving the false impression of greater 
accuracy than is justified. In order to correct 
this situation, the following rule is used: 

In order to multiply or divide two approxi- 
mate numbers having an equal number of sig- 
nificant digits, round the answer to the same 
number of significant digits as are shown in one 
of the original numbers. If one of the original 
factors has more significant digits than the 
other, round the more accurate number before 
multiplying. It should be rounded to one more 
significant digit than appearsin the less accurate 
number; the extra digit protects the answer from 
the effects of multiple rounding. After perform- 
ing the multiplication or division, round the 
result to the same number of significant digits 
as are shownin the less accurate of the original 
factors. 


Practice problems: 


1. Find the sum of the sides of a triangle in 
which the lengths of the three sides are as 
follows: 2.5 inches, 3.72 inches, and 4.996 
inches. 


2. Find the product of the length and width of a 
rectangle which is 2.95 feet long and 0.9046 
foot wide. 


Answers: 


1. 11.2 inches 
2. 2.67 square feet 


MICROMETERS AND VERNIERS 


Closely associated with the study of deci- 
mals is a measuring instrument known as a 
micrometer. The ordinary micrometer is ca- 
pable of measuring accurately to one-thousandth 
of an inch. One-thousandth of an inch is about 
the thickness of a human hair or a thin sheet of 
paper. The parts of a micrometer are shown 
in figure 6-1. 


MICROMETER SCALES 


The spindle and the thimble move together. 
The end of the spindle (hidden from view in 
figure 6-1) is a screw with 40 threads per inch. 
Consequently, one complete turn of the thimble 
moves the spindle one-fortieth of an inch or 
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THIMBLE RATCHET STOP 


LOCKNUT SLEEVE 


ANVIL = SPINDLE 


(B) 


Figure 6-1.-(A) Parts of a micrometer; 
(B) micrometer scales. 


0.025 inch since iH is equal to 0.025. The 


sleeve has 40 markings to the inch. Thus each 
space between the markings on the sleeve is 
also 0.025 inch. Since 4 such spaces are 0.1 
inch (that is, 4 x 0.025), every fourth mark is 
labeled in tenths of an inch for convenience in 
reading. Thus, 4 marks equal 0.1 inch, 8 marks 
equal 0.2 inch, 12 marks equal 0.3 inch, etc. 

To enable measurement of a partial turn, 
the beveled edge of the thimble is divided into 


25 equal parts. Thus each marking on the 
1 


40 
of an inch. Multiplying 5 times 0.025 inch, we 


: ‘ 1 
thimble is 7 of a complete turn, or 5 of 


find that each marking on the thimble repre- 
sents 0.001 inch. 


READING THE MICROMETER 


It is sometimes convenient when learning to 
read a micrometer to writedown the component 
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parts of the measurement as read on the scales 
and then to add them. For example, in figure 
6-1 (B) there are two major divisions visible 
(0.2 inch). One minor division is showing 
clearly (0.025 inch). The marking on the thimble 
nearest the horizontal or index line of the sleeve 
is the second marking (0.002 inch). Adding 
these parts, we have 


0.200 
0.025 
0.002 


0.227 


Thus, the reading is 0.227 inch. As explained 
previously, this is read verbally as "two hun- 
dred twenty-seven thousandths." A more skill- 
ful method of reading the scales is to read all 
digits as thousandths directly and to do any 
adding mentally. Thus, we read the major divi- 
sion on the scale as “two hundred thousandths” 
and the minor division is added on mentally. 
The mental process for the above setting then 
would be “two hundred twenty-five; two hundred 
twenty-seven thousandths.” 


Practice problems: 


1. Read each of the micrometer settings shown 
in figure 6-2. 


(A) 


(B) 


TT] 
SSS 


(1) 


a — 
ierer 
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Figure 6-2.-Micrometer _ settings. 
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Answers: 

1. (A) 0.750 (F) 0.009 
(B) 0.201 (G) 0.662 
(C) 0.655 (H) 0.048 
(D) 0.075 (I) 0.526 
(E) 0.527 

VERNIER 


Sometimes the marking on the thimble of the 
micrometer does not fall directly on the index 
line of the sleeve. To make possible readings 
even smaller than thousandths, an ingenious 
device is introduced inthe form of an additional 
scale. This scale, called a VERNIER, was 
named after its inventor, Pierre Vernier. The 
vernier makes possible accurate readings to 
the ten-thousandth of an inch. 


Principle of the Vernier 


Suppose a ruler has markings every tenth of 
an inch but it is desired to read accurately to 
hundredths. A separate, freely sliding vernier 
scale (fig. 6-3) is added to the ruler. It has 10 
markings on it that take up the same distance 
as 9 markings on the ruler scale. Thus, each 


space on the vernier is wot 5 inch, or aa 


inch. How much smaller is a space on the ver- 
nler than a space on the ruler? The ruler 


10 
space is a5 inch. The vernier space is smaller 


by the difference between these two numbers, 
as follows: 


space is inch, or a inch, and the vernier 


10 9 1 


o'123456 76 $ ‘tO 
‘ 


VERNIER 


Figure 6-3.~—Vernier scale. 
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‘the vernier. 


Each vernier space is rar inch smaller than a 


ruler space. 

As an example of the use of the vernier 
scale, suppose that we are measuring the steel 
bar shown in figure 6-4. The end of the bar 
almost reaches the 3-inch mark on the ruler, 
and we estimate that itis about halfway between 
2.9 inches and 3.0 inches. The vernier marks 
help us to decide whether the exact measure- 
mentis 2.94 inches, 2.95 inches, or 2.96 inches. 


DECIMAL RULER (ENLARGED) 


STEEL 
BEING 


Bar 
MEASURED 


Figure 6-4.~Measuring with a vernier. 


The © on the vernier scale is spaced the 
distance of exactly one ruler mark (in this case, 
one tenth of an inch) from the left hand end of 
Therefore the 0 is at a position 
between ruler marks which is comparable to 
the position of the end of the bar. In other 
words, the 0 on the vernier is about halfway 
between two adjacent marks on the ruler, just 
as the end of the bar is about halfway between 
two adjacent marks. The 1 on the vernier scale 
is a little closer to alinement with an adjacent 
ruler mark; in fact, it is one hundredth of an 
inch closer to alinement than the 0. This is 
because each space on the vernier is one hun- 
dredth of an inch shorter than each space on 
the ruler. 

Each successive mark on the vernier scale 
is one hundredth of an inch closer to alinement 
than the preceding mark, until finally alinement 
is achieved at the § mark. This means that the 
0 on the vernier must be five hundredths of an 
inch from the nearest ruler mark, since five 
increments, each one hundredth of an inch in 
size, were used before a mark was found in 
alinement. 

We conclude that the end of the bar is five 
hundredths of an inch from the 2.9 mark on the 
ruler, since its position between marks is ex- 
actly comparable to that of the 0 on the vernier 
scale. Thus the value of our measurement is 
2.95 inches. 
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The foregoing example could be followed 
through for any distance between markings. 
Suppose the 0 mark fell seven tenths of the dis- 
tance between ruler markings. It would take 
seven vernier markings, a loss of one-hundredth 
of an inch each time, to bring the marks in line 
at 7 on the vernier. 

The vernier principle may be used to get 
fine linear readings, angular readings, etc. 
The principle is always the same. The vernier 
has one more marking than the number of mark- 
ings on an equal space of the conventional scale 
of the measuring instrument. For example, the 
vernier caliper (fig. 6-5) has 25 markings on 
the vernier for 24 on the caliper scale. The 
caliper is marked off to read to fortieths (0.025) 
of an inch, and the vernier extends the accuracy 
to a thousandth of an inch. 


eaecaetoeetin 
otrettasboatscfonectnfon rel oetoneiy 


Figure 6-5.-A vernier caliper. 


Vernier Micrometer 


By adding a vernier to the micrometer, it is 
possible to read accurately to one ten-thousandth 
of an inch. The vernier markings are on the 
sleeve of the micrometer and are parallel to 
the thimble markings. There are 10 divisions 
on the vernier that occupy the same space as 9 
divisions on the thimble. Since a thimble space 
is one thousandth of an inch, a vernier space is 
wet mug inch, or ooo inch. It is To000 meh 
less than a thimble space. Thus, as in the pre- 
ceding explanation of verniers, it is possible to 
read the nearest ten-thousandth of an inch by 
reading the vernier digit whose marking coin- 
cides with a thimble marking. 

In figure 6-6 (A), the last major division 
showing fully on the sleeve index is 3. The 
third minor division is the last mark clearly 
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showing (0.075). The thimble division nearest 
and below the index is the 8 (0.008). The ver- 
nier marking that matches a thimble marking 
is the fourth (0.0004). Adding them all together, 
we have, 


0.3000 
0.0750 
0.0080 
0.0004 


0.3834 


The reading is 0.3834 inch. With practice these 
readings can be made directly from the microm- 
eter, without writing the partial readings. 


S 20 ° 15 3 
x oe e 
a 3 a 10 
2 1S 2 10 2 
" ee re 5 
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10 oO! 5 
) 
5 fa) 
(A) (B) (C) 
20 20 
S 3 5 3 
e 10 © ® 15 
s - $ 
> > _ 
Fe 5 S 2 10 
° ° ° 
() 
0 e S15 
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Figure 6-6.-Vernier micrometer settings. 
Practice problems: 


1. Read the micrometer settings in figure 6-6. 


Answers: 


1. (A) See the foregoing example. 


(B) 0.1539 (EZ) 0.4690 
(C) 0.2507 (F) 0.0552 
(D) 0.2500 


CHAPTER 7 
EXPONENTS AND RADICALS 


The operation of raising a number to a power 
is a Special case of multiplication in which the 
factors are all equal. In examples such as 
47=24x4= 16 and 5° =5x5x5 = 125, the 
number 16 is the second power of 4 and the 
number 125 is the third power of 5. The ex- 
pression 5° means that three 5's are tobe mul- 
tiplied together. Similarly, 42 means 4 x 4. 
The first power of any number is the number 
itself. The power is the number of times the 
number itself is to be taken as a factor. 

The process of finding a root is the inverse 
of raising a number to a power. A root is a 
special factor of a number, such as 4 in the 
expression 4? = 16. When a number is taken 
as a factor two times, as in the expression 
4x4= 16, it is called a square root. Thus, 4 
is a square root of 16. By the same reasoning, 
2 is a cube root of 8, since 2x 2x 2 is equal 
to 8. This relationship is usually written as 
23 = 8, 


POWERS AND ROOTS 


A power of a number is indicated by an EX- 
PONENT, which is a number in small print 
placed to the right and toward the top of the 
number. Thus, in 4° = 64, the number 3 is the 
EXPONENT of the number 4. The exponent 3 
indicates that the number 4, called the BASE, 
is to be raised to its third power. The expres- 
sion is read ''4 to the third power (or 4 cubed) 
equals 64." Similarly, 5?= 25 is read "5 to the 
second power (or 5 squared) equals 25." Higher 
powers are read according to the degree indi- 
cated; for example, "fourth power," "fifth 
power," etc. 

When an exponent occurs, it must always be 
written unless its value is 1. The exponent 1 
usually is not written, but is understood. For 
example, the number 5 is actually 51. When we 
work with exponents, it is important to remem- 
ber that any number that has no written expo- 
nent really has an exponent equal to 1. 

A root of a number can be indicated by plac- 
ing a radical sign, V, over the number and 
showing the root by placing a small number 
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within the notch of the radical sign, Thus, ¥64 
indicates the cube root of 64, and ¥32 indicates 
the fifth root of 32. The number that indicates 
the root is called the INDEX of the root. In the 
case of the square root, the index, 2, usually is 
not shown. When a radical has no index, the 
square root is understocd to be the one desired. 
For example, V36 indicates the square root of 
36. The line above the number whose root is to 
be found is a symbol of grouping called the vin- 
culum. When the radical symbol is used, a vin- 
culum, long enough to extend over the entire 
expression whose root is to be found, should be 
attached. 

Practice problems. Raise to the indicated 
power or find the root indicated. 


1. 23 2. 62 3. 43 4, 253 

5. V16 6. V8 7. V105 8. V32 
Answers: 

1. 8 2. 36 3. 64 4. 15,625 

5. 4 6. 2 7.5 8. 2 


NEGATIVE INTEGERS 


Raising to a power is multiplication in which 
all the numbers being multiplied together are 
equal. The sign of the product is determined, 
as inordinary multiplication, by the number of 
minus signs. The number of minus signs is odd 
or even, depending on whether the exponent of 
the base is odd or even. For example, in the 
problem 


(-2)3 = (-2)(-2)(-2) = -8 


there are three minus signs. The result is 


negative. In 


(-2)6 = 64 


there are six minus signs. The result is posi- 


tive. 
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Thus, when the exponent of a negative num- 
ber is odd, the power is negative; when the ex- 
ponent is even, the power is positive. 

As other examples, consider the following: 


(-3)4 = 81 

2 8 
(3) ~ aps 
(- 2)® = 256 
(- 1) = -1 


Positive and negative numbers belong to the 
class called REAL NUMBERS. The square of a 
realnumber is positive. For example, (~7)? = 49 
and 72 = 49. The expression (-7)? is read 
"minus seven squared.” Note that either seven 
squared or minus seven squared gives us +49. 
We cannot obtain -49 or any other negative 
number by squaring any real number, positive 
or negative. 

Since there is no real number whose square 
is a negative number, it is sometimes said that 
the square root of a negative number does not 
exist. However, an expression under a square 
root sign may take on negative values. While 
the square root of a negative number cannot 
actually be found, it can be indicated. 

The indicated square root ofa negative num- 
ber is called an IMAGINARY NUMBER. The 
number V-7, for example, is said to be imagi- 
nary. It is read "square root of minus seven." 
Imaginary numbers are discussed in chapter 15 
of this course. 


FRACTIONS 


We recall that the exponent of a number tells 
the number of times that the number is to be 
taken as a factor. A fraction is raised to a 
power by raising the numerator and the denom- 


inator separately to the power indicated. The 
expression 7) means 3 is used twice as a 


factor. Thus, 


Similarly, 
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Since a minus sign can occupy any one of 
three locations in a fraction, notice that evalu- 


2 
ating ( 3) is equivalent to 


2 2 2 
(21)? (2) or 3 or cay? 

The process of taking a root of a number is 
the inverse of the process of raising the num- 
ber to a power, and the method of taking the 
root of a fraction is similar. We may simply 
take the root of each term separately and write 
the result as a fraction. Consider the following 
examples: 


t 36 | N36 _6 
49. Va 7 
ye NB 2 
Vies 3495) 5 


Practice problems. 
indicated operations: 


16 16 3/8 Jz 
5. /# 6. /38 1 Vs 8. Vag 


Answers: 
1. 1/9 2. 9/16 3. 36/25 4. 8/27 
5. 4/6 6. 4/5 7, 2/3 8. 3/7 
DECIMALS 


When a decimal is raised to a power, the 
number of decimal places in the result is equal 
to the number of places in the decimal multi- 
plied by the exponent. For example, consider 
(0.12)3. There are two decimal places in 0.12 
and 3 is the exponent. Therefore, the number 
of places in the power will be 3(2) = 6. The re~ 
sult is as follows: 


(0.12)3 = 0.001728 


The truth of this rule is evident when we re- 
call the rule for multiplying decimals. Part of 
the rule states: Mark off as many decimal 
places in the product as there are decimal 
places in the factors together. If we carry out 
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the multiplication, (0.12) x (0.12) x (0.12), itis 
obvious that there are six decimal places in the 
three factors together. The rule can be shown 
for any decimal raised to any power by simply 
carrying out the multiplication indicated by the 
exponent. 

Consider these examples: 


(1.4)? = 1.96 
(0.12)? = 0.0144 
(0.4)? = 0.064 
(0.02)? = 0.0004 
(0.2)? = 0.04 


Finding a root of a number is the inverse of 
raising a number to a power. To determine the 
number of decimal places in the root of a per- 
fect power, we divide the number of decimal 
places in the radicand by the index of the root. 
Notice that this is just the opposite of what was 
done in raising a number to a power. 

Consider Vv 0.0625. The square root of 625 
is 25. There are four decimal places in the 
radicand, 0.0625, and the index of the root is 2. 
Therefore, 4+2-+=2 is the number of decimal 
places in the root. We have 


N 0.0625 = 0.25 


Similarly, 
VT.69 = 1.3 
0.027 = 0.3 
N1.728 = 1.2 
VU.0001 = 0.1 


LAWS OF EXPONENTS 


All of the laws of exponents may be devel- 
oped directly from the definition of exponents. 
Separate laws are stated for the following five 
cases: 

1. Multiplication. 

2. Division. 

3. Power of a power. 

4. Power of a product. 

5. Power of quotient. 
MULTIPLICATION 


To illustrate the law of multiplication, we 
examine the following problem: 


67 


x 4S 2 


Recalling that 47 means 4 x 4.x 4 and 4? means 
4 x 4, we see that 4 is used as a factor five 
times. Therefore 4? x 47 is the same as 4°. 
This result could be written as follows: 


45x 4%7=4x4x4x4x4 
= 45 
Notice that three of the five 4's came from 
the expression 43, and the other two 4's came 


from the expression 47. Thus we may rewrite 
the problem as follows: 


43x 4?= 
= 4° 


4(3+2) 


The law of exponents for multiplication may 
be stated as follows: To multiply two or more 
powers having the same base, add the exponents 
and raise the common base to the sum of the 


exponents. This law is further illustrated by 
the following examples: | 
2>x2*= 27 
3x 37= 33 
15* x 15? = 15° 
10? x 10°° = 107° 


Common Errors 


It is important to realize that the base must 
be the same for each factor, in order to apply 
the laws of exponents. For example, 2° x 37 is 
neither 2° nor 3°. There is no way to apply the 
law of exponents to a problem of this kind. An- 
other common mistake is to multiply the bases 
together. For example, this kind of error in 
the foregoing problem would imply that 23x 3? 
is equivalent to 65, or 7776. The error of this 
may be proved as follows: 


23x 37 =8x9 
= 72 


DIVISION 


The law of exponents for division may be 
developed from the following example: 


_Bxf6xBx6xG6x6x6 
~ x6x6x8 x B 


= 6? 


67 = 6° 
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Cancellation of the five 6's in the divisor with 
five of the 6's in the dividend leaves only two 
6's, the product of which is 67. 

This result can be reached directly by noting 
that 67 is equivalent to 6‘’~5). In other words, 
we have the following: 


= 6’ 


Therefore the law of exponents for division is 
as follows: To divide one power into another 
having the same base, subtract the exponent of 
the divisor from the exponent of the dividend. 
Use the number resulting from this subtraction 
as the exponent of the base in the quotient. 

Use of this rule sometimes produces a neg- 
ative exponent or an exponent whose value is 0. 
These two special types of exponents are dis- 
cussed later in this chapter. 


POWER OF A POWER 


Consider the example (37)4. Remembering 
that an exponent shows the number of times the 
base is to be taken as a factor and noting in 
this case that 3? is considered the base, we 
have 
- 37. 32 


(37)4 = 32 32 


Also in multiplication we add exponents. 


32. 32. 32. 32 = 36242 *2 42) 38 
Therefore, 
(32) = 3(4*2) 
= 38 


The laws of exponents for the power of a 
power may be stated as follows: To find the 
power of a power, multiply the exponents. It 
should be noted that this case is the only one in 
which multiplication of exponents is performed. 


POWER OF A PRODUCT 

Consider the example (3-2 - 5)°. We know 
that 
. 5) = 


(3-2 (8-2. 5)(3-2-5)(3-2- 5) 


Thus, | 
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Thus 3, 2, and 5 appear three times each as 
factors, and we can show this with exponents as 
33,29, and 5°. Therefore, 

Geo +5)? 699742 15? 

The law of exponents for the power of a 
product is as follows: The power of a product 
is equal to the product obtained when each of 
the original factors is raised to the indicated 
power and the resulting powers are multiplied 
together. 


POWER OF A QUOTIENT 
The law of exponents for a power of an indi- 


cated quotient may be developed from the fol- 
lowing example: 


oe ee 

Thee 0B 
93 

= ogo 


Therefore, 


The law is stated as follows: The power of 
a quotient is equal to the quotient obtained when 
the dividend and divisor are each raised to the 
indicated power separately, before the division 
is performed. 

Practice problems. Raise each of the fol- 
lowing expressions to the indicated power: 


3 3 
2 3)? 3-2 5" 
1. (32. 23)" 3. (B23) 5.2 
2. 3° +3? 4,(-3°9)> 6. (3-2-7)? 
Answers: 


27 
ade 

3. 795 

4, [(-3)7]* = 729 

5. 25 

6.9 -4. 49 = 1,764 
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SPECIAL EXPONENTS 


Thus far in this discussion of exponents, the 
emphasis has been on exponents which are posi- 
tive integers. There are two types of exponents 
which are not positive integers, and two which 
are treated as special cases even though they 
may be considered as positive integers. 


ZERO AS AN EXPONENT 


Zero occurs as an exponent in the answer to 
aproblem such as 4° + 43. The law of expo- 
nents for division states that the exponents are 
to be subtracted. This is illustrated as follows: 


3 
rie 46373) . 40 


Another way of expressing the result of 
dividing 4° by 4° is to use the fundamental 
axiom which states that any number divided by 
itself is 1. In order for the laws of exponents 
to hold true in all cases, this must also be true 
when any number raised to a power is divided 
by itself. Thus, 4°/4° must equal 1. 

Since 4°/4> has been shown to be equal to 
both 4° and 1, we are forced to the conclusion 
that 4° = 1, 

By the same reasoning, 


5 1-1 50 
5 = 5 5 
Also, 
5 
ae 
Therefore, 
5° = 1 


Thus we see that any number divided by itself 
results in a 0 exponent and has a value of 1. 
By definition then, any number (other than zero) 
raised to the zero power equals 1. This is fur- 
ther illustrated in the following examples: 


3° = 1 
400° = 1 
0.02° = 1 


oo 
nie 
“_” 
oO 
" 
— 


~~ 
— 
oO 
iT) 
rs 


ONE AS AN EXPONENT 


The number 1 arises as an exponent some- 
times as a result of division. In the example 


2 we subtract the exponents to get 


5 3 -2 = 5 1 
This problem may be worked another way as 
follows: 
5° BeBe 5 
aay os 
Therefore, 
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53 = 5 


We conclude that any number raised to the 
first power is the number itself. The exponent 
1 usually is not written but is understood to 
exist. 


NEGATIVE EXPONENTS 


If the law of exponents for division is ex- 
tended to include cases where the exponent of 
the denominator is larger, negative exponents 
arise. Thus, 


Another way of expressing this problem is as 
follows: 


Therefore, 
-3 _ 
3 = 


We conclude that a number N with a negative 
exponent is equivalent to a fraction having the . 
following form: Its numerator is 1; its denomi- 
nator is N with a positive exponent whose abso- 
lute value is the same as the absolute value of 
the original exponent. In symbols, this rule 
may be stated as follows: 


Hane Al 
N = 
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Also, 


1 


vee 


The following examples further illustrate 
the rule: 


-1 1 
a. eG 
a | 
OP ge 
- 1 
ae = 7p 
Vos a2 
32 = 3 


Notice that the sign of an exponent may be 
changed by merely moving the expression which 
contains the exponent to the other position in the 
fraction. The sign of the exponent is changed 
as this move is made. For example, 


ee 7 ore 
1072 ~ 10? 
2 
seca 
Therefore, 
ol, z 10s 
107 ~ 1 


By using the foregoing relationship, a prob- 
lem such as 3+5°* may be simplified as fol- 
lows: 
sh = 3x 


l 
oo 
” 
an 

> 


FRACTIONAL EXPONENTS 


Fractional exponents obey the same laws as 
do integral exponents. For example, 
42 x 4 2 _ 4cl/2 + 1/2) 
2 42/2 


= 44 = 4 
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Another way of expressing this would be 
4V2 y 42 - (42 y? 
= 4(1 x 2) 


= 44 =4 


Observe that the number 41? , when squared 
in the foregoing example, produced the number 
4 as an answer. Recalling that a square root of 
a number N is a number x such that x?= N, we 
conclude that 4/2 is equivalent to V4. Thus 
we have a definition, as follows: A fractional 
exponent of the form 1/r indicates a root, the 
index of which is r. This is further illustrated 
in the following examples: 


2142 & Nay 
43. Te 
6% 2 (gio)? es, (46)? 


Also, 
62/3 3 (67) 8 - 736 


Notice that in an expression such as 877 we 
can either find the cube rootof 8 firstor square 
8 first, as shown by the following example: 


(g'/3 y? = 227 = 4 and (g2)3 - 64 oer 


All the numbers in the evaluation of 87/3 
remain smali if the cube root is found before 
raising the number to the second power. This 
order of operation is particularly desirable in 
evaluating a number like 64 °°. If 64 were first 
raised to the fifth power, a large number would 
result. It would require a great deal of unnec- 
essary effort to find the sixth root of 64°. The 
result is obtained easily, if we write 


5 


64°” = 2° = 


1/6 Ne 32 


= (64 


If an improper fraction occurs in an expo- 
nent, such as 7/3 in the expression 27”, it is 
customary to keep the fraction in that form 
rather than express it as a mixed number. In 
fraction form an exponent shows immediately 
what power is intended and what root is in- 
tended. However, 27” can be expressed in 
another form and simplified by changing the 
improper fraction to a mixed number and writ- 
ing the fractional part in the radical form as 
follows: 


27/3 = 92+ V3 _ 2? , 23 


Ney 
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The law of exponents for multiplication may 
be combined with the rule for fractional expo- 
nents to solve problems of the following type: 


PROBLEM: Evaluate the expression 42-5. 


427.5 = 4? x 4os 
= 16 x 41 
= 16x 2 


= 32 


SOLUTION: 


Practice problems: 


1. Perform the indicated division: 53 


2. Find the product: 72/5 x 7/10 x 73/10 


3. Rewrite with a positive exponent and sim- 
plify: 971/2 


4. Evaluate 1003”? 
5. Evaluate (8°)5 


Answers: 


3/3 . 91/3 
2 + 2 


ae 
2. 7 8/10 


SCIENTIFIC NOTATION 
AND POWERS OF 10 


Technicians, engineers, and others engaged 
in scientific work are often required to solve 
problems involving very large and very small 
numbers. Problems such as 


22,684 x 0.00189 
0.0713 x 83 x 7 


are not uncommon. Solving such problems by 
the rules of ordinary arithmetic is laborious 
and time consuming. Moreover, the tedious 
arithmetic process lends itself to operationa! 
errors. Also there is difficulty in locating the 
decimal point in the result. These difficulties 
can be greatly reduced by a knowledge of the 
powers of 10 and their use. 
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The laws of exponents form the basis for 
calculation using powers of 10. The following 
list includes several decimals and whole num- 
bers expressed as powers of 10: 


10,000 = 104 
1,000 = 103 
100 = 10? 
10 = 10? 

1 = 10° 

0.1 = 107} 
0.01 = 107? 
0.001 = 1073 
0.0001 = 1074 


The concept of scientific notation may be 
demonstrated as follows: 


60,000 = 6.0000 x 10,000 
= 6 x 104 
538 = 5.38 x 100 
= 5.38 x 10? 


Notice that the final expression in each of 
the foregoing examples involves a number be- 
tween 1 and 10, multiplied by a power of 10. 
Furthermore, in each case the exponent of the 
power of 10 is a number equal to the number of 
digits between the new position of the decimal 
point and the original position (understood) of 
the decimal point. 

We apply this reasoning to write any number 
in scientific notation; that is, as a number be- 
tween 1 and 10 multiplied by the appropriate 
power of 10. The appropriate power of 10 is 
found by the following mechanical steps: 

1. Shift the decimal point to standard posi- 
tion, which is the position immediately to the 
right of the first nonzero digit. 

2. Count the number of digits between the 
new position of the decimal point and its origi- 
nal position. This number indicates the value 
of the exponent for the power of 10. 

3. If the decimal point is shifted to the left, 
che sign of the exponent of 10 is positive; if the 
decimal point is shifted to the right, the sign of 
the exponent is negative. 

The validity of this rule, for those cases in 
which the exponent of 10 is negative, is demon- 
strated as follows: 
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0.00657 = 6.57 x 0.001 
= 6.57 x 1073 

3.48 x 0.1 

3.48 x 107! 


0.348 


i} 


Further examples of the use of scientific 
notation are given as follows: 


543,000,000 = 5.43 x 108 
186 = 1.86 x 10? 
243.01 = 2.4301 x 10? 
0.0000007 = 7 x 107’ 
0.00023 = 2.3 x 10% 


Multiplication Using Powers of 10 


From the law of exponents for multiplication 
we recall] that to multiply two or more powers 
to the same base we add their exponents. Thus, 


10* x 107 = 10° 


We see that multiplying powers of 10 together 
is an application of the general rule. This is 


demonstrated in the following examples: 


1. 10,000 x 100 


2. 0.0000001 x 0.001 


3. 10,000 x 0.001 


4. 23,000 x 500 
23,000 
500 

Therefore, 
23,000 x 500 


104 x 10? 
104 +2 

106 

107? x 1073 
1077 * (2) 
1071° 


10* x 1073 
10473 
10 


2 
2.3 x 104 
5 x 10? 


2.3 x 10° x 5 x 10? 
2.3x 5x 104 x 10? 
11.5 x 10° 

1.15 107 


" 
a) 


5. 62,000 x 0.0003 x 4,600 
62,000 = 6.2 x 104 
0.0003 
4,600 = 4.6 x 10° 


1} 
LX) 
* 
— 
So 

> 


Therefore, 
62,000 x 0.0003 x 4,600 = 6.2 x 3 
x 4.6 x 10* x 107* x 10° 
= 85.56 x 10° 
= 8.556 x 10° 


Practice problems. Multiply, using powers 
of 10. For the purposes of this exercise, treat 
all numbers as exact numbers: 


1. 10,000 x 0.001 x 100 
2. 0.000350 x 5,000,000 x 0.0004 
3. 3,875 x 0.000032 x 3,000,000 
4. 7,000 x 0.015 x 1.78 


Answers: 
1. 1.0 x 10% 
2. 7.0 x 107! 
3. 3.72 x 105 
4. 1.869 x 10? 


Division Using Powers of 10 


The rule of exponents for division states 
that, for powers of the same base, the exponent 
of the denominator is subtracted from the ex- 
ponent of the numerator. Thus, 


10’ 793 
197 = 10 
= 10% 


It should be remembered that powers may 
be transferred from numerator to denominator 
or from denominator to numerator by simply 
changing the sign of the exponent. The follow- 
ing examples illustrate the use of this rule for 
powers of 10: 


1. 72,000 _ 7.2 x 104 
0.0012 +%41J2x = 
= i x 104 x 103 
=6x 10’ 
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-4 
aoe Sea os = # x 107* x 105 
= 4x 10 


Combined Multiplication and Division 


Using the rules already shown, multiplica- 
tion and division involving powers of 10 may be 
combined. The usual method of solving such 
problems is to multiply and divide alternately 
until the problem is completed. For example, 


36,000 x x 0.06 


1.1 
0.012 x 2,200 


Rewriting this problem in scientific notation, 
we have 


3.6x10*x1.1x6x10 36x 11x 6 
1.2x 107° x 2.2 x 10 


= 90 


Notice that the elimination of 0's, wherever 
possible, simplifies the computation and makes 
it an easy matter to place the decimal point. 

SIGNIFICANT DIGITS.—One of the most im- 
portant advantages of scientific notation is the 
fact that it simplifies the task of determining 
the number of significant digits in a number. 
For example, the fact that the number 0.00045 
has two significant digits is sometimes ob- 
scured by the presence of the 0's. The confu- 
sion can be avoided by writing the number in 
scientific notation, as follows: 


0.00045 = 4.5 x 1074 


Practice problems. Express the numbers in 
the following problems in scientific notation 
and round off before performing the calculation. 
In each problem, round off calculation numbers 
to one more digit than the number of significant 
digits in the least accurate number; round the 
answer to the number of significant digits in 
the least accurate number: 


1. 0,000063 x 50.4 x 0.007213 
780 x 0.682 x 0.018 


2. 0.015 x 216 x 1.78 
72 x 0.0624 x 0.0353 


3. 0.000079 x 0.00036 
29 x 10° 


Answers: 


1. 2.4 x 107° 
2.3.6 x 10 
3. 9.8 x 10°? 


Other Applications 


The applications of powers of 10 may be 
broadened to include problems involving recip- 
rocals and powers of products. 

RECIPROCALS.—The following example il- 
lustrates the use of powers of 10 in the forma- 
tion of a reciprocal: 


1 
250,000 x 300 x 0.02 


= 2.5.x 10° x 3x 107x 2x10” 
1075 

2.5 x 3 x 2 

1075 

15 


Rather than write the numerator as 0.00001, 
write it as the product of two factors, one of 
which may be easily divided, as follows: 


= 6.67 x 10’ 
= 0.000000667 
POWER OF A PRODUCT.—The following 
example illustrates the use of powers of 10 in 
finding the power of a product: 
(80,000 x 2 x 10°)? = (8 x 10* x 2 x 105)? 
= 8? x 2? x (104*5)2 
= 64x 4x 1038 
256 x 108 
2.56 x 107° 


" 


RADICALS 


An expression such as V2, U5, or Va+b 
that exhibits a radical sign, is referred to asa 
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RADICAL. We have already worked with radi- 
cals in the form of fractional exponents, but it 
is also frequently necessary to work with them 
in the radical form. The word "radical" is de- 
rived from the Latin word "radix," which means 
"root." The word "radix" itself is more often 
used in modern mathematics to refer to the 
base of a number system, such as the base 2 in 
the bir ary system. However, the word "radical" 
is retained with its original meaning of "root." 

The radical symbol (Vv) appears to be a dis- 
tortion of the initial letter '"r'' from the word 
"radix." With long usage, the r gradually lost 
its significance as a letter and became dis- 
torted into the symbol as we use it. The vin- 
culum helps to specify exactly which of the 
letters and numbers following the radical sign 
actually belong to the radical expression. 

The number under a radical sign is the RAD- 
ICAND. The index of the root (except in the 
case of a square root) appears in the trough of 
the radical sign. The index tells what root of 
the radicand is intended. For example, in V32, 
the radicand is 32 and the index of the root is 5. 
The fifth root of 32 is intended. In V50, the 
square root of 50 is intended. When the index 
is 2, it is not written, but is understood. 

If we can find one square root of a number 
we can always find two of them. Remember 
(3)? is 9 and (-3)? is also 9. Likewise (4)? and 
(-4)? both equal 16 and (5)? and (-5)? both equal 
25. Conversely, V9 is +3 or -3, V16 is +4 or 
-4, and V25 is +5 or -5. When we wish to show 
a number that may be either positive or nega- 
tive, we may use the symbol + which is read 
"plus or minus.” Thus +3 means "plus or 
minus 3." Usually when a number is placed 
under the radical sign, only its positive root is 
desired and, unless otherwise specified, it is 
the only root that need be found. 


COMBINING RADICALS 


A number written in front of another number 
and intended as a multiplier is called a COEF- 
FICIENT. The expression 5x means 5 times x; 
oy means a times y; and 7 V2 means 7 times 

2. In these examples, 5 is the coefficient of 
X, a is the coefficient of y, and 7 is. the coeffi- 
cient of V2. 

Radicals havingthe same index and the same 
radicand are SIMILAR. Similar radicals may 
have different coefficients in front of the radi- 


cal sign. For example, 3 V2, V2, and 4 No 
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are similar radicals. When a coefficient is not 
written, it is understood to be 1. Thus, theco- 
efficient of “2is 1. The rule for adding radi- 
cals is the same as that stated for adding de- 
nominate numbers: Add only units of the same 
kind. For example, we could add 2 V3 and 
4 V3 because the "unit" in each of these num- 
bers is the same DE By the same reasoning, 
we could not add 2V3 and 4V5 because these 
are not similar radicals. 


Addition and Subtraction 


When addition or subtraction of similar rad- 
icals is indicated, the radicals are combined by 
adding or subtracting their coefficients and 
placing the result in front of the radical. Add- 
ing 3 V2 and 5 V2 is similar to adding 3 bolts 
and 5 bolts. The following examples illustrate 
the addition and subtraction of similar radical 
expressions: 


3VN0+5V2 = 8V2 

1/2 (13) + 1/3 (WS) = 5/6 (NS) 
V5 -6V5+2N5 = -3V5 
507 -2NT+ INT =0 


bm wi hd Fr 


Example 4 illustrates a case that is some- 
times troublesome. The sum of the coefficients, 
-5, -2, and 7, is 0. Therefore, the coefficient 
of the answer would be 0, as follows: 


3 3 

ON?) = OxNT 
Thus the final answer is 0, since 0 multiplied 
by any quantity is still 0. 


Practice problems. 
operations: 


14VN3-V9+5V9 


Perform the indicated 


256+ NE 


Ripe 
4, -2NI0 - 7V10 


Answers 
1.83 3, -5 5 
2. 3 Nat 4, -9 V10 
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Multiplication and Division 


If a radical is written immediately after an- 
other radical, multiplication is intended. Some- 
times a dot is placed between the radicals, but 
not always. Thus, either V7 - VII or V7 Vil 
means multiplication. 

When multiplication or division of radicals 
_is indicated, several radicals having the same 
index can be combined into one radical, if de- 
sired. Radicals having the same index are said 
to be of the SAME ORDER. For example, V2 
is a radical of the second order. The radicals 
V2 and V5 are of the same order. 

If radicals are of the same order, the radi- 
cands can be multiplied or divided and placed 
under one radical symbol. For example, V5 
multiplied by V3 is the same as V5 x 3. Also, 
N6 divided by V3 is the same as V6 = 3. If 
coefficients appear before the radicals, they 
also must be included in the multiplication or 


division. This is illustrated in the following 
examples: 
1s 2N2-3 V5 = 2-N2.3.V5° 

= 2-3N2.N5 

= 2.3 V2-5 

= 6 V10 
2. 15 V6 15 a 

3V3 3 3 
= 5xV72 
=5N2 


It is important to note that what we have 
Said about multiplication and division does not 
apply to addition. A typical error is to treat 
the expression V9 + 4 as if it were equivalent 
to V9 + These expressions cannot be 
equivalent, since 3 + 2 is not equivalent to V13. 

FACTORING RADICALS.-—A radical can be 
split into two or more radicals of the same or- 
der if the-radicand can be factored. This is 
illustrated in the following examples: 


1. V20 = V4.V5 = 2 V5 


cae 

= 397.499 = 337 
3. V20 | ae 
V5 er 


eae 


SIMPLIFYING RADICALS 


Some radicals may be changed to an equiva- 
lent form that is easier to use. A radical is in 
its simplest form when no factor can be re- 
moved from the radical, when there is no frac- 
tion under the radical sign, and when the index 
of the root cannot be reduced. A factor can be 
removed from the radical if it occurs a number 
of times equal to the index of the root. The fol- 
lowing examples illustrate this: 


1. N28 = V27.7 = 
2, VB4 = V3.2 = 3(¥2) 
3. $160 = JOS75 = 2(578) 


Removing a factor that occurs a number of 
times equal to the index of the root is equiva- 
lent to separating a radical into two radicals so 
that one radicand is a perfect power. The rad- 
ical sign can be removed from the number that 
is a perfect square, cube, fourth power, etc. 
The root taken becomes the coefficient of the 
remaining radical. 

In order to simplify radicals easily, it is 
convenient to know the squares of whole num- 
bers up to about 25 and a few of the smaller 
powers of the numbers 2, 3, 4,5, and 6. Table 
7-1 shows some frequently used powers of 
numbers. 


Table 7-1.—Powers of numbers. 
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Table 7-1.—Powers of numbers—Continued. 


Referring to table 7-1 (A), we see that the 
series of numbers 


1, 4, 9, 16, 25, 36, 49, 64, 81, 100 


comprises all the perfect squares from 1 to 100 
inclusive. If any one of these numbers appears 
under a square root symbol, the radical sign 
can be removed immediately. This is illus- 
trated as follows: 


N25 = 5 
V81 = 9 


A radicand such as 75, which has a perfect 
square (25) as a factor, can be simplified as 
follows: 


N75 = V25- 3 
=V25 . V3 
= 5 V3 
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This procedure is further illustrated in the fol- 
lowing problems: 


1. V8=N4-9 
ae ee 
= 22 

2. N72 = V36-2 
= N36 - V2 
= 6 V2 


By reference to the perfect fourth powers in 
table 7-1, we may simplify a radical such as 


4405. Noting that 405 has the perfect fourth 
power 81 as a factor, we have the following: 
Va05 = Vel 5 
= Vel. V5 
= 3 (5) 


As was shown with fractional exponents, 
taking a root is equivalent to dividing the expo- 
nent of a power by the index of the root. Ifa 
factor of the radicand has an exponent that is 
not a multiple of the index of the root, the fac- 
tor may be separated so that one exponent is 
divisible by the index, as in 


N37= V38 3 = 36/2 . 31/2 = 33. NZ = BING 


Consider also 
N25 -37 25 V27-2- 9%. 3-5 
2-33 (v2-3.~5) 


54 V30 


If the radicand is a large number, the per- 
fect powers that are factors are not always ob- 
vious. In such a case the radicand can be sepa- 
rated into prime factors. For example, 


N8,820 = V2? -37-5.-7? 
=2-3-7N5 
= 42N5 


Practice problems. Simplify the radicals 
and reduce to lowest terms: 


1. V3. VIS 3. 18(V30) 
V5 3(V 0) 

2. Ve8I 4. 8,820 
JOT N80 
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3. 6(Y3) 
4.7 


RATIONAL AND 
IRRATIONAL NUMBERS 


Real and imaginary numbers make up the 
number system of algebra. Imaginary numbers 
are discussed in chapter 15 of this course. 
Real numbers are either rational or irrational. 
The word RATIONAL comes from the word 
"ratio." A number is rational if it can be ex- 
pressed as the quotient, or ratio, of two whole 
numbers. Rational numbers include fractions 
like 2/7, whole numbers, and radicals if the 
radical sign is removable. 


Any whole number is rational. Its denomi- 


For instance, 8 equals & which is 


the quotient of two integers. A number like 
N16 is rational, since it can be expressed as 


The 
following are also examples of rational numbers: 


1. y2, which equals ¢ 


nator is 1. 


the quetient of two integers in the form +. 


2. -6, which equals = 
3. 5g, which equals 2 


Any rationalnumber can be expressed as the 
quotient of two integers in many ways. For 
example, 

14 21 
3 7c. 


Tex 


maf aa 


An IRRATIONAL number is a real number 
that cannot be expressed as the ratio of two in- 


tegers. The numbers V3, 5 V2, V7%, 3 N20, 


2. 
N5 


Rationalizing Denominators 


and are examples of irrational numbers. 


Expressions such as + and = Fe have ir- 


rational numbers in the denominator. If the 
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denominators are changed immediately to deci- 
mals, as in 


oh, St 
1.4142 


TE = 


the process of evaluating a fraction becomes an 
exercise in long division. Such a fraction can 
be evaluated quickly by first changing the de- 
nominator to a rationalnumber. Converting a 
fraction with an irrational number in its de- 
nominator to an equivalent fraction with a ra- 
tional number in the denominator is called 
RATIONALIZING THE DENOMINATOR. 

Multiplying a fraction by 1 leaves the value 
of the fraction unchanged. Since any number 
divided by itself equals 1, it follows, for exam- 
ple, that 


If the numerator and denominator of + are 


each multiplied by V2, another fraction having 
the same value is obtained. The result is 


NS VE VE 2 
The denominator of the new equivalent frac- 


tion is 2, which is rational. The decimal value 
of the fraction is 


TNE 7(1.4142) 
3 2 


= 7(0.7071) = 4.9497 


To rationalize the denominator in me we 
multiply the numerator and asa: by V3. | 
We get 


DE gy, SE Oe 


1 
5NS 53 NB 5(3) * por Ve 


id 


Practice problems. Rationalize the denomi- | 
nator in each of the following: 


ee ae 3, He 
V5- 6 
2. a 


MATHEMATICS, VOLUME 1 


Answers: 
1.35 3, XE 
g, NIB 4, oN¥ 
3 y 


EVALUATING RADICALS 


Any radical expression has a decimal equiv- 
alent which may be exact if the radicand is a 
rational number. If the radicand is not rational, 
the root may be expressed as a decimal ap~ 
proximation, but it can never be exact. A pro- 
cedure similar to long division may be used for 
calculating square root and cube root, and 
higher roots may be calculated by means of 
methods based on logarithms and higher math- 
ematics. Tables of powers and roots have been 
calculated for use in those scientific fields in 
which it is frequently necessary to work with 
roots. 


SQUARE ROOT PROCESS 


The arithmetic process for calculation of 
square root is outlined in the following para- 
graphs: 

1. Begin at the decimal point and mark the 
number off into groups of two digits each, mov- 
ing both to the right and to the left from the 
decimal point. This may leave an odd digit at 
the right-hand or left-hand end of the number, 
or both. For example, suppose that the number 
whose square root we seek is 9025. The num- 
ber marked off as specified would be as follows: 


N90°25. 


2. Find the greatest number whose square 
is contained in the left-hand group (90). This 
number is 9, since the square of 9 is 81. Write 
9 above the first group. Square this number (9), 
place its square below the left-hand group, and 
subtract, as follows: 


Bring down the next group (25) and place it be- 
side the 9, as shown. This is the new dividend 
(925). 

3. Multiply the first digit in the root (9) by 
20, obtaining 180 as atrial divisor. This trial 
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divisor is contained in the new dividend (925) 
five times; thus the second digit of the root ap- 
pears to be 5. However, this number must be 
added to the trial divisor to obtain a “true 
divisor.'' If the true divisor is then too large 
to use with the second quotient digit, this digit 
must be reduced by 1. The procedure for step 3 
is illustrated as follows: 


9 5. 
90°25. 
81 
180 9 25 
185 9 25 
0 00 


The number 180, resulting from the multi- 
plication of 9 by 20,is written as a trial divisor 
beside the new dividend (925), as shown. The 
quotient digit (5) is then recorded and the trial 
divisor is adjusted, becoming 185. The trial 
quotient (180) is crossed out. 

4. The true divisor (185) is multiplied by 
the second digit (5) and the product is placed 
below the new dividend (925). This step is 
shown in the illustration for step 3. When the 
product in step 4 is subtracted from the new 
dividend, the difference is 0; thus, in this ex- 
ample, the root is exact. 

5. In some problems, the difference is not 0 
after all of the digits of the original number 
have been used to form new dividends. Such 
problems may be carried further by adding 0's 
on the right-hand end of the original number, 
just as in normal long division. However, in 
the square root process the 0's must be added 
and uSed in groups of 2. 

Practice problems. Find the square root of 
each of the following numbers: 


1. 9.61 2. 123.21 3. 0.0025 
Answers: 
1. 3.1 2. 11.1 3. 0.05 


TABLES OF ROOTS 


The decimal values of square roots and cube 
roots of numbers with as many as 3 or 4 digits 
can be found from tables. The table in appen- 
dix I of this course gives the square roots and 
cube roots of numbers from 1 to 100. Most of 
the values given in such tables are approximate 
numbers which have been rounded off. 
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For example, the fourth column in appendix I 
shows that V 72 = 8.4853, to 4 decimal places. 
By shifting the decimal point we can obtain 
other square roots. A shift of two places in the 
decimal point in the radicand corresponds to a 
shift of one place in the same direction in the 
square root. 

The following examples show the effect, as 
reflected in the square root, of shifting the 
location of the decimal point in the number 
whose square root we seek: 


N72 = 8.4853 
N0.72 = 0.84853 


0.0072 = 0.084853 
N7,200 = 84.853 


Cube Root 


The fifth column in appendix I shows that the 
cube root of 72 is 4.1602. By shifting the deci- 
mal point we immediately have the cube roots 
of certain other numbers involving the same 
digits. A shift of three places in the decimal 
point in the radicand corresponds to a shift of 
one place in the same direction in the cube 
root. 
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Compare the following examples: 


27D = 4.1602 
70.072 = 0.41602 


N42, 72,000 = 41.602 


Many irrational numbers in their simplified 
forms involve V2 and V3. Since these radicals 
occur often, it is convenient to remember their 
decimal equivalents as follows: 


NE = 


Thus any irrational numbers that do not contain 
any radicals other than V2 or V3 can be con- 
verted to decimal forms quickly without re- 
ferring to tables. 


1.4142 and V3 = 1.7321 


For example consider 


N72 = 6 V2 = 6(1.4142) = 8.485 
N27 = 3VN3 = 3(1.7321) = 5.196 


Keep in mind that the decimal equivalents of 
V2 and V3 as used in the foregoing examples 
are not exact numbers and the results obtained 
with them are approximate in the fourth deci- 
mal place. 


CHAPTER 8 
LOGARITHMS AND THE SLIDE RULE 


Logarithms “represent a specialized use of 
exponents. By means of logarithms, computa- 
tion with large masses of data can be greatly 
simplified. For example, when logarithms are 
used, the process of multiplication is replaced 
by simple addition and division is replaced by 
subtraction. Raising to a power by means of 
logarithms is done in a single multiplication, 
and extracting a root reduces to simple division. 


DEFINITIONS 


In the expression 2° = 8, the number 2 is 
the base (not to be confused with the base of the 
number system), and 3 is the exponent which 
must be used with the base to produce the num- 
ber 8. The exponent 3 is the logarithm of 8 
when the base is 2. This relationship is usually 
stated as follows: The logarithm of 8 to the 
base 2 is 3. In general, the logarithm of a 
number N with respect toa given base is the 
exponent which must be used with the base to 
produce N. Table 8-1 illustrates this. 


Table 8-1.—Logarithms with various bases. 


Logarithmic form 


Exponential 


log,8 = 3 
log,16 = 2 


5° = 1 log 1 = 0 


log 2,9 = 2/3 


Table 8-1 shows that the logarithmic rela- 
tionship may be expressed equally well ineither 
of two forms; these are the exponential form 
and the logarithmic form. Observe, in table 
8-1, that the base of a logarithmic expression 
is indicated by placing a subscript just below 
and to the right of the abbreviation "log."" Ob- 
serve also that the word “logarithm” is abbre- 
viated without using a period. 
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The equivalency of the logarithmic and ex- 
ponential forms may be used to restate the fun- 
damental definition of logarithms in its most 
useful form, as follows: 


b* = N implies that log,N = x 


In words, this definition is stated as follows: If 
the base b raised to the x power equals N, then 
xis the logarithm of the number N to the base b. 

One of the many uses of logarithms may be 
shown by an example in which the base is 2. 
Table 8-2 shows the powers of 2 from 0 through 
20. Suppose that we wish to use logarithms to 
multiply the numbers 512 and 256, as follows: 


From table 8-2, 512 = 29 
256 = 28 
Then 512 x 256 = 2° x 28 
a 917 
and from the table again 217 = 131072 


It is seen that the problem of multiplication 
is reduced to the simple addition of the expo- 
nents 9 and 8 and finding the corresponding 
power in the table. 

Table 8-2 (A) shows the base 2 in the expo- 
nential form with its corresponding powers. 
The actual computation in logarithmic work 
does not require that we record the exponential 
form. All that is required is that we add the 
appropriate exponents and have available a 
table in which we can look up the number cor- 
responding to the new exponent after adding. 
Therefore, table 8-2 (B) is adequate for our 


purpose. Solving the foregoing example by this 
table, we have the following: 
log, 512 = 9 
log, 256 = 8 
log, of the product = 17 


Therefore, the number we seek is the one in 
the table whose logarithm is 17. This number 
is 131,072. In this example, we found the expo- 
nents directly, added them since this was a 
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Table 8-2.—Exponential and logarithmic 
tables for the base 2. 


(B) Logarithms for the 
base 2 and corre- 


sponding powers 


(A) Powers of 2 from 
0 through 20 


0 

1 

2 

3 

4 

5 

6 

7 128 
2° = 256 8 256 
2° = 512 9 512 
2° = 1024 10 1024 
242s =. 2048 11 2048 
2142 = 4098 12 4096 
23> = 8192 13 8192 
244 = 16384 14 16384 
245 = 32768 15 32768 
235 = 65536 16 65536 
217 = 131072 17 131072 
2°38 = 262144 18 262144 
219 = 524288 19 524288 


1048576 


BS 
[=] 


1048576 


multiplication problem, and located the corre- 
sponding power. This avoided the unnecessary 
step of writing the base 2 each time. 


Practice problems. Use the logarithms in 
table 8-2 to perform the following multiplication: 


1. 64x 128 3. 128 x 4,096 
2. 1,024 x 256 4. 512 x 2,048 


Answers: 
1. 8,192 3. 524,288 
2. 262,144 4. 1,048,576 
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NATURAL AND COMMON LOGARITHMS 


Many natural phenomena, such as rates of 
growth and decay, are most easily described in 
terms of logarithmic or exponential formulas. 
Furthermore, the geometric patterns in which 
certain seeds grow (for example, sunflower 
seeds) is a logarithmic spiral. These facts ex- 
plain the name "natural logarithms.'' Natural 
logarithms use the base e, which is an irra- 
tional number approximately equal to 2.71828. 
This system is sometimes called the Napierian 
system of logarithms, in honor of John Napier, 
who is credited with the invention of logarithms. 

To distinguish natural logarithms from other 
logarithmic systems the abbreviation, In, is 
sometimes used. When In appears, the base is 
understood to be e and need not be shown. For 
example, either log, 45 or In 45 signifies the 
natural logarithm of 45. 


COMMON LOGARITHMS 


As has been shown in preceding paragraphs, 
any number may be used as a base for a system 
of logarithms. The selection of a base is a 
matter of convenience. Briggs in 1617 found 
that base 10 possessed many advantages not 
obtainable in ordinary calculations with other 
bases. The selection of 10 as a base proved so 
satisfactory that today it is used almost exclu- 
sively for ordinary calculations. Logarithms 
with 10 as a base are therefore called COM- 
MON LOGARITHMS. 

When 10 is used asa base, it is not neces- 
sary to indicate it in writing logarithms. For 
example, 


log 100 = 2 
is understood to mean the same as 


log 4) 100 = 2 


If the base is other than 10, it must be speci- 
fied by the use of a subscript to the right and 
below the abbreviation “log.” As noted in the 
foregoing discussion of natural logarithms, the 
use of the distinctive abbreviation ‘‘In’’ elimi- 
nates the need for a subscript when the base 
ise. 

It is relatively easy to convert common log~ 
arithms to natural logarithms or vice versa, if 
necessary. It should be noted further that each 
system has its peculiar advantages, but for 
most everyday work, the common system is 
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more often used. A simple relation connects 
the two systems. If the common logarithm of a 
number can be found, multiplying by 2.3026 
gives the natural logarithm of the number. For 
example, 


log 1.60 = 0.2041 
In 1.60 = 2.3026 x 0.2041 
= 0.4700 


Thus the natural logarithm of 1.60 is 0.4700, 
correct to four significant digits. 

Conversely, multiplying the natural loga- 
rithm by 0.4343 gives the common logarithm of 
anumber. As might be expected, the conver- 
sion factor 0.4343 is the reciprocal of 2.3026. 
This is shown as follows: 


= 0.4343 


2.3026 
Positive Integral Logarithms 


The derivation of positive whole logarithms 
is readily apparent. For example, we see in 
table 8-3 (B) that the logarithm of 10 is 1. The 
number 1 is simply the exponent of the base 10 
which yields 10. This is shown in table 8-3 (A) 


opposite the logarithmic equation. Similarly, 
10S 1: Sie tee eer ad log 1 = 0 
107 = 100s vasa eee t log 100 = 2 
10% = 1,000 ...... log 1,000 = 3 
10* = 10,000..... log 10,000 = 4 


Table 8-3.—Exponential and corresponding logarithmic notations using base 10. 


10° 

102 = 

103 

10>? e 

10? 

105/2 = 102 (N10) = 316.23 
103 = 1,000 

107/2, = 103 (N10) = 3162.3 


= 0.31623 
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B 

= -4 

= -3 

= -2 

= -1 
log 0.31623 = -0.5 

= 0.5 -1 
log 1 = Q 
log 3.1623 = 0.5 
log 10 = 1 
log 31.623 = 1.5 
log 100 = 2 
log 316.23 = 2.5 
log 1,000 = 3 
log 3162.3 = 3.5 
log 10,000 
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Positive Fractional Logarithms 


Referring to table 8-3, notice that the loga- 
rithm of 1 is 0 and the logarithm of 10 is 1. 
Therefore, the logarithm of a number between 
1 and 10 is between 0 and 1.. An easy way to 
verify this is to consider some numbers be- 
tween 1 and 10 which are powers of 10; the ex- 
ponent in each case will then be the logarithm 
we seek. Of course, the only powers of 10 
which produce numbers between 1 and 10 are 
fractional powers. 


EXAMPLE: 10/2 = 3.1623 (approximately) 
10° = 3.1623 
Therefore, log 3.1623 = 0.5 


shown in the table for 
10°? 105”, and 107”?. Notice that the num- 
ber that represents 10°’, 31.623, logically 
enough lies between the numbers representing 
10’ and 10?—that is, between 10 and 100. No- 
tice also that 10°’? appears between 10? and 
103, and 107’? lies between 10° and 10*. 


Other examples are 


Negative Logarithms 


Table 8-3 shows that negative powers of 10 
may be fitted into the system of logarithms. 
We recall that 107! means > or the decimal 
fraction, 0.1. What is the logarithm of 0.1? 


SOLUTION: 107} 


0.1; log 0.1 = -1 


1072 


Likewise 0.01; log 0.01 = -2 


Negative Fractional Logarithms 


Notice in table 8-3 that negative fractional 
exponents present no new problem in loga- 
rithmic notation. For example, 107'/?means 


1 
Y 10° 
1. Ve _ 631693 
¥10 10 
What is the logarithm of 0.31623 ? 
SOLUTION: 


10"? = 0.31623; log 0.31623 = - 4 


it 
4 

= 

on 
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Table 8-3 shows logarithms for numbers 
ranging from 0.0001 to 10,000. Notice that 
there are only 8 integral logarithms in the en- 
tire range. Excluding zero logarithms, the 
logarithms for all other numbers in the range 
are fractional or contain a fractional part. By 
the year 1628, logarithms for all integers from 
1 to 100,000 had been computed. Practically 
all of these logarithms contain a fractional 
part. It should be remembered that finding the 
logarithm of a number is nothing more than ex- 
pressing the number as a power of 10. Table 
8-4 shows the numbers 1 through 10 expressed 
as powers of 10. Most of the exponents which 
comprise logarithms are found by methods be- 
yond the scope of this text. However, it is not 
necessary to know the process used to obtain 
logarithms in order to make use of them. 


Table 8-4.—The numbers 1 through 10 
expressed as powers of 10. 


1 = 10° 6 = 10 0.77815 
2= 19 2: 30103 7 = 10 0.84510 
3 = 109 9: 47732 8 = 10 0.90309 
4 = 10 0.60206 9 = 109 ©: 95424 
5 


= 10 °- 69897 10! 


COMPONENTS OF LOGARITHMS 


The fractional part of a logarithm is usually 
written as a decimal. The whole number part 
of a logarithm and the decimal part have been 
given separate names because each plays a 
special part in relation to the number which the 
logarithm represents. The whole number part 
of a logarithm is called the CHARACTERISTIC. 
This part of the logarithm shows the position of 
the decimal point in the associated number. 
The decimal part of a logarithm is called the 
MANTISSA. 

For a particular sequence of digits making 
up a number, the mantissa of a common loga- 
rithm is always the same regardless of the 
position of the decimal point in that number. 
For example, log 5270 = 3.72181; the mantissa 
is 0.72181 and the characteristic is 3. 


CHARACTERISTIC 


The characteristic of a common logarithm 
shows the position of the decimal point in the 
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associated number. The characteristic for a 
given number may be determined by inspection. 
It will be remembered that a common logarithm 
is simply an exponent of the ase 10, It is the 
power of 10 when a number is written in 
scientific notation. 

When we write log 360 = 2.55630, we under- 
stand this to mean 10 ?-5563° = 360. We know 
that the number is 360 and not 36 or 3,600 be- 
cause the characteristic is 2. We know 10 is 
10, 10? is 100, and 10° is 1,000. Therefore, 
the number whose value is 10?-556° must lie 
between 100 and 1,000 and of course any num- 
ber in that range has 3 digits. 

Suppose the characteristic had been1: where 
would the decimal point in the number be 
placed? Since 10' is 10 and 10? is 100, any 
number whose logarithm is between 1 and 2 
must lie between 10 and 100 and will have 2 
digits. Notice how the position of the decimal 
point changes with the value of the character- 
istic in the following examples: 

log 36,000 = 4.55630 


log 3,600 = 3.55630 
log 360 = 2.55630 
log 36 = 1.55630 
log 3.6 = 0.55630 


Note that it is only the characteristic that 
changes when the decimal point is moved. An 
advantage of using the base 10 is thus revealed: 
If the characteristic is known, the decimal point 
may easily be placed. If the number is known, 
the characteristic may be determined by in- 
spection; that is, by observing the location of 
the decimal point. 

Although an understanding of the relation 
of the characteristic to the powers of 10 is 
necessary for thorough comprehension of loga- 
rithms, the characteristic may be determined 
mechanically by application of the following 
rules: 

1, For a number greater than 1, the charac- 
teristic is positive and is one less than the 
number of digits to the left of the decimal point 
in the number. 

2. For a positive number less than 1, the 
characteristic is negative and has an absolute 
value one more than the number of zeros be- 
tween the decimal point and the first nonzero 
digit of the number. 

Table 8-5 contains examples of each type of 
characteristic. 


Practice problems. In problems 1 through 
4, write the characteristic of the logarithm for 
each number. In 5 through 8, place the decimal 


Table 8-5.—Positive and negative characteristics. 


Number Power of 10 


Between: 


134 10? and 103 

13.4 10! and 10? 
1.34 10° and 10? 
0.134 107! and 10° 
0.0134 1072 and 107! 


1073 and 10? 
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Digits in number 
to the left of 
decimal point 


Characteristic 


2 
1 
0 
Zeros between 
decimal! point 
and first non- 
zero digit 
-l 
-2 
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point in each number as indicated by the char- 
acteristic (c) given for each. 


1, 4,321 2. 1.23 3. 0.05 4, 12 

5. 123; ¢ = 4 6. 8,210; c = 0 

7. 8; c = -1 8. 321; c = -2 
Answers: 

1. 3 2. 0 3. -2 4.1 

5. 12,300 6. 8.210 7. 0.8 8. 0.0321 


Negative Characteristics 


When a characteristic is negative, such as 
-2, we do not carry out the subtraction, since 
this would involve a negative mantissa. There 
are several ways of indicating a negative char- 
acteristic. Mantissas as presented in the table 
in the appendix are always positive and the sign 
of the characteristic is indicated separately. 
For example, where log 0.023 = 2.36173, the 
bar over the 2 indicates that only the charac- 
teristic is negative—that is, the logarithm is 
-2 + 0.36173. 

Another way to show the negative character- 
istic is to place it after the mantissa. In this 
case we write 0.36173-2. 

A third method, which is used where possi- 
ble throughout this chapter, is to add a certain 
quantity to the characteristic and to subtract 
the same quantity to the right of the mantissa. 
In the case of the example, we may write: 


2.36173 
10 -10 
8.36173-10 


In this way the value of the logarithm remains 
the same but we now have a positive character- 
istic as well as a positive mantissa. 


MANTISSA 


The mantissa is the decimal part of a loga- 
rithm. Tables of logarithms usually contain 
only mantissas since the characteristic can be 
readily determined as explained previously. 
Table 8-6 shows the characteristic, mantissa, 
and logarithm for several positions of the deci- 
mal point using the sequence of digits 4, 5, 6. 
It will be noted that the mantissa remains the 
same for that particular sequence of digits, re- 
gardless of the position of the decimal point. 
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Table 8-6.—Effect of changes in the 
location of the decimal point. 


Charac- ; : 


Number 

4.6590 

4,560 3.6590 

456 2.6590 

45.6 1.6590 

4.56 0.6590 
0.456 0.6590-1 
0.0456 0.6590-2 


0.6590-3 


0.00456 


Appendix I of this training course is a table 
which includes the logarithms of numbers from 
1 to 100. For our present purpose in using this 
table, we are concerned only with the first and 
sixth columns. 

The first column contains the number and 
the sixth column contains its logarithm. For 
example, if itis desired to find the logarithm 
of 45, we would find the number 45 in the first 
column, look horizontally across the page to 
column 6 and read the logarithm, 1.65321. A 
glance down the logarithm column will reveal 
that the logarithms increase in value as the 
numbers increase in value. 

It must be noted in this particular table that 
both the mantissa and the characteristic are 
given for the number in the first column. This 
is simply an additional aid, since the charac- 
teristic can easily be determined by inspection. 

Suppose that we wish to use the table of 
Appendix I to find the logarithm of a number 
not shown in the "number" column. By recall- 
ing that the mantissa does not change when the 
decimal point moves, we may be able to deter- 
mine the desired logarithm. For example, the 
number 450 does not appear in the number col- 
umn of the table. However, the number 45 has 
the same mantissa as 450; the only difference 
between the two logs isin their characteristics. 
Thus the logarithm of 450 is 2.65321. 

Practice problems. Find the logarithms of 
the following numbers: 
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1. 64 2. 98 3. 6400 4. 9.8 
Answers: 

1. 1.80618 2. 1.99123 

3. 3.80618 4. 0.99123 


THE SLIDE RULE 


In 1620, not long after the invention of loga- 
rithms, Edmond Gunter showed how logarithmic 
calculations could be carried out mechanically. 
This is done by laying off lengths on a rule, 
representing the logarithms of numbers, and by 
combining these lengths in various ways. The 
idea was developed and with the contributions 
of Mannheim in 1851 the slide rule came into 
being as we know it today. 

The slide rule is a mechanical device by 
which we can carry out any arithmetic calcula- 
tion with the exception of addition and subtrac- 
tion. The most common operations with the 
slide rule are multiplication, division, finding 
the square or cube of a number, and finding the 
Square root or cube root of a number. Also 
trigonometric operations are frequently per- 
formed. The advantage of the slide rule is that 
it can be used with relative ease to solve com- 
plicated problems. One limitation is that it 
will give results with a maximum of only three 
accurate significant digits. This is sufficient 
in most calculations, however, since most phys- 
ical constants are only correct to two or three 
significant digits. When greater accuracy is 
required, other methods must be used. 

A simplified diagram of a slide rule is pic- 
tured in figure 8-1. The sliding, central part 
of the rule is called the SLIDE. The movable 
glass or plastic runner with a hairline imprinted 
on it is called the INDICATOR. There is a C 
scale printed on the slide, and a D scale exactly 
the same as the C scale printed on the BODY 
or STOCK of the slide rule. The mark that is 
associated with the primary number 1 on any 
slide rule scale is called the INDEX. There is 


Figure 8-1.—Simplified diagram of a slide rule. 
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an index at the extreme left and at the extreme 
right on both the C and D scales. There are 
other scales, each having a particular use. 
Some of these will be mentioned later. 


SLIDE RULE THEORY 


We have mentioned that the slide rule is 
based on logarithms. Recall that, to multiply 
two numbers, we simply add their logarithms. 
Previously we found these logarithms in tables, 
but if the logarithms are laid off on scales such 
as the C and D scale of the slide rule, we can 
add the lengths, which represent these loga- 
rithms. To make such a scale we could mark 
off mantissas ranging from 0 to 1 ona rule as 
in figure 8-2. We then find in the tables the 
logarithms for numbers ranging from ito 10 
and write the number opposite its correspond- 
ing logarithm on the scale. 


NUMBER 1 2 s 4 5 6 7 690 


LOGARITHM =O a 02 #03 04 08 O06 87 06 O89 1 


Figure 8-2.—Logarithms and corresponding 
numbers on a scale. 


Table 8-7 lists the numbers 1 through 10 
and their corresponding logarithms to three 
places. These numbers are written opposite 
their logarithms on the scale shown in figure 
8-2. If we have two such scales, exactly alike, 
arranged so that one of them is free to slide 
along the other, we can perform the operation 
of multiplication, for example, by ADDING 
LENGTHS; that is, by adding logarithms. For 
example, if we wish to multiply 2 x 3, we find 
the logarithm of 2 on the stationary scale and 
move the sliding scale so that its index is over 
that mark. We then add the logarithm of 3 by 
finding that logarithm on the sliding scale and 
by reading below it, on the stationary scale, the 
logarithm that is the sum of the two. 

Since we are not interested in the logarithms 
themselves, but rather in the numbers they 
represent, it is possible to remove the loga- 
rithmic notation on the scale in figure 8-2, and 
leave only the logarithmically spaced number 
scale. The C and Dscales of the ordinary slide 
rule are made up in this manner. Figure 8-3 
shows the multiplication of 2x 3. Although the 
logarithm scales have been removed, the num- 
bers 2 and 3 in reality signify the logarithms of 
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Table 8-7.—Numbers and their 
corresponding logarithms. 


| Logarithm || Number | 


Logarithm 


Figure 8-3.—Multiplication by use of 
the slide rule. 


2 and 3, namely, 0.301 and 0.477; the product 6 
on the scale really signifies the logarithm of 6, 
that is, 0.778. Thus, although logarithms are 
the underlying principle, we are able to work 
with the numbers directly. 

It should be noted that the scale is made up 
from mantissas only. The characteristic must 
be determined separately as in the case where 
tables are used. Since mantissas identify only 
the digit sequence, the digit 3 on the slide rule 
represents not only 3 but 30, 300, 0.003, 0.3, 
and so forth. Thus, the divisions may repre- 
sent the number multiplied or divided by any 
power of 10. This is true also for numbers 
that fall between the divisions. The digit se- 
quence, 1001, could represent 100.1, 1.001, 
0.01001, and so forth. The following example 
shows the use of the same set of mantissas 
which appear in the foregoing example, but with 
a different characteristic and, therefore, a dif- 
ferent answer: 
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EXAMPLE: Use logs (positions on the slide 
rule) to multiply 20 times 30. 


SOLUTION: 
log 20 = 1.301 (2 on the slide rule) 
log 30 = 1.477 (3 on the slide rule) 


log of answer = 2.778 (6 on the slide rule) 


Since the 2 in the log of the answer is 
merely the indicator of the position of the deci- 
mal point in the answer itself, we do not expect 
to find it on the slide rule scale. As in the 
foregoing example, we find the digit 6 opposite 
the multiplier 3. This time, however, the 6 
represents 600, because the characteristic of 
the log represented by 6 in this problem is 2. 


READING THE SCALES 


Reading a slide rule is no more complicated 
than reading a yard stick or ruler, if the dif- 
ferences in its markings are understood. 

Between the two indices of the C or D scales 
(the large digit 1 at the extreme left and right 
of the scales) are divisions numoered 2, 3, 4, 

,5,%, 7, 8, and 9. Each-length between two con- 
secutive divisions is divided into 10 sections 
and each section is divided into spaces. (See 


fig. 8-4.) 
DIVISION 


SECTION 


Figure 8-4.—Division, section, and ‘space of 
a slide rule scale. 


Notice that the division between 1 and 2 
occupies about one-third of the length of the 
rule. This is sufficient space in which to write 
a number for each of the section marks. The 
sections in the remaining divisions are not 
numbered, because the space is more limited. 
Notice also that in the division between 1 and 2, 
the sections are each divided into 10 spaces. 
The sections of the divisions from 2 to 4 are 
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subdivided into only 5 spaces, and those from 
4 to the right index are subdivided into only 2 
spaces. These subdivisions are so arranged 
because of the limits of space. 

Only the sequence of significant digits is 
read on the slide rule. The position of the dec- 
imal point is determined separately. For ex- 
ample, if the hairline of the indicator is in the 
left-hand position shown in figure 8-5, the sig- 
nificant digits are read as follows: 


Figure 8-5.—Readings in the first division 
of a slide rule. 


1. Any time the hairline falls in the first 
division, the first significant digit is 1. 

2. Since the hairline lies between the index 
and the first section mark, we know the number 
lies between 1.0 and 1.1, or 10 and 11, or 100 
and 110, etc. The second significant digit is 0. 

3. We next find how far from the index the 
hairline is located. It lies on the marking for 
the third space. 

4. The three significant digits are 103. 

In the second example shown in figure 8-5, 
the hairline is located in the first division, the 
ninth section, and on the fourth space mark of 
that section. Therefore, the significant digits 
are 194. 

Thus, we see that any number falling in the 
first division of the slide rule will always have 
1 as its first significant digit. It can have any 


TEN SPACES IN EACH 
SECTION 


number from 0 through 9 as its second digit, and 
any number from 0 through 9 as its third digit. 
Sometimesa fourth digit can be roughly approx- 
imated in this first division, but the number is 
really accurate to only three significant digits. 

In the second and third divisions, each sec- 
tionis divided into only 5spaces. (See fig. 8-6.) 
Thus, each space is equal to 0.2 of the section. 
Suppose, for example, that the hairline lies on 
the third space mark after the large 2 indicat-' 
ing the second division. The first significant 
digit is 2. Since the hairline lies between 2 and 
the first section mark, the second digit is 0. 
The hairline lies on the third space mark or, 
0.6 of the way between the division mark and 
the first section mark, so the third digit is 6. ' 
Thus, the significant digits are 206. Notice : 
that if the hairline lies on a space mark the 
third digit can be written accurately; otherwise 
it must be approximated. 

From the fourth division to the right index, 
each section is divided into only two spaces. 
Thus, if the hairline is in the fourth division 
and lies on the space mark between the sixth 
and seventh sections, we would read 465. If the 
hairline did not fall on a space mark, the third 
digit would have to be approximated. 


OPERATIONS WITH THE SLIDE RULE 


There are two parts in solving problems 
with a slide rule. In the first part the slide 
rule is used to find the digit sequence of the 
final result. The second part is concerned with 
the placing of the decimal point in the result. 
Let us consider first the digit sequence in mul- 
tiplication and division. 


Multiplication 


Multiplication is performed on the C and D 
scales of the slide rule. The following proce- 
dure is used: 


ONLY FIVE SPACES IN EACH 
SECTION 


HAIRLINE 
Figure 8-6.—Reading in the second division of a slide rule. 
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1. Locate one of the factors to be multiplied 
on the D scale, disregarding the decimal point. 

2. Place the index of the C scale opposite 
that number. 

3. Locate the other factor on the C scale 
and move the hairline of the indicator to cover 
this factor. 

4. The product is on the D scale under the 
hairline. 

Sometimes in multiplying numbers, such as 
25 x 6, the number on the C scale extends to 
the right of the stock and the product cannot be 
read. In such a case, we simply shift indices. 
Instead of the left-hand index of the C scale, 
the right-hand index is placed opposite the fac- 
tor on the D scale. The rest of the problem 
remains the same. By shifting indices, we are 
simply multiplying or dividing by 10, but this 
plays no part in reading the significant digits. 
Shifting indices affects the characteristic only. 
EXAMPLE: 252 x 3 = 756 

1. Place the left index of the C scale over 
252. 

2. Locate 3 on the C scale and set the hair- 
line of the indicator over it. 

3. Under the hairline on the D scale read 
the product, 756. 
EXAMPLE: 4x 64 = 256 

1. Place the right index of the C scale 
over 4. : 

2. Locate 64 on the C scale and set the 
hairline of the indicator over it. 

3. Under the hairline on the D scale read 
the product, 256. 

Practice problems. Determine the following 
products by slide rule to three significant 
digits: 


1. 2.8 x 16 3. 6 x 85 

2. 7x 1.3 4. 2.56 x 3.5 
Answers: 

1. 44.8 3. 510 

2. 9.10 4. 8.96 

Division 


Division being the inverse of multiplication, 
the process of multiplication is reversed to 


perform division ona slide rule. We subtract 
the length representing the logarithm of the 
divisor from the length representing the loga- 
rithm of the dividend to get the logarithm of the 
quotient. 

The procedure is as follows: 

1. Locate the dividend on the D scale and 
place the hairline of the indicator over it. 

2. Move the slide until the divisor (on the C 
scale) lies under the hairline. 

3. Read the quotient on the D scale opposite 
the C scale index. ; 

If the divisor is greater numerically than 
the dividend, the slide will extend to the left. If 
the divisor is less, the slide will extend to the 
right. In either case, the quotient is the number 
on the D scale that lies opposite the C scale in- 
dex, falling within the limits of the D scale. 
EXAMPLE: 6+3=2 

1. Locate 6 on the D scale and place the 
hairline of the indicator over it. 

2. Move the slide until 3 on the C scale is 
under the hairline. 

3. Opposite the left C scale index, read the 
quotient, 2, on the D scale. 

EXAMPLE: 378 + 63 = 6 

1. Locate 378 on the D scale and move the 
hairline of the indicator over it. 

2. Move the slide to the left until 63 on the 
C scale is under the hairline. 

3. Opposite the right-hand index of the C 
scale, read the quotient, 6, on the D scale. 

Practice problems. Determine the following 
quotients by slide rule. 


1. 126 + 3 3. 142 + 71 

2. 960 = 15 4. 459 + 17 
Answers: 

1. 42 3. 2 

2. 64 4. 27 


PLACING THE DECIMAL POINT 


Various methods have been advanced regard- 
ing the placement of the decimal point in num- 
bers derived from slide rule computations. 
Probably the most universal and most easily 
remembered method is that of approximation. 
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The method of approximation means simply 
the rounding off of numbers and the mechanical 
shifting of decimal points in the numbers of the 
problem so that the approximate size of the 
solution and the exact position of the decimal 
point will be seen from inspection. The slide 
rule may then be used to derive the correct se- 
quence of significant digits. The method may 
best be demonstrated by afew examples. Re- 
member, shifting the decimal point in a number 
one place to the left is the same as dividing by 
10. Shifting it one place to the right is the 
same as multiplying by 10. Every shift must 
be compensated for in order for the solution to 
be correct. 


EXAMPLE: 0.573 x 1.45 


SOLUTION: No shifting of decimals is neces- 
sary here. We see that approximately 0.6 is to 
be multiplied by approximately 11/2. Immedi- 
ately, we see that the solution is in the neigh- 
borhood of 0.9. By slide rule we find that the 
significant digit sequence of the product is 832. 
From our approximation we know that the deci- 
mal point is to the immediate left of the first 
Significant digit, 8. Thus, 


0.573 x 1.45 = 0.832 


EXAMPLE: 239 x 52.3 


SOLUTION: For ease in multiplying, we shift 
the decimal point in 52.3 one place to the left, 
making it 5.23. To compensate, the decimal 
point is shifted to the right one place in the 
other factor. The new position of the decimal 
point is indicated by the presence of the caret 
symbol, 
239.0, x 5,2.3 


Our problem is approximately the same as 
2,400 x 5 = 12,000 

By slide rule the digit sequence is 125. Thus, 
239 x 52.3 = 12,500 

EXAMPLE: 0.000134 x 0.092 


SOLUTION: 


Shifting decimal points, we have 
0,,00.000134 x 0.09,,2 
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Approximation: 9 x 0.0000013 = 0.0000117. 
By slide rule the digit sequence is 123. From 
approximation the decimal point is located as 
follows: 


0.0000123 
Thus, 
0.000134 x 0.092 = 0.0000123 
EXAMPLE: 53.1 
42.4 


SOLUTION: The decimal points are shifted so 

that the divisor becomes a number between 1 

and 10. The method employed is cancellation. 
Shifting decimal points, we have 


sel 


v2.4 
Approximation: 5 _ 
a 1.2 


Digit sequence by slide rule: 
1255 


Placing the decimal point from the approxi- 
mation: 


1,255 
Thus, 
S37 = 1.255 
EXAMPLE: 0.00645 
0.0935 
SOLUTION: 


Shifting decimal points 


0.00645 
0.09.35 


Approximation: 


oe = 0.07 


Digit sequence by slide rule: 690 
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Placing the decimal point from the approxi- 
mation: 


0.0690 
Thus, 
0.00645 
6.0935 = 9-0690 


Practice problems. Solve the following 
problems with the slide rule and use the method 
of approximation to determine the position of 
the decimal point: 


1. 0.00453 x 0.1645 3. 0.0362 x 1.21 

2. 53.1 = 1.255 4. 67 = 316 
Answers: 

1. 0.000745 3. 0.0438 

2. 42.4 4. 0.212 


MULTIPLICATION AND 
DIVISION COMBINED 


In problems such as 


0.644 x 330 
161 x 2 


it is generally best to determine the position of 
the decimal point by means of the method of 
approximation and to determine the significant 
digit sequence from the slide rule. Such prob- 
lems are usually solved by dividing and multi- 
plying alternately throughout the problem. That 
is, we divide 0.644 by 161, multiply the quotient 
by 330, and divide that product by 12. 
Shifting decimal points, we have 


0,0.644 x 3,30 
1,61 x 1,2 


Since there is a combined shift of three places 
to the left in the divisor, there must also be a 
combined shift of three places to the left in the 
dividend. 
2 
0.06 x 2 
138 


The step-by-step process of determining the 
significant digit sequence of this problem is as 
follows: 


Approximation: = 0.06 x 2 = 0.12 
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1. Place the hairline over 644 on the D scale. 

2. Draw the slide so that 161 of the C scale 
lies under the hairline opposite 644. 

3. Opposite the C scale index (on the D scale) 
is the quotient of 644 + 161. This is to be mul- 
tiplied by 330, but 330 projects beyond the rule 
so the C scale indices must be shifted. 

4. After shifting the indices, find 330 on the 
C scale and place the hairline over it. Opposite 
330 under the hairline on the D scale is the 
644 
Tei * 330. 

5. Next, move the C scale until 12 is under 
the hairline. Opposite the C scale index (on the 
D scale) is the final quotient. The digit se- 
quence is 110. 

The decimal point is then placed according 
to our approximation: 0.11. Thus, 


0.644 x 330 
161 x 12 


product of 


= 0.11 


Practice problems. “solve the following 
problems, using a slide rule: 


1. 22 x 78.5 x 157 
17 x 18.3 x 85 


2. 432 x 9,600 
25,600 x 198 


3. 2.77 x _ 0.064 
0.17 x 1.97 


Answers: 


1. 10.2 2. 0.817 3. 0.529 


SQUARES 


Squares of numbers are found by reference 
to the A scale. The numberson the A scale are 
the squares of those on the D Scale. The A 
scale is really a double scale, each division 
being one-half as large as the corresponding 
division on the D scale. The use of a double 
scale for squaring is based upon the fact that 
the logarithm of the square of a number is twice 
as large as the logarithm of the number itself. 
In other words, 


log N? = 2 log N 
This is reasonable, since 


log N* = log (N x N) 


log N + log N 
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For a numerical example, suppose that we 
seek to square 2 by means of logarithms. 


log 2 = 0.301 

log 2? = 2 log 2 
= 2x 0.301 
= 0.602 


Since each part of the A scale is half as 
large as the corresponding part of the D scale, 
the logarithm 0.602 on the A scale will be the 
same length as the logarithm 0.301 on the D 
scale. That is, these logarithms will be oppo- 
site on the Aand D scales. On the A scale as 
on the D scale, the numbers are written rather 
than their logarithms. Select several numbers 
on the D scale, such as 2, 4, 8, 11, and read 
their squares on the A scale, namely 4, 16, 
64, 121. 

Notice also that the same relation exists for 
the B and C scales as for the A and D scales. 
Of interest, also, is the fact that since the A 
and B scales are made up as are the C and D 
scales, they too could be used for multiplying 
or dividing. 


Placing the Decimal Point 


Usually the decimal may be placed by the 
method of approximation. However, close ob- 
servation will reveal certain facts that elimi- 
nate the need for approximations in squaring 
numbers. Two rules suffice for squaring whole 
or mixed numbers, as follows: 

1, When the square of a number is read on 
the left half of the A scale, that number will 
contain twice the number of digits to the left of 
the decimal point in the original number, less 1, 

2. When the square of a number is read on 
the right half of the A scale, that number will 
contain twice the number of digits to the left of 
the decimal point in the original number. 


EXAMPLE: Square 2.5, 


SOLUTION: Place the hairline over 25 on the 
D scale, Read the digit sequence, 625, under 
the hairline in the left half of the A Scale. 

By rule 1: (2xnumber of digits)-1 = 2(1)-1=1. 
There is one digit to the left of the decimal 
point. Thus, 


(2.5)? = 6.25 
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EXAMPLE: Square 6,340. 


SOLUTION: 


Digit sequence, right half A scale: 402. 
By rule 2: 2x number of digits =2x4 =8 
(digits in answer). Thus, 


(6,340)? = 40,200,000 
Positive Numbers Less Than One 


If positive numbers less than one are to be 
squared, a slightly different version of the pre- 
ceding rules must be employed. Count the 
zeros between the decimal point and the first 
nonzero digit. Consider this count negative. 
Then the number of zeros between the decimal 
point and the first significant digit of the 
squared number may be found as follows: 

1. Left half A scale: Multiply the zeros 
counted by 2 and subtract 1. 

2. Right half A scale: 
counted by 2. 


Multiply the zeros 


EXAMPLE: Square 0.0045 


SOLUTION: 


Digit sequence, right half A scale; 2025. 
By rule 2: 2(-2)=-4, (Thus, 4 zeros be- 
tween the decimal point and the first digit.) 


(0.0045) = 0.09002025 
EXAMPLE: Square 0.0215 
SOLUTION: 


Digit sequence, left half A scale: 462. 
By rule 1: 2(-1) -1 = -3 


(0.0215)?= 0.000462 


SQUARE ROOTS 


Taking the square root of a number with the 
slide rule is the inverse process of squaring a 
number. We find the number on the A scale, 
set the hairline of the indicator over it, and 
read the square root on the D scale under the 
hairline. 


Positioning Numbers on the A Scale 


Since there are two parts of the A scale 
exactly alike and the digit sequence could be 
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found on either part, a question arises as to 
which section to use. Generally, we think of 
the left half of the rule as being numbered from 
1 to 10 and the right half as being numbered 
from 10 to 100. The numbering continues- left 
half 100 to 1,000, right half 1,000 to 10,000, and 
so forth. 

A simple process provides a check of the 
location of the number from which the root is 
to be taken. For whole or mixed numbers, be- 
gin at the decimal pointof the number and mark 
off the digits to the left (including end zeros) in 
groups of two. This isillustrated in the follow- 
ing two-examples: 


1. 40,300.21 
V4'03'00.21 


2. 2,034.1 
N20'34.1 


Look at the left-hand group. If it is a 1-digit 
number, use the left half of the A scale. If it 
is a 2-digit number, use the right half of the A 
scale. The number in example 1 is thus located 
in the left half of the A scale and the number in 
example 2 is located in the right half. 


Numbers Less Than One 


For positive numbers less than one, begin at 
the decimal point and mark off groups of two to 
the right. This is illustrated as follows: 


1. 0.000245 
N0.00'02'45 


2. 0.00402 
N0.00'40'2 


Looking from left to right, locate the first group 
that contains a digit other than zero. If the 
first figure in this group is zero, locate the 
number in the left half of the A scale. if the 
first figure is other than zero, locate the num- 
ber in the right half of the A scale. Thus, 


\0.00°03°45 is located left 
and 


N0.00'40°2 is located right 
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Powers of 10 


When the square root of 10, 1,000, 100,000, 
and so forth, is desired, the center index is 
used. That is, when the number of digits in a 
power of 10 is even, use the center index. 

The slide rule uses only the first three 
significant digits of a number. Thus, if the 
rule is used, V23451.6 must be considered as 
V23500.0, Likewise, 1.43567 would be consid- 
ered 1.43000, and so forth. For greater accu- 
racy, other methods must be used. 

Practice problems. State which half of the 
A scale should be used for each of the following: 


1. V432 5. V4,320 
2. V0.014 6, v0.00301 
3. V241.67 7. 0.0640 
4. 0.00045 8. V9.41 
Answers: 

1. Left 5. Right 

2. Left 6. Right 

3. Left 7. Left 

4. Left 8. Left 


Placing the Decimal Point 


To place the decimal point in the square 
root of a number, mark off the original number 
in groups of two as explained previously. 

For whole or mixed numbers, the number of 
groups marked off is the number of digits in- 
cluding end zeros to the left of the decimal 
point in the root. The following problems il- 
lustrate this: 


1, 83/415 
NOS4aI5 Three digits to left of dec- 
imal point in square root 
2, V421,562.4 
V43°15'62.4 Three digits to left of dec- 
imal point in square root 
3. V23L 321 
N2'31 321 Two digits to left of deci- 


mal point in square root 
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For positive numbers less than one, there 
will be one zero in the square root between the 
decimal point and the first significant digit for 
every pair of zeros counted between the deci- 
mal point and the first significant digit of the 
original number. This is illustrated as follows: 


1. V0.0004 
0.0004 One zero before first digit 
in square root 
2. V0.00008 
V0.00'00'8 Two zeros before first digit 
in square root 
3. V0.08' No zeros before first digit 
in square root 
EXAMPLE: N4,521 
N45'21 


(Two digits in left-hand group) 


Place the hairline over 452 on the right half of 
the A scale. Read the digit sequence of the 
root, 672, on the D scale under the hairline. 
Since there are two groups in the original num- 
ber, there are two digits to the left of the deci- 
mal point in the root. Thus, 


J@521 = 67.2 


N0.000741 
N 0.00'07'41 


(First figure is zero in this group) 


EXAMPLE: 


Place the hairline over 741 on the left half of 
the A scale. Read the digit sequence of the 
root, 272, under the hairline on the D scale. 
Since there is one pair of zeros to the left of 
the group containing the first digit, there is one 
zero between the decimal point and the first 
significant digit of the root. Thus, 


N0.000741 = 0.0272 


Practice problems. Evaluate each of the 
following by means of a slide rule: 


1, (17.75) 3. 0.42 
2. (0.65)? 4. 0.074 
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Answers: 
1. 315 3. 3.07 
2. 0.422 4. 0.272 


CUBES AND CUBE ROOTS 


Cubes and cube roots are read on the K and 
D scales of the slide rule. On the K scale are 
compressed three complete logarithmic scales 
in the same space as that of the D scale. Thus, 
any logarithm on the K scale is three times the 
logarithm opposite it on the D scale. To cube 
a number by logarithms, we multiply its loga- 
rithm by three. Therefore, the logarithms of 
cubed numbers will lie on the K scale opposite 
the numbers on the D scale. 

As with the other slide rule scales men- 
tioned, the numbers the logarithms represent, 
rather than the logarithmic notations, are 
printed on the rule. In the left-hand third of 
the K scale, the numbers range from 1 to 10; in 
the middle third they range from 10 to 100; and 
in the right-hand third, they range from 100 to 
1,000. ; 

To cube a number, find the number on the D 
scale, place the hairline over it, and read the 
digit sequence of the cubed number on the K 
scale under the hairline. 


Placing the Decimal Point 


The decimal point of a cubed whole or mixed 
number may be easily placed by application of 
the following rules: 

1. If the cubed number is located in the left 
third of the K scale, its number of digits to the 
left of the decimal point is 3 times the number 
of digits to the left of the decimal point in the 
original number, less 2. 

2. If the cubed number is located in the 
middle third of the K scale,its number of digits 
is 3 times the number of digits of the original 
number, less 1. 

3. If the cubed number is located in the 
right third of the K scale, its number of digits 
is 3 times the number of digits of the original 
number. 
EXAMPLE: (1.6)° 
SOLUTION: Place the hairline over 16 on D 
scale. Read the digit sequence, 409, on the K 
scale under the hairline. 
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Number of digits to left of decimal point in the 
number 1.6 is 1 and the cubed number is in the 
left-hand third of the K scale. 


3 x (No. of digits)-2 = (3 x 1)-2 
=] 


Therefore, 
(1.6)? = 4.09 


EXAMPLE: (4.1)3 


Digit sequence = 689. 
SOLUTION: Number of digits to left of decimal 


point in the number 4.1 is 1, and the cubed 
number is in the middle third of the K scale. 


3 x (No. of digits)-1 = (3 x 1)-1 
=2 
Therefore, 
(4.1)? = 68.9 
EXAMPLE: (52)3 


SOLUTION: Digit sequence = 141. 


Number of digits to left of decimal point in the 
number 52 is 2, and the cubed number is in the 
right-hand third of the K scale. 


3 x No. of digits = 3 x 2 
= 6 


Therefore, 
(52) = 141,000 


Positive Numbers Less Than One 


If positive numbers less than one are to be 
cubed, count the zeros between the decimal 
point and the first nonzero digit. Consider the 
count negative. Then the number of zeros be- 
tween the decimal point and the first significant 
digit of the cubed number may be found as 
follows: 

1. Left third of K scale: Multiply the zeros 
counted by 3 and subtract 2. 

2. Middle third of K scale: 
zeros counted by 3 and subtract 1. 

3. Right third of K scale: Multiply the zeros 
counted by 3. 


Multiply the 
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EXAMPLE: Cube 0.034 
SOLUTION: Digit sequence = 393 


Zero count of 0.034 = -1, and 393 is in the mid- 
dle third of the K scale. 


3 x (No. of zeros)-1 = (3 x -1)-1 = -4 


Therefore, 
(0.034)? = 0.0000393 


Practice problems. Cube the following num- 
bers using the slide rule. 


1. 21 2. 0.7 3. 0.0128 4, 40¢ 
Answers: 

1. 9260 3. 0.0000021 

2. 0.342 4. 66,000,000 

Cube Roots 


Taking the cube root of a number on the 
slide rule is the inverse process of cubing a 
number. To take the cube root of a number, 
find the number on the K scale, set the hairline 
over it, and read the cube root on the D scale 
under the hairline. 

POSITIONING NUMBERS ON THE KSCALE.— 
Since a given number can be located in three 
positions on the K scale, the question arises as 
to which third of the K scale to use when locat- 
ing a number. Generally, the left index, the 
left middle index, the right middle index, and 
the right index are considered to be numbered 
as shown in figure 8-7, 


1 2 i 1 


1 10 100 1,000 
1,000 10,000 100,000 000,000 


Figure 8-7.— Powers of 10 associated with 
K-scale indices. 


A system similar to that used with square 
roots may be used to locate the position of a 
number on the K scale. Groups of three are 
used rather than groups of two. The grouping 
for cube root is illustrated as follows: 
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1. '40,531.6 
40'°531.6 


2. 4,561.43 
14°561.43 


3. ¥0.000043 


50.000°043 


For whole or mixed numbers the following 
rules apply: 


1. ff the left-hand group contains one digit, 
locate the number in the left third of theK scale. 

2. If the left group contains two digits, lo- 
cate the number in the middle third of the K 
scale. 

3. ff the left group contains three digits, 
locate the number in the right third of the K 
scale. 

The following examples illustrate the fore- 
going rules: 


1. Va561.43 
(One digit)—left third K scale. 


2. V40'531.6 
(Two digits)— middle third K scale. 


3. V453"S61 
(Three digits)—right third of K scale. 


For positive numbers less than one, look 
from left to right and find the first group that 
contains a digit other than zero. 

1. If the first two figures in this group are 
zeros, locate the number in the left third of the 
K scale. 

2. KB only the first figure in this group is 
zero, locate the number in the middle third of 
the K scale. 

8. Ef the first figure of the group is not zero, 
locate the number in the right third of the K 
scale. 

The following examples Ulustrate these 
rules: 


1. N0.000'04"53 
(Two zeros)—left third K scale. 


2. N0.000'50'43 
(One zero)—middle third K scale. 
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3. 0.000°000'430 
(No zero)—right third K scale. 


PLACING THE DECIMAL POINT.—To place 
the decimal point in the cube root of a number, 
we use the system of marking off in groups of 
three as shown above. 

For whole or mixed numbers, there is one 
digit in the root to the left of the decimal point 
for every group marked in the original number. 
Thus, 


N@531.6 
(Two digits in root to left of decimal point.) 


For positive numbers less than one, there 
will be one zero in the root between the decimal 
point and the first significant digit for every 
three zeros counted between the decimal point 
and the first significant digit of the original 
number. Thus, 


0.000°000'00 


(Two zeros between decimal point and first sig- 
nificant digit of root.) 


NB16000.4 


7216'000.4 
(Three digits in left group) 


EXAMPLE: 


Place the hairline over 216 in the right third of 
the K scale. Read the digit sequence, 6, under 
the hairline on the D scale. Since there are 
two groups in the original number, there are 
two digits to the left of the decimal point in the 
root. Thus, 


EXAMPLE: 
N0.000O48'I 


(Only first figure is zero in this group) 


Place the hairline over 451 in the middle third 
of the K scale. Read the digit sequence, 357, 
under the hairline on the D scale. Since there 
is one group of three zeros, there is one zero 
between the decimal point and the first signifi- 
cant digit of the root. Thus, 

3 


N0.6000451 = 0.0357 


Chapter 8~LOGARITHMS AND THE SLIDE RULE 


POWERS OF 10.—To take the cube root of a 4. N304,000 ad. s. 589 
power of 10, mark it off as explained in the , 
preceding paragraphs. The number in the left 5. 734,000,000 d.s. 902 
group will then be 1, 10, or 100. We know that i 
the cube root of 10 is a number between 2 and 6. 4,913 d.s. 17 
3. Thus, for the cube root of any number whose 
left group is 10, use the K scale index which Answers: 
lies between 2 and 3 on the D scale. The cube 
root of 100 lies between 4 and 5. Therefore, 1. 0.02844 
for a number whose left group is 100, use the K 
scale index between 4 and 5 on the D scale. 2. 0.371 

Practice problems. Following are some 
problems and the digit sequence (d. 8.) of the 3. 5.026 
roots. Locate the decimal point for each root. 

4, 58.9 

1. 0.000023 d,s. 2844 
2. 0.051 d,s. 371 5908 
3. NI27 d.s. 5026 6. 17 
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CHAPTER 9 
FUNDAMENTALS OF ALGEBRA 


The numbers and operating rules of arith- 
metic form a part of a very important branch 
of mathematics called ALGEBRA. 

Algebra extends the concepts of arithmetic 
so that it is possible to generalize the rules for 
operating with numbers and use these rules in 
manipulating symbols other than numbers. It 
does not involve an abrupt change into a dis- 
tinctly new field, but rather provides a smooth 
transition into many branches of mathematics 
with a continuation of knowledge already gained 
in basic arithmetic. 

The idea of expressing quantities ina gen- 
eral way, rather than in the specific terms of 
arithmetic, is fairly common. A typical exam - 
ple is the formula for the perimeter of a rec~- 
tangle, P = 2L + 2W, in which the letter P rep- 
resents perimeter, L represents length, and W 
represents width. It should be understood that 
2L = 2(L) and 2W = 2(W). If the L and the W 
were numbers, parentheses or some other mul- 
tiplication sign would be necessary, but the 
meaning of a term such as 2L is clear without 
additional signs or symbols. 

All formulas are algebraic expressions, al- 
though they are not always identified as such. 
The letters used in algebraic expressions are 
often referred to as LITERAL NUMBERS (lit- 
eral implies "letteral’’). 

Another typical use of literal numbers is in 
the statement of mathematical laws of operation. 
For example, the commutative, associative, and 
distributive laws, introduced in chapter 3 with 
respect to arithmetic, may be restated in gen- 
eral terms by the use of algebraic symbols. 


COMMUTATIVE LAWS 


The word "commutative" is defined in chap- 
ter 3. Remember that the commutative laws 
refer to those situations in which the factors 
and terms of an expression are rearranged ina 
different order. 


ADDITION 


The algebraic form of the commutative law 
for addition is as follows: 
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atb=bta 


From this law, it follows that 


a+ (b+e) at+(c+b)=(e +b) +a 


In words, this law states that the sum of two or 
more addends is the same regardless of the 
order in which the addends are arranged. 

The arithmetic example in chapter 3 shows 
only one specific numerical combination in 
which the law holds true. In the algebraic ex- 
ample, a, b, and c represent any numbers we 
choose, thus giving a broad inclusive example 
of the rule. (Note that once a value is selected 
for a literal number, that value remains the 
same wherever the letter appears in that par- 
ticular example or problem. Thus, if we give a 
the value of 12, in the example just given, a's 
value is 12 wherever it appears.) 


MULTIPLICATION 
The algebraic form of the commutative law 
for multiplication is as follows: 
ab = ba 


In words, this law states that the product of 
two or more factors is the same regardless of 
the order in which the factors are arranged. 


ASSOCIATIVE LAWS 


The associative laws of addition and multi- 
plication refer to the grouping (association) of 
terms and factors in a mathematical expression. 


ADDITION 
The algebraic form of the associative law 
for addition is as follows: 
a+bece=(a+b)+e 
In words, this law states that the sum of three 


or more addends is the same regardless of the 
manner in which the addends are grouped. 


MULTIPLICATION 


The algebraic form of the associative law 
for multiplication is as follows: 


a-b-c =(a-b)-c=a-(b-c) 


a+ (b+ c) 
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In words, this law states that the product of 
three or more factors is the same regardless 
of the manner in which the factors are grouped. 


DISTRIBUTIVE LAW 


The distributive law refers to the distribu- 
tion of factors among the terms of an additive 
expression. The algebraic form of this law is 
as follows: 


a(b + c) = ab + ac 


From this law, it follows that: If the sum of two 
or more quantities is multiplied by a third 
quantity, the product is found by applying the 
multiplier to each of the original quantities 
separately and summing the resulting expres- 
sions. 


ALGEBRAIC SUMS 


The word ''sum" has been used several times 
in this discussion, and itis important to realize 
the full implication where algebra is concerned. 
Since a literal number may represent either a 
positive or a negative quantity, a sum of sev- 
eral literal numbers is always understood to be 
an ALGEBRAIC SUM. That is, it is the sum 
that results when the algebraic signs of all the 
addends are taken into consideration. 

The following problems illustrate the proce- 
dure for finding an algebraic sum: 


Leta =3,b= ~-2,andc = 4. 

Then a +b+c = (3) + (-2) + (4) 
= $6 

a+ (-b) + (-c) 

= 3+ (+2) + (-4) 

=1 


Also,a-b-c 


The second problem shows that every expres- 
sion containing two or more terms to be com- 
bined by addition and subtraction may be re- 
written as an algebraic sum, all negative signs 
being considered as belonging to specific terms 
and all operational signs being positive. 

It should be noted, in relation to this subject, 
that the laws of signs for algebra are the same 
as those for arithmetic. 


ALGEBRAIC EXPRESSIONS 


An algebraic expression is made up of the 
signs and symbols of algebra. These symbols 


include the Arabic numerals, literal mumbers, 
the signs of operation, and so forth. Such an 
expression represents one number or one quan- 
tity. Thus, just as the sum of 4 and 2 is one 
quantity, that is, 6, the sum ofc andd is one 


quantity, that is, c +d. Likewise 5, Vb, ab, 
a - b, and so forth, are algebraic expres- 
sions each of which represents one quantity or 
number. 

Longer expressions may be formed by com- 
binations of the various signs of operation and 
the other algebraic symbols, but no matter how 
complex such expressions are they still repre- 
sent one number. Thus the algebraic expres- 


-a+N2a¢+b 
6 


sion -c is one number 


The arithmetic value of any algebraic ex- 
pression depends on the values assigned to the 
literal numbers. For example, in the expres- 
sion 2x?- Say, ifx = -3, a=5, andy = 1, then 
we have the following: 


2(-3)? -3(5)(1) 
= 2(9) - 15 = 18 - 15 = 3 


ax? - say 


Notice that the exponent is an expression 
such as 2x? applies only to the x. If it is de- 
sired to indicate the square of 2x, rather than 
2 times the square of x, then parentheses are 


_ used and the expression becomes (2x)? 
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Practice problems. Evaluate the following 
algebraic expressions when a = 4, b = 2,c = 3, 
x= 17, and y=5. Remember, the order of op- 
eration is multiplication, division, addition, and 
subtraction. 


1. 3x + Ty -c 3. ay 
2 ay? 
2. xy - 4a 4. c+ a a 
Answers: 
1. 53 3. 19 
2, -29 4. 53 


TERMS AND COEFFICIENTS 


The terms of an algebraic expression are 
the parts of the expression that are connected 
by plus and minus signs. In the expression 
3abx + cy - k, for example, 3abx, cy, and k are 
the terms of the expression. 
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Anexpression containing only one term, such 
as 3ab,is called a monomial (mono means one). 
A binomial contains two terms; for example, 
2r+by. A trinomial consists of three terms. 
Any expression containing two or more terms 
may also be called by the general name, poly- 
nomial (poly means many). Usually special 
names arenot given to polynomials of more than 
three times. The expression x° - 3x? + 7x +1 
is a polynomial of four terms. The trinomial] 
x?4 2x + 1is an example of a polynomial which 
has a special name. 

Practice problems. Identify each of the fol- 
lowing expressions as a monomial, binomial, 
trinomial, or polynomial. (Some expressions 
may have two names.) 


1, x 3. abx 5. 3y7 +4 
2. 3y+at+b 4.4+2b+y+z 6. a1 
Answers: 
1. Monomial 2. Trinomial 
(also polynomial) 
5 Menonial 4. Polynomial 
5. Binomial 6. Binomial 


(also polynomial) (also polynomial) 

In general, a COEFFICIENT of a term is 
any factor or group of factors of a term by 
which the remainder of the term is to be multi- 
plied. Thus in the term 2axy, 2ax is the coeffi- 
cient of y, 2a is the coefficient of xy, and 2 is 
the coefficient of axy. The word "coefficient" 
is usually used in reference tothat factor which 
is expressed in Arabic numerals. This factor 
is sometimes called the NUMERICAL COEF- 
FICIENT. The numerical coefficient is cus- 
tomarily written as the first factor of the term. 
In 4x, 4 is the numerical coefficient, or simply 
the coefficient, of x. Likewise, in 24xy”, 24 is 
the coefficient of xy? and in 16(a +b), 16 is the 
coefficient of (a + b). When no numerical coef- 
ficient is written it is understood to be 1. Thus 
in the term xy, the coefficient is 1. 


COMBINING TERMS 


When arithmetic numbers are connected by 
plus and minus signs, they can always be com- 
bined into one number. Thus, 

1 1 
5 - 13 +8 = a5 
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Here three numbers are added algebraically 
(with due regard for sign) to give one number. 
The terms have been combined into one term. 

Terms containing literal numbers can be 
combined only if their literal parts are the 
same. Terms containing literal factors in 
which the same letters are raised to the same 
power are called like terms. For example, 3y 
and 2y are like terms since the literal parts 
are the same. Like terms are added by adding 
the coefficients of the like parts. Thus, 3y + 2y 
= 5y just as 3 bolts + 2 bolts =5 bolts. Also 
3a?b and a7b are like; 3a2b + a2b = 4a7b and 
3a?b - a2b = 2a2b. The numbers ay and by are 
like terms with respect toy. Their sum could 
be indicated in two ways: ay + by or (a+ b)y. 
The latter may be explained by comparing the 
terms to denominate numbers. For instance, 
a bolts + b bolts = (a + b) bolts. 

Like terms are added or subtracted by add- 
ing or subtracting the numerical coefficients 
and placing the result in front of the literal 
factor, as in the following examples: 


7x? = 5x? = (7 - 5)x? = 2x? 
5b2x - 3ay? - 8b2x + l0ay? = -3b?x + Tay? 


Dissimilar or unlike terms in an algebraic 
expression cannot be combined when numerical 
values have not been assigned to the literal 
factors. For example, -5x? + 3xy - 8y? con- 
tains three dissimilar terms. This expression 
cannot be further simplified by combining terms 
through addition or subtraction. The expres- 
sion may be rearranged as x(3y - 5x) - 8y? or 
y(3x - 8y) - 5x?, but such a rearrangement is 
not actually a simplification. 

Practice problems. Combine like terms in 
the following expression: 


l. 2a + 4a 4, 2ay? - ay? 
2.y + y? + dy 5. bx? + 2bx? 
ay ay 2 
3. 4 - > 6. 2y +y 

Answers: 
1. 6a 4. ay? 
2. y?7 + 3y 5. 3bx? 
3. ay 6. 2y + y? 
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SYMBOLS OF GROUPING 


Often it is desired to group two or more 
terms to indicate that they are to be considered 
and treated as though they were one term even 
though there may be plus and minus signs be- 
tween them. The symbols of grouping are pa- 
rentheses ( ) (which we have already used), 
brackets [ ],braces { }, and the vinculum __. 
The vinculum is sometimes called the “over- 
score.'' The fact that -7+2- 5 is to be sub- 
tracted from 15, for example, could be indi- 
cated in any one of the following ways: 


15 - (-7 + 2 - 5) 
15 - [-7 + 2 - 5] 
15 - {-7 + 2 - 5} 
15 - -7+2-5 


Actually the vinculum is seldom used except 
in connection with a radical sign, such as in 

a+b, or in a Boolean algebra expression. 
Boolean algebra is a specialized kind of sym- 
bolic notation which is discussed in Mathe- 
matics, Volume 3, NavPers 10073. 

Parentheses are the most frequently used 
symbols of grouping. When several symbols 
are needed to avoid confusion in grouping, pa- 
rentheses usually comprise the innermost sym- 
bols, followed by brackets, and then by braces 
as the outermost symbols. This arrangement 
of grouping symbols is illustrated as follows: 


ax - {3y + [- 8 - by - (x - 4)}} 


REMOVING AND INSERTING 
GROUPING SYMBOLS 


Discussed in the following paragraphs are 
various rules governing the removal and inser- 
tion of parentheses, brackets, braces, and the 
vinculum. Since the rules are the same for all 
grouping symbols, the discussion in terms of 
parentheses will serve as a basis for all. 


Removing Parentheses 


If parentheses are preceded bya minus sign, 
the entire quantity enclosed must be regarded 
as a subtrahend. This means that each term of 
the quantity in parentheses is subtracted from 
the expression preceding the minus sign. Ac- 
cordingly, parentheses preceded by a minus 
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sign can be removed, if the signs of all terms 
within the parentheses are changed. 

This may be explained with an arithmetic 
example. We recall that to subtract one num- 
ber from another, we change the sign of the 
subtrahend and proceed as in addition. To sub- 
tract -7 from 16, we change the sign of -7 and 
proceed as in addition, as follows: 


16 - (-7) = 16+7 


23 


It is sometimes easier to see the result of 
changing signs in the subtrahend if the minus 
sign preceding the parentheses is regarded as 
a multiplier. Thus, the thought process in re- 
moving parentheses from an expression such 
as - (4 - 3 + 2) would be as follows: Minus 
times plus is ‘minus, so the first term of the 
expression with parentheses removed is - 4, 
(Remember that the 4 in the original expres- 
sion is understood to be a +4, since it has no 
sign showing.) Minus times minus is plus, so 
the second term is +3. Minus times plus is 
minus, so the third term is -2. The result is 
- 4+ 3- 2, which reduces to -3. 

This same result can be reached just as 
easily, in an arithmetic expression, by combin- 
ing the numbers within the parentheses before 
applying the negative sign which precedes the 
parentheses. However, in an algebraic expres- 
sion with no like terms such combination is not 
possible. The following example shows how the 
rule for removal of parentheses is applied to 
algebraic expressions: 


2a - (-4x + 3by) = 2a + 4x - 3by 


Parentheses preceded by a plus sign can be 
removed without any other changes, as the fol- 
lowing example shows: 


2b + (a-b) = 2+a-baa+b 


Many expressions contain more than one set 
of parentheses, brackets, and other symbols of 
grouping. In removing symbols of grouping, it 
is possible to proceed from the outside inward 
or from the inside outward. For the beginner, 
it is simpler to start on the inside and work to- 
ward the outside, collecting terms and simpli- 
fying as one proceeds. In the following example 
the inner grouping symbols are removed first: 
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2a - [x + (x - 3a) - (9a - 5x)] 

2a - [x +x - 3a - 9a + 5x] 
2a - [7x - 12a] 

2a - 7x + 12a 

14a - 7x 


u 


Enclosing Terms in Parentheses 


When it is desired to enclose a group of 
terms in parentheses, the group of terms re- 
mains unchanged if the sign preceding the pa- 
rentheses is positive. This is illustrated as 
follows: 


3x - 2y + 7x - y = (3x - 2y) + (7x - y} 


Note that this agrees with the rule for removing 
parentheses preceded by a plus sign. 

If terms are enclosed within parentheses 
preceded by a minus sign, the signs of all the 
terms enclosed must be changed as in the fol- 
lowing example: 


3x - 2y + Tx - y = 3x - (2y - 7x + y) 


Practice problems. In problems 1.through 4, 
remove the symbols of grouping and combine 
like terms. In problems 5 through 8, enclose 
the first two terms in parentheses preceded by 
a plus sign (understood) and the last two in pa- 
rentheses preceded by a minus sign. 


1. 6a - (4a - 3) 

2. 3x + [2x - 4y(6 - 4x)] + 2y - (3 - x + 3y) 

3. -a + [-a - (2a + 3)] + 3 

4, (7x - 3ay) - (4a - b) + 16 

5. 4a - 3b - 2c + 4d 

6. -2 -3x +4y - z 

Tox + 4y + 32+7 

8. -4 + 2a - 6c + 3d 
Answers: 

1. 2a + 3 

2. 6x + 16xy - 25y - 3 

3. -4a 

4. ix - gay - fda + b+ 16 
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5. (4a - 3b) - (2c - 4d) 
6. (-2 -3x) - (-4y + z) 
7. (x + 4y) - (-3z - 7) 
8, (-4 + 2a) - (6c - 3d) 


EXPONENTS AND RADICALS 


Exponents and radicals have the same mean- 
ing in algebra as they doin arithmetic. Thus, 
if n represents any number then n? =n - n, 
n> =n-n-n,etc. By the same reasoning, n" 
means that nis to be taken as a factor m times. 
That is, n™ is equal ton-n-n.-..., withn 
appearing m times. The series of dots, called 
ellipsis (not to be confused with the geometric 
figure having a similar name, ellipse), repre- 
sents continuation of the same pattern or the 
same symbol. 

The rules of operation with exponents are 
also the same in algebra as in arithmetic. For 
example, n? - n? = n?*3 = n5. Some care is 
necessary to avoid confusion over an expres- 
sion such as 3? - 33. In this example, n = 3 and 
the product desired is 35, not 95. In general, 
32 - 35 = 39*>, anda similar result is reached 
whether the factor which acts as a base for the 
exponents is a number or a letter. Thus the 
general form can be expressed as follows: 


n*. n> = natb 


In words, the general rule for multiplication 
involving exponents is as follows: When multi- 
plying terms whose literal factors are like, the 
exponents are added. This rule may be applied 
to problems involving division, if all expres- 
sions containing exponents in denominators are 
rewritten as expressions with negative expo- 


2 
nents. For example, the fraction 2 can be 
rewritten as (x?y)(x"!y~?), which is equal to 
(x2"!)(y}"?). This reduces to xy"', or. No- 


tice that the result is the same as it would have 
been if we had simply subtracted the exponents 
of literal factors in the denominator from the 
exponents of the same literal factors in the 
numerator. 

The algebraic rules for radicals also remain 
the same as those of arithmetic. In arithmetic, 
¥4=41/2 =2, Likewise, in algebra Va =a1/? 
and Ra = qi/n . 
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MULTIPLYING MONOMIALS 


If a monomial such as 3abc is to be multi- 
plied by a numerical multiplier, for example 5, 
the coefficient alone is multiplied, as in the 
following example: 


. 5 x 3abc 


15abc 


When the numerical factor is not the initial 
factor of the expression, as in x(2a), the result 
of the multiplication is not written as x2a. In- 
stead, the numerical factor is interchanged with 
literal factors by use of the commutative law of 
multiplication. The literal factors are usually 
interchanged to place them in alphabetical or- 
der, and the final result is as follows: 


x(2a) = 2ax 


The rule for multiplication of monomials 
may be stated as follows: Multiply the numeri- 
cal coefficients to form the coefficient of the 
product. Multiply the literal factors, combining 
exponents in like factors, to form the literal 
part of the product. The complete process is 
illustrated in the following example: 


(2ab)(3a2)(2b3) = 12a!*2p1t3 
= 12a3b4 
Practice problems. Perform the indicated 
operations: 
1. (2x?*)(5x5) 4, (24)(2>) 
2. (-5ab?)(2a?b) 5. (-4a3)2 
3. (-4x*y)(-3xy*) 6. (3a?b)? 
Answers: 
1. 10x? 4, get 
2. -10a>b? 5. 16a 
3. 12x5y° 6. 9a*b? 


DIVIDING MONOMIALS 


As may be expected, the process of dividing 
is the inverse of multiplying. Because 3x 2a 
= 6a, 6a+ 3 = 2a, or 6a+ 2 = 3a. Thus, when 
the divisor is numerical, divide the coefficient 
of the dividend by the divisor. 

When the divisor contains literal parts that 
are also in the dividend, cancellation may be 
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performed as in arithmetic. For example, 
6ab + 3a may be written as follows: 


(2)(3a)(b) 
—_ 


Cancellation of the common literal factor, 3a, 
from the numerator and denominator leaves 2b 
as the answer for this division problem. 

When the same literal factors appear in both 
the divisor and the dividend, but with different 
exponents, cancellation may still be used, .as 
follows: 


14a5b3x _ _(7)(2)a2ab3x 

-21a7b>x ~ (7)(-3)a2b°b2x 
= 2a, _ _ 2a 
~ 73b?7 ~~ 3b? 


This same problem may be solved without 
thinking in terms of cancellation, by rewriting 
with negative exponents as follows: 


1 4a3b3x 9q3-2p3-Sy1-1 
-21a7b>x — -3 
_2ab7? a 
a -3 = =3b? 
_ _ 2a 
~~ 3b? 
Practice problems. Perform the indicated 
operations: 
x3 
1. xo 6. Vxtsy2e 
2 a°b* "7 5a‘tb 
* aob3 " 10a2b3 
a?bc? 10x?y3z4 
- abe e -oxy2z 
a*b 4 
4. ab? 9. 100a”b 
5. V16x*y 10. VaSbén 
Answers: 
1.x"? 6. + x7*y* 
2. a3b 7 Ee taldl 
° 2b? 
3. ac 
8. - 2xyz 
a, 
“b 9. + 10a*b? 
5. + 4x?y3 10. + a3b3n 
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OPERATIONS WITH POLYNOMIALS 


Adding and subtracting polynomials is sim- 
ply the adding and subtracting of their like 
terms. There is a great similarity between the 
operations with polynomials and denominate 
numbers. Compare the following examples: 


1. Add 5 qt and 1 pt to 3 qt and 2 pt. 
3 qt + 2 pt 
5 qt + lpt 
8 qt + 3 pt 


2. Add 5x + y to 3x + 2y. 


3x + 2y 
5x + Y 


8x + 3y 


One method of adding polynomials (shown in 
the above examples) is to place like terms in 
columns and to find the algebraic sum of the 
like terms. For example, to add 3a +b - 3c, 
3b + c - d, and 2a + 4d, we would arrange the 
polynomials as follows: 


b - 3c 
3b + c- ad 
Za + 4a 


5a + 4b - 2c + 3d 


3a + 


Subtraction may be performed by using the 
same arrangement—that is, by placing terms of 
the subtrahend under the like terms of the min- 
uend and carrying out the subtraction with due 
regard for sign. Remember, in subtraction the 
signs of all the terms of the subtrahend must 
first be mentally changed and then the process 
completed as in addition. For example, sub- 
tract 10a + b from 8a - 2b, as follows: 


8a - 2b 
10a + b 
-2a - 3b 


Again, note the similarity between this type of 
subtraction and the subtraction of denominate 
numbers. 

Addition and subtraction of polynomials also 
can be indicated with the aid of symbols of 
grouping. The rule regarding changes of sign 
when removing parentheses preceded bya minus 


104 


sign automatically takes care of subtract... 
For example, to subtract 10a +b from 8a - 2b, 
we can use the following arrangement: 


(8a - 2b) - (10a + b) = 8a - 2b - 10a - b 


-2a - 3b 


Similarly, to add -3x + 2y to -4x - 5y, we can 
write 


(-3x + 2y) + (-4x - 5y) = -3x + 2y - 4x - By 
= -7x - 3y 


Practice problems. Add as indicated, in 
each of the following problems: 


1. 8a + b 
2a + 5b 


2. (6s%t + 387t + st + 5) + (85t - 5) 


3. 4a+b+c,a+c- d, and Ja + 2b + 2c 
4. 4x + 2y 

3x - ya 

x - Zz 


In problems 5 through 8, perform the indi- 
cated operations and combine like terms. 
v. ea + b) - (8a + 5b) 
6. (Sx3y + 3xy) - (xy) 
7. (x + 6) + (8x + 7) 
8. (4a? - b) - (2a? + b) 


Answers: 
1. 5a + 6b 5. -(a + 4b) 
2, 783t + 387t + st 6. 4x3y + 3x?y 
3. 8a + 8b + 4c - a 7. 4x + 13 
4. Ox +y 8. 2(a? - b) 


MULTIPLICATION OF A POLY- 
NOMIAL BY A MONOMIAL 


We can explain the multiplication of a poly- 
nomial by a monomial by using an arithmetic 
example. Let it be required to multiply the 
binomial expression, 7 - 2, by 4. We may write 
this 4 x (7 - 2)orsimply 4(7 - 2). Now7 - 2= 5. 
Therefore, 4(7 - 2) = 4(5) = 20. Now, let us 
solve the problem a different way. Instead of 
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subtracting first and then multiplying, let us 
multiply each term of the expression by 4 and 
then subtract. Thus, 4(7 - 2) = (4.x 7) - (4.x 2) 
= 20. Both methods give the same result. The 
second method makes use of the distributive 
law of multiplication. 

When there are literal parts in the expres- 
sion to be multiplied, the first method cannot 
be used and the distributive method must be 
employed. This is illustrated in the following 
examples: 


4(5 + a) = 20 + 4a 
3(a + b) = 3a + 3b 
ab(x + y - z) = abx + aby - abz 
Thus, to multiply a polynomial by a monomial, 
multiply each term of the polynomial by the 


monomial. 
Practice problems. Multiply as indicated: 


1. 2a(a - b) 3. -4x(-y - 32) 

2. 4a(a? + 5a +2) 4. 2a3(a? - ab) 
Answers: 

1. 2a? - 2ab 3. 4xy + 12xz 

2. 4a* + 20a3 + 8a? 4. 2a5 - 2a4b 


MULTIPLICATION OF A POLY- 
NOMIAL BY A POLYNOMIAL 


As with the monomial multiplier, we explain 
the multiplication of a polynomial by a poly- 
nomial by use of an arithmetic example. To 
multiply (3 + 2)(6 - 4), we could do the opera- 
tion within the parentheses first and then mul- 
tiply, as follows: 


(3 + 2)(6 - 4) = (5)(2) = 10 


However, thinking of the quantity (3 + 2) as one 
term, we can use the method described for a 
monomial multiplier. That is, we can multiply 
each term of the multiplicand by the multiplier, 
(3 + 2), with the following result: 


(3 + 2)(6 - 4) = [(3 + 2) x 6 - (3 + 2) x 4] 


Now considering each of the two resulting 
products separately, we note that each is a bi- 
nomial multiplied by a monomial. 


The first is 
(3 + 2)6 = (3 x 6) + (2 x 6) 
and the second is 


-(3 + 2)4 


> [8 x 4) + (2 x 4)] 
~(3 x 4) - (2 x 4) 


Thus we have the following result: 


(3 + 2)(6 - 4) = (3 x 6) + (2 x 6) 
- (3 x 4) - (2 x 4) 
18 +12 - 12-8 


= 10 


The complete product is formed by multiplying 
each term of the multiplicand separately by 
each term of the multiplier and combining the 
results with due regard to signs. 

Now let us apply this method in two exam- 
ples involving literal numbers. 


1. (a +b)(m + n) = am + an + bm + bn 


2. (2b+c)(r +s + 3t - u) = 2br + 2bs 
+ 6bt - 2bu + cr + cs + 3ct - cu 


The rule governing these examples is stated as 
follows: The product of any two polynomials is 
found by multiplying each term of one by each 
term of the other and adding the results alge- 
braically. 

It is often convenient, especially when either 
of the expressions contains more than two 
terms, to place the polynomial with the fewer 
terms beneath the other polynomial and multi- 
ply term by term beginning at the left. Like 
terms of the partial products are placed one 
beneath the other to facilitate addition. 

Suppose we wish to find the product of 
3x? - 7x - 9 and 2x - 3. The procedure is 


3x2 - Ix - 9g 
2x - 3 


6x? - 14x? - 18x 
- 9x? + 21x 4 27 


6x? - 23x27 + 3x 4+ 27 


Practice problems. In the following prob- 
lems, multiply and combine like terms: 
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1. (2a - 3)(a + 2) 3. x3 + 5x? - x + 2 
2x + 3 
2. (ax + b)lax - b) 4, 2a2 + 5ab - b? 
a+b 
Answers: 
1. 2a2+a-6 3. 2x4 + 138x3 + 13x? +x +6 
2. a2x? - b? 4. 2a° + Ta2b + 4ab? - b? 


SPECIAL PRODUCTS 


The products of certain binomials occur fre- 
quently. It is convenient to remember the form 
of these products so that they can be written 
immediately without performing the complete 
multiplication process. We present four such 
special products as follows, and then show how 
each is derived: 


1. Product of the sum and difference of two 
numbers. 


EXAMPLE: (x - y)(k +y) =x? -y? 

2, Square the sum of two numbers. 
EXAMPLE: (x + y)?=x? + 2xy + y? 

3. Square of the difference of two numbers. 
EXAMPLE: (x - y)? =x? ~ 2xy + y? 


4. Product of two binomials having a com- 
mon term. 


EXAMPLE: (x + a)(x +b) = x? + (a+ b)x + ab 


Product of Sum and Difference 


The product of the sum and difference of 
two numbers is equal to the square of the first 
number minus the square of the second number. 
If, for example, x - y is multiplied by x + y, the 
middle terms cancel one another. The result 
is the square of x minus the square of y, as 
shown in the following illustration: 


xX - ¥y 
x + ¥ 
x? - xy 

ae ey? 
x2 - y? 
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By keeping this rule in mind, the product of 
the sum and difference of two numbers can be 
written down immediately by writing the differ- 
ence of the squares of the numbers. For ex- 
ample, consider the following three problems: 


(x + 3)(x - 3) = x? - 32 = x? -9 


(5a + 2b)(5a - 2b) = (5a)? - (2b)? = 25a? - 4b? 
(7x + 4y)(7x - 4y) = 49x? - 16y? 


RATIONALIZING DENOMINATORS,— The 
product of the sum and difference of two num- 
bers is useful in rationalizing a denominator 
that is a binomial. For example, in a fraction 
such as 


V2 - 6 


the denominator can be altered so that no radi- 
cal terms appear init. (This process is called 
rationalizing.) The denominator must be mul- 
tiplied by V2 + 6, which is called the conjugate 
of V2 - 6. Since the value of the original frac- 
tion would be changed if we multiplied only the 
denominator, our multiplier must be applied to 
both the numerator and the denominator. Mul- 
tiplying the original fraction by 


V2 + 6 
N2 + 6 
is, in effect, the same as multiplying it by 1. 


The result of rationalizing the denominator 
of this fraction is as follows: 


2 V2 +6 
NEG Oe 8 


2(V2 + 6) 
(V2)? 2 6? 
2(N2 + 6) 
2 - 36 
2(N2@ + 6) 
2(1 - 18) 
2(V3 + 6) 
2(-17) 


V2 +6 
-17 
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MENTAL MULTIPLICATION.—The product 
of the sum and difference can be utilized to 
mentally multiply two numbers that differ from 
a multiple of 10 by the same amount, one 
greater and the other less. For example, 67 is 
3 less than 70 while 73 is 3 more than 70. The 
product of 67 and 73 is then found as follows: 


67(73) = (70 - 3)(70 + 3) 
= 70? - 32 = 4,900 - 9 = 4,891 


Square of Sum or Difference 


The square of the SUM of two numbers is 
equal to the square of the first number plus 
twice the product of the numbers plus the square 
of the second number. The square of the DIF- 
FERENCE of the same two numbers has the 
same form, except that the sign of the middle 
term is negative. 

These results are evident from multiplica- 
tion. When x and y represent the two numbers, 
we obtain 


x+y x -y 
x+y x-y 
x? + xy x? - xy 

+ xy + y? say hy" 


x? + 2xy + y? x? - 2xy + y? 


Applying this rule to the squares of the bi- 
nomials 3a + 2b and 3a - 2b, we have the fol- 
lowing two cases: 


1. (8a + 2b)? = (3a)? + 2(3a)(2b) + (2b) 2 
= 9a? + 12ab + 4b? 
2. (3a - 2b)? = 9a? - 12ab + 4b? 


The square of the sum or difference of two 
numbers is applicable to squaring a binomial 
that contains one or two irrational terms, as in 
the following examples: 


1. (V3 + 8)? = (V3)? + 2(8)(V3) + 64 
= 3+16V3+64=67+ 16 V3 
2. (V3 - 8)2 = (V3)? - 2(8)(N3) + 64 


= 3-16 V3+ 64 = 67 - 16 V3 


3. (V5 + N%)?2 = (N5)2 + 2 VENT + (N77)? 
5+2N35+7= 12+ 2V35 


12 - 2 V35 


4. (NB - V7)? 


107 


The square of the sum or difference of two 
numbers can be applied to the process of men- 
tally squaring certain numbers. For example, 
82? can be expressed as (80 + 2)? while 672 
can be expressed as (70 - 3)2. We find that 

(80 + 2)? = 80? + 2(80)(2) + 2? 


= 6,400 + 320 + 4 = 6,724 


(70 - 3)? = 702 - 2(70)(3) + 3? 
= 4,900 - 420 + 9 = 4,489 


Binomials Having a Common Term 


The binomials x + 2 and x - 3 have a com- 
mon term, x. They have two unlike terms, 
+2 and -3. The product of these binomials is 


xX + 
x -« 


x? + 


x | PR es 


- 6 
x? - x'- 6 

Inspection of this product shows that it is 
obtained by squaring the common term, adding 
the sum of the unlike terms multiplied by the 
common term, and finally adding the product of 
the unlike terms. 

Apply this rule to the product of 3y - 5 and 
3y +4. The common term is 3y; its square is 
9y?. The sum of the unlike termsis -5 + 4 = -1; 
the sum of the unlike terms multiplied by the 
common term is -3y; and the product of the 
unlike terms is -5(4) = -20. The product of the 
two binomials is 


(3y - 5)(3y + 4) = 9y? - 3y - 20 


The product of two binomials having a com- 
mon term is applicable to the multiplication of 
numbers like V3 +7 and V3 - 2 which contain 
irrational terms. For example, 

(V3 + 7)(N3 - 2) = (N3)2 45 V3 - 14 
3+5NV3 - 14 
= -11+5 V3 


Practice problems. In problems 1 through 4, 
multiply and combine terms. In 5 through 8, 
simplify by using special products. 
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1. (x + 4}(x + 2) : 2 
2. (Na - b)? "2-2 
3. (7a + 4b)(7a - 4b) 6. 48(52) 
4. (ax + y)? 7. (N3 + 7)? 
8. (73)? 
Answers: 
1. x? + 6x + 8 5. -(N2 + 2) 
2.a- 2bVa+t b? 6. (50 - 2)(50 + 2) 
3. 49a? - 16b? #2498 
4. a?x? + 2axy + y? 7, $2 + 14V3 
8. (70 + 3)(70 + 3) 
= §329 


DIVISION OF A POLY- 
NOMIAL BY A MONOMIAL 


Division, like multiplication, may be dis- 
tributive. Consider, for example, the problem 
(4 +6 - 2) + 2, which may be solved by adding 
the numbers within the parentheses and then 
dividing the total by 2. Thus, 


4+6-2_8_ 

ge ge 
Now notice that the problem may also-be solved 
distributively. 


4+6-2_4 
2 2 
2 
4 


CAUTION: Do not confuse problems of the 
type just described with another type which is 
similar in appearance but not in final result. 
For example, in aproblem suchas 2 = (4 + 6 - 2) 
the beginner is tempted todivide 2 successively 
by 4, then 6, and then -2, as follows: 


2 2.2... 
7 ree eee Os 


bo| bo 


Notice that we have canceled the "equals"’ sign, 
because 2 = 8 is obviously not equal to 1/2 + 
2/6.- 1. The distributive method applies only 
in those cases in which several different nu- 
merators are to be used with the same de- 
nominator 


When literal numbers are present in an ex- 
pression, the distributive method must be used, 
as in the following two problems: 


2ax + aby +a 2ax . aby a 
aa ma a ar 
= 2x + by + 1 
2 18ab? - 12bc _ 18ab? _ 12be 
‘6b ~ 6b 6b 
= 3ab - 2c 


Quite often this division may be done men- 
tally, and the intermediate steps need not be 
written out. : 


DIVISION OF A POLY- 
NOMIAL BY A POLYNOMIAL 


Division of one polynomial by another pro- 
ceeds as follows: 

1. Arrange both the dividend and the divisor 
in either descending or ascending powers of the 
same letter. 

2. Divide the first term of the dividend by 
the first term of the divisor and write the re- 
sult as the first term of the quotient. 

3. Multiply the complete divisor by the quo- 
tient just obtained, write the terms of the prod- 
uct under the like terms of the dividend, and 
subtract this expression from the dividend. 

4. Consider the remainder asa new dividend 
and repeat steps 1, 2, and 3. 


EXAMPLE: 


(10x? - %x?y - 16xy* + 12y%) + (5x - 6y) 


SOLUTION: 
2x7 + - 2y? 
5x - 6y [10x* - 7x7y - 16xy? + 12y? 
10x? - 12x2y 
5x2y - 16xy? 
5x2y - 6xy? 
- 10xy? + 12y3 
- 10xy? + 12y? 


In the example just shown, we began by di- 
viding the first term, 10x*, of the dividend by 
the first term, 5x, of the divisor. The result is 
2x2. This is the first term of the quotient. 

Next, we multiply the divisor by 2x? and 
subtract this product from the dividend. Use 
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the remainder as a new dividend. Get the sec- 
ond term, xy, in the quotient by dividing the 
first term, 5x?y, of the new dividend by the 
first term, 5x,of the divisor. Multiply the divi- 
sor by xy and again subtract from the dividend. 

Continue the process until the remainder is 
zero or is of a degree lower than the divisor. 
In the example being considered, the remainder 
is zero (indicated by the double line at the bot- 
tom). The quotient is 2x? + xy - 2y?. 

The following long division problem is an 
example in which a remainder is produced: 


x? -x +3 


x + 3[ x3 + 2x? +5 
x? + 3x? 


- x? 
- x? - 3x 


3x + 5 
3x + 9 


-4 


The remainder is -4. 

Notice that the term -3x in the second step 
of this problem is subtracted from zero, since 
there is no term containing x in the dividend. 
When writing down a dividend for long division, 
leave spaces for missing terms which may en- 
ter during the long division process. 

In arithmetic, division problems are often 
arranged as follows, in order to emphasize the 
relationship between the remainder and the 
divisor: 


This same type of arrangement is used in alge- 
bra. For example, in the problem just shown, 
the results could be written as follows: 


-x+3- 7 
x+ 3 


x34 2x? 4.5 


“x+o 


Remember, before dividing polynomials ar- 
range the terms in the dividend and divisor 
according to either descending or ascending 
powers of one of the literal numbers. When 
only one literal number occurs, the terms are 
usually arranged in order of descending powers. 

For example, in the polynomial 2x? + 4x3 + 
5 - 7x the highest power among the literal terms 


= x2 
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is x3. If the terms are arranged according to de- 
scending powers of x, the term in x? should ap- 
pear first. The x? term should be followed by the 
x” term, the x term, and finally the constant term. 
The polynomial arranged according to descending 
powers of x is 4x34 2x? - 7x4 5, 

Suppose that 4ab + b? + 15a? is to be divided 
by 3a + 2b. Since 3a can be divided evenly into 
15a”, arrange the terms according to descend- 
ing powers ofa. The dividend takes the form 


15a? + dab + b? 


Synthetic Division 


Synthetic division is a shorthand method of 
dividing a polynomial by a binomial of the form 
x-a. For example, if 3x*+2x°+2x?2-x-6 
is to be divided by x - 1, the long form would 
be as follows: 


3x3 + 5x? + Ix + 6 
x - 11 3x* + 2x3 + 2x2 - x - 6 


3x4 - 3x3 
+ 5x3 + 2x? 
+ 5x3 - 5x2 
+ Ix? -~x 
+ 7x2 ~ 7x 
+ 6x - 6 
+ 6x - 6 


Notice that every alternate line of work in 
this example contains a term which duplicates 
the one above it. Furthermore, when the sub- 
traction is completed in each step, these dupli- 
cated terms cancel each other and thus have no 
effect on the final result. Another unnecessary 
duplication results when terms from the divi- 
dend are brought down and rewritten prior to 
subtraction. By omitting these duplications, 
the work may be condensed as follows: 


3x? 45x? 47x +6 
+2x3 4+2x2 -x = -6 
-8x3 -5x2 -7x -6 


+5x5 +7x2 +6x 0 


x-1 


The coefficients of the dividend and the con- 
stant term of the divisor determine the results 
of each successive step of multiplication and 
subtraction. Therefore, we may condense still 
further by writing only the nonliteral factors, 
as follows: 
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i a 


3 +5 +7 +6 
- 1[°3° +2 +2 -1 -6 
-3 -5 -7 -6 


3 +5 +7 +6 0 


Notice that ifthe coefficient of the first term 
in the dividend is brought down to the last line, 
then the numbers in the last line are the same 
as the coefficients of the terms in the quotient. 
Thus we do not really need to write a separate 
line of coefficients to represent the quotient. 
Instead, we bring down the first coefficient of 
the dividend and make the subtraction "'sub- 
totals" serve as coefficients for the rest of the 
quotient, as follows: 


x-1/3 2 2 -1 -6 
-3 -5 -7 -6 
3 5 7 6 QO 


The unnecessary writing of plus signs is also 
eliminated here. 

The use of synthetic division is limited to 
divisors of the form x - a, in which the degree 
of x is 1. Thus the degree of each term in the 
quotient is 1 less than the degree of the corre- 
sponding term in the dividend. The quotient in 
this example is as follows: 


8x3 + 5x2 + 7x + 6 


The sequence of operations in synthetic di- 
vision may be summarized as follows, using as 
an example the division of 3x - 4x? + x* - 3 by 
x +2: 


2/1 O -4 3 -3 
2 -4 0 6 


1-2 0 3 -9 


First, rearrange the terms of the dividend 
in descending powers of x. The dividend then 
becomes x‘ - 4x2 + 3x - 3, with 1 understood 
as the coefficient of the first term. No x* term 
appears in the polynomial, but we supply a zero 
as a place holder for the x3 position. 

Second, bring down the 1 and multiply it by 
the +2 of the divisor. Place the result under 
the zero, and subtract. Multiply the result (-2) 
by the +2 of the divisor, place the product under 
the -4 of the dividend, and subtract. Continue 
this process, finally obtaining x° - 2x? + 3 as 
the quotient. The remainder is -9. 

Practice problems. In the following prob- 
lems, perform the indicated operations. In 4, 
5, and 6, first use synthetic division and then 
check your work by long division: 


1. (a3 - 8a2 + aba 


x® - Tx> + 4x? 
x 


3. (10x3 - Tx2y - 16xy? + 12y3) 
+ (2x2 + xy - 2y?) 


4. (x2 + 1lx + 30) = (& + 6) 
5. (12 + x? - 7x) = (x - 3) 


6. (a? - lla + 30) + (a - 5) 


Answers: 
l. a2? - 3a+1 4.x+5 
2. x4 - Tx? + 4x? 5.x - 4 
3. 5x - 6y 6.a - 6 


CHAPTER 10 
FACTORING POLYNOMIALS 


A factor of a quantity N, as defined in chap- 
ter 2 of this course, is any expression which 
can be divided into N without producing a re- 
mainder. Thus 2 and 3 are factors of 6, and 
the factors of 5x are 5 and x. Conversely, when 
all of the factors of N are multiplied together, 
the product is N. This definition is extended to 
include polynomials. 

The factors of a polynomial are two or more 
expressions which, when multiplied together, 
give the polynomial asa product. For example, 
3, x, and x? - 4 are factors of 3x3 - 12x, as the 
following equation shows: 


(3)(x)(&x? - 4) = 3x? - 12x 


The factors 3 and x, which are common to both 
terms of the polynomial 3x° - 12x, are called 
COMMON FACTORS, 

The distributive principle, mentioned in 
chapters 3 and 9 of this course, is an important 
part of the concept of factoring. It may be 
stated as follows: 


If the sum of two or more quantities is multi- 
plied by a third quantity, the: product is found 
by applying the multiplier to each of the origi- 
nal quantities separately and summing the re- 
sulting expressions. It is this principle which 


allows us to separate common factors from the- 


terms of a polynomial, 

Just as with numbers, an algebraic expres- 
sion is a prime factor if it has no other factors 
except itself and 1. The factor x? - 4 is not 
prime, since it can be separated into x - 2 and 
x + 2. The factors x - 2 and x + 2 are both 
prime factors, since they cannot be separated 
into other factors. 

The process of finding the factors of a poly- 
nomial is called FACTORING. An expression 
is said to be factored completely when it has 
been separated into its prime factors. The 
polynomial &x° - 12x is factored completely as 
follows: 


Sx5 - 12x = $x(x - 2)(x + 2) 
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COMMON FACTORS 


Factoring any polynomial begins with the 
removal of common factors. Notice that "re- 
moval" of a factor does not mean discarding it. 
To remove a factor is toinsert parentheses and 
move the factor outside the parentheses as a 
common multiplier. The removal of common 
factors proceeds as follows: 

1. Inspect the polynomial and find the fac- 
tors which are common to all terms. These 
common factors, multiplied together, comprise 
the "largest common factor." 

2. Mentally divide each term of the poly- 
nomial by the largest common factor and write 
the quotients within a set of parentheses. 

3. Write the largest common factor outside 
the parentheses as a common multiplier. 

For example, the expression x?y - xy? con- 
tains xy asa factor of each term. Therefore, 
it is factored as follows: 


xy - xy? = xy(x - y) 


Other examples of factoring by the removal 
of common factors are found in the following 
expressions: 


6m‘n + 3m5n? - 8m’n3 = 3m?n(2m? + mn - n?) 
-5z? - 152 = -5z(z + 3) 
Ix - Ty + Tz = Tx - y + z) 


In selecting common factors, always remove 
as many factors as possible from each term in 
order to factor completely. For example, x is 
a factor of Sax? - Sax, so that Sax? - Sax is 
equal to x(Sax -3a). However, 3 and a are also 
factors. Thus the largest common factor is 3ax. 
When factored completely, the expression is as 
follows: 


Sax? - 3ax = Sax(x - 1) 


Practice problems: Remove the common 


factors: 
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4. 6mn? + 30m7n 


2. ab? - a*b? 

1 
3, 2b° - Bb? - 6b eee | 
Answers: 


1. y(y - 1) 
2. a*b(a - 1) 


4. 6mn(n + 5m) 


1 

3. 2b(b? - 4b- 3) HRD 
LITERAL EXPONENTS 

It is frequently necessary to remove com- 
mon factors involving literal exponents; that is, 
exponents composed of lettersrather than num- 
bers. A typical expression involving literal 
exponents is x7* +x°, in which x* is a common 
factor. The factored form is x"(x*+ 1). An- 
other example of this type is a"°" + 2a". Re- 
member that a"*" is equivalent to a™- a". Thus 


the factored form is as follows: 
a™? + 2a" a" + 2a™ 


= a™(a™ + 2) 


za™. 


BINOMIAL FORM 

The distinctions between monomial, bino- 
mial, and trinomial factors are discussed in 
detail in chapter 9 of this course. An expres- 
sion such as a(x + y) + b(x + y) has a common 
factor in binomial form. The factor (x + y) can 
be removed from both terms, with the following 
result: 


a(x + y) + b(x + y) = (x + y)(a + b) 


Sometimes it is easier to see this if a single 
letter is substituted temporarily for the bino- 
mial. Thus, let (x+y) =n, so that a(x +y) + 
b(x + y) reduces to (an + bn). The factored 
form ia n(a +b), which becomes (x + y)(a + b) 
when n is replaced by its equal, (x + y). 

Another form of this type is x(y - z)- w(z - y). 
Notice that this expression could be factored 
easily if the binomial in the second term were 
(y - z). We can show that -w(z - y) is equiva- 
lent to +w(y - 2), as follows: 


-w(z - y) = -w [(-1) » (-1) - z + (-1) + y] 
-w {(-1) [(-1) z + y]} 

(-w)(-1) [-z + ¥] 

+w(y - 2) 


112 


Substituting +w(y - z) for -w{z - y) in the origi- 
nal expression, we may now factor as follows: 


x(y - z) -w(z - y) = x(y - z) + wly - 2) 
= (y - 2)(x + w) 


In factoring an expression such as ax + bx + 
ay + by, common monomial factors are re- 
moved first, as follows: 

ax + bx + ay + by = x(a + b) + y(a + b) 
Having removed the common monomial factors, 
we then remove the common binomial factor to 
obtain (a + b)(x + y). 

Notice that we could have rewritten the ex- 
pression as ax + ay + bx + by, based on the 
commutative law of addition, which states that 
the sum of two or more terms is the same re- 
gardiess of the order in which they are ar- 
ranged. The first step in factoring would then 
produce a(x + y) + b(x + y) and the final form 
would be (x + y}(a +b). This is equivalent to 
(a + b)(x + y), by the commutative law of multi- 
plication, which states that the product of two 
or more factors is the same regardless of the 
order in which they are arranged. 

Practice problems. Factor each of the fol- 


lowing: 

1. x3" + 3x78 
2.xy?+y+x4yrx 
3. e* + 4e*” 

4. Wx? + y?) - 32(x? + y*) 
a? + ab - ac - cb 
per de 

7, a**? + a? 

8. xy - 3x - 2y + 6 
Answers: 

x?" (x" + 8) 

. (xy + 1)(x + y) 

, e%(1 + 4e°%) 

. (x? + y2\(7 - 32) 
. (a + bila = ¢) 


a Ar OND 


1 1 
‘ ger(e - 3) 
7, a7(a* + 1) 


(y ~ 3)(x - 2) 
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BINOMIAL FACTORS 


After any common factor has been removed 
from a polynomial, the remaining polynomial 
factor must be examined further for other fac- 
tors. Skill in factoring is principally the ability 
to recognize certain types of products such as 
the square of a sum or difference. Therefore, 
it is important to be familiar with the special 
products discussed in chapter 9. 


DIFFERENCE OF TWO SQUARES 


In chapter 9 we learned that the product of 
the sum and difference of two numbers is the 
difference of their squares. Thus, (a + b)(a - b) 
=a?-b?. Conversely, if a binomial is the dif- 
ference of two squares, its factors are the sum 
and difference of the square roots. For exam- 
ple, in 9a? - 4b? both 9a? and 4b? are perfect 
squares. The square roots are 3a and 2b, re- 
spectively. Connect these square roots with a 
plus sign to get one factor of 9a? - 4b? and with 
a minus sign to get the other factor. The two 
binomial factors are 3a - 2band 3a + 2b. There- 
fore, factored completely, the binomial can be 
written as follows: 


9a? - 4b? = (3a - 2b)(3a + 2b) 


We may check to see if these factors are 
correct by multiplying them together to see if 
their product is the original binomial. 

The expression 20x“y - 5xy* reduces to the 
difference of two squares after the common 
factor 5xy is removed. Completely factored, 
this expression produces the following: 


Sxy(4x? - y?) 
Sxy(2x - y)(2x + y) 


Other examples that show the difference of 
two squares in factored form are as follows: 


20x3y - 5xy? 


u 


49 - 16 = (7 + 4)(7 - 4) 
16a? - 4x? = 4(4a? - x?) 
4(2a + x)(2a - x) 
y(4x? - 9) 
y(2x + 3)(2x - 3) 


4x2y - Sy 


Practice problems: Factor each of the fol- 
lowing: 
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1. a? - pb? 5. x2 - y? 

2.b?2 -9 6. y? - 36 

3. ab? - 1 7. 1 - 4y? 

4. a7 - 144 8. 9a2 - 16 
Answers: 

1. (a + b)(a - b) 5. (x + y)(x ~ y) 

2. (b + 3)(b - 3) 6. (y + 6){y - 6) 

3. (ab + 1)(ab - 1) 7. (1 + 2y)(1 - 2y) 

4 


(a+ 12)(a - 12) 8. (3a + 4)(3a - 4) 


SPECIAL BINOMIAL FORMS 


Special cases involving binomial expressions 
are frequently encountered, All such expres- 
sions may be factored by reference to general 
formulas, but these formulas are beyond the 
scope of this course. For our purposes, anal- 
ysis of some special cases will be sufficient. 


Even Exponents 


When the exponents on both terms of the bi- 
nomial are even, the expression may be treated 
as the sum or difference of two squares. For 
example, x° - y® can be rewritten as (x*)? - 
(y3)? which results in the following factored 
form: 


x& - y® = (x3 - y3)(x> + y5) 


In general, a binomial with even exponents 
has the form x ?"+ y 2", since all even numbers 
have 2 as a factor. If the connecting sign is 
positive, the expression may not be factorable; 
for example, x? + y?,x4+y‘4, and x® + y® are 
all nonfactorable binomials. If the connecting 
sign is negative, a binomial with even exponents 
is factorable as follows: 


x2" s yn - (x™ ib y™)(x™ + y") 


A special case which is particularly impor- 
tant because it occurs so often is the binomial 
which has the numeral las one of its terms. 
For example, x‘ - 1 is factorable as the differ- 
ence of two squares, as follows: 


x* - 1 = (x? - 1)(x? + 1) 
= (x - I(x + 1)(x?2 +1) 
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Odd Exponents 


Two special cases involving odd exponents 
are of particular importance. These are the 
sum of two cubes and the difference of two 
cubes, Examples of the sum and difference of 
two cubes, showing their factored forms, are 
as follows: 


(x + y)(x? - xy + y¥?) 
(x - y)(x? + xy + y?) 


x3 + y%s 
3 3. 
-y = 


Notice that each of these factored forms in- 
volves a first degree binomial factor ((x + y) 
in the first case and (x ~- y) in the second). The 
connecting sign in the first degree binomial 
factor corresponds to the connecting sign in the. 
original unfactored binomial. 

We are now in a position to give the com- 
pletely factored form of x® - y®, as follows: 

‘ - y°){x? + y°) 
(x - y)(x? + xy + y’) 
(x + y)(x? - xy + y’) 


- ¥ = (x? 


In general, (x + y) is a factor of (x" + y") if 
n is odd. If n is even, (x" + y") is not factor- 
able unless it can be expressed as the sum of 
two cubes. When the connecting sign is nega- 
tive, the binomial is always factorable if n is 
a whole number greater than 1. That is, (x - y) 
is a factor of (x"- y") for both odd and even 
values of n. 

The special case in which one of the terms 
of the binomial is the numeral 1 occurs fre- 
quently. An example of this is x? +1, which is 
factorable as the sum of two cubes, as follows: 

x3 +1 = (x + 1)(x? - x + 1) 

In a similar manner, 1 + x® can be treated 

as the sum of two cubes and factored as follows: 


1+ (x4? 
(1 + x?)(1 - x? + x4) 


1+x = 


Practice problems. In each of the following 
problems, factor completely: 


1. x* - y* 4, x3 - y3 Tel: ae" 
2. m3 +n? 5. a9 - b? 8. x8 +1 
3. x6 - y§ 6. x22 - y2 9.1- x? 
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Answers: 


. (x + y)(x - yx? + y’) 

. (m + n)(m? - mn + n?’) 

. (x + yx - y)(x? + xy + y2)(x? - xy + y?) 
- (& = yx? + xy + y?) 

. (a - b)(a? + ab + b’)(a® + a%b? 
» (x* - y)(x? + y?) 

. (1 + x2)(1 - x)(1 + x) 

(x? + 1)(x* - x? + 1) 


. (1 - x1 + x + x?) 


+ b°) 


oD won nn Fo DS 


TRINOMIAL SQUARES 


A trinomial that is the square of a binomial 
is called a TRINOMIAL SQUARE. Trinomials 
that are perfect squares factor into either the 
square of a sum or the square of a difference. 
Recalling that (x + y) = x? + 2xy + y? and 
(x - y)? = x?- 2xy + y?, the form of a trinomial 
square is apparent. The first term and the last 
term are perfect squares and their signs are 
positive. The middle term is twice the product 
of the square roots of these two numbers. The 
sign of the middle term is plus if a sum has 
been squared; it is minus if a difference has 
been squared. 

The polynomial 16x? - +y? is a trino- 
mial in which the first term, ie. and the last 
term, y*, are perfect squares with positive 
signs. The square roots are 4x and y. Twice 
the product of these square roots is 2(4x)(y) = 
8xy. The middle term is preceded by a minus 
sign indicating that a difference has been 
squared. In factored form this trinomial is as 
follows: 

16x? - 8xy + y* = (4x - y)? 

To factor the trinomial, we simply take the 
Square roots of the end terms and join them 
with a plus sign if the middle term is preceded 
by a plus or with a minus if the middle term is 
preceded by a minus. 

The terms of a Pinemial may appear in any 
order. Thus, 8xy + y’+ 16x? is a trinomial 
square and may be factored as follows: 


Sxy + y? + 16x? = 16x? + Bxy + y? = (4x + y)? 
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Practice problems. Among the following 
expressions, factor those which are trinomial] 
Squares: 


1. y? - By + 16 5. 12y + 9y? - 4 
2. 16y? + 30x + 9 6. 4x2 + y? + 4xy 
3. 36 + 12x + x? 7.9 - 6ed + cd? 
4. a? + 2ab + b? 8. x4 + 4x24 4 
Answers: 
1. (y - 4)? 5. Not a trinomial 
2. Not a trinomial sens 
square 6. (2x + y)? 
3. (6 + x)? 7. (3 - ed)? 
4. (a + b)? 8. (x? + 2)? 


SUPPLYING THE MISSING TERM 


Skill in recognizing trinomial squares may 
be improved by practicing the solution of prob- 
lems which require supplying a missing term. 
For example, the expression y” + (?) + 16 can 
be made to form a perfect trinomial Square by 
supplying the correct term to fill the paren- 
theses. 

The middle term must be twice the product 
of the square roots of the two perfect square 
terms; that is, (2)(4)(y), or 8y. Check: y? + 8y 
+ 16 = (y + 4)?. The missing term is 8y. 

Suppose that we wish to supply the missing 
term in 16x? + 24xy + (?) so that the three 
terms will form a perfect trinomial square. 
The square root of the first term is 4x. One- 
half the middle term is 12xy. Divide 12xy by 4x. 
The result is 3y which is the square root of the 
last term. Thus, our missing term is 9y?. 
Checking, we find that (4x + 3y)? = 16x? 4+ 
24xy + 9y?. 

Practice problems. In each of the following 
problems, supply the missing term to form a 
perfect trinomial square: 


1. x?+ (?) +y? 4. 4m? + 16m + (?) 


2. t? + (?) + 25 5. x2 + 4x + (?) 

3. 9a? - (?) + 25b? 6. c? - Bed + (?) 
Answers: 

1, 2xy 4. 16 

2. 10t 5. 4 

3. 30ab 6. 9d? 
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OTHER TRINOMIALS 


It is sometimes possible to factor trinomials 
that are not perfect squares. Following are 
some examples of such trinomials, and the ex- 
pressions of which they are products: 

1. (& + 3) + 4) = x? + Tx + 12 

2. (x - 3)(x - 4) =x? + 7x + 12 

3. (x - 3x + 4) = x24 - 12 

4, + 3)(x - 4) = x? -x - 12 


e 


It is apparent that trinomials like these may 
be factored into binomials as shown. Notice 
how the trinomial in each of the preceding ex- 
amples is formed. The first term is the square 
of the common term of the binomial factors. 
The second term is the algebraic sum of their 
unlike terms times their common term. The 
third term is the product of their unlike terms. 

Such trinomials may be factored as the prod- 
uct of two binomials if there are two numbers 
such that their algebraic sum is the coefficient 
of the middle term and their product is the last 
term. 

For example, let us factor the expression 
x? - 12x + 32. If the expression is factorable, 
there will be a common term, x, in each of the 
binomial factors. We begin factoring by placing 
this term within each set of parentheses, as 
follows: 


)x ) 


Next, we must find the other terms that are to 
go in the parentheses. They will be two num- 
bers such that their algebraic sum is -12 and 
their product is +32. We see that -8 and -4 
Satisfy the conditions. Thus, the following ex- 
pression results: 


(x 


x? - 12x + 32 = (x - 8)(x - 4) 


It is of value in factoring to note some use- 
ful facts about trinomials. If both the second 
and third terms of the trinomial are positive, 
the signs of the terms to be found are positive 
as in example 1 of this section. If the second 
term is negative and the last is positive, both 
terms to be found will be negative as in exam- 
ple 2. If the third term of the trinomial is neg- 
ative, one of the terms to be found is positive 
and the other is negative as in examples 3 and 4. 
Concerning this last case, if the second term is 
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positive as in example 3, the positive term in 
the factors has the greater numerical value. If 
the second term is negative as in example 4, 
the negative term in the factors has the greater 
numerical value. 

It should be remembered that not all trino- 
mials are factorable. For example, x? + 4x +2 
cannot be factored since there are no two ra- 
tional numbers whose product is 2 and whose 
sum is 4, 

Practice problems. 
the following problems: 


Factor completely, in 


1. y? + 15y + 50 5. x? - 12x - 45 
2. y? - dy - 24 6. x? - 15x + 56 
3. x2 + 8x - 48 7. x24 2x - 48 

4, x? - 4x - 60 8. x7 + 14x + 24 

Answers: 

1. (y + 5)y + 10) 5. (x - 15)(x + 3) 
2. (y - 6)(y + 4) 6. (x - 7)(x - 8) 
3. (x + 12)(« - 4) 7. (x - 6)(x + 8) 
4. (x - 10)(x + 8) 8 


. (x + 12) + 2) 


Thus far we have considered only those ex- 
pressions in which the coefficient of the first 
term is 1. When the coefficient of the first 
term is other than 1, the expression can be fac- 
tored as shown in the following example: 


6x? - x - 2 = (2x + 1)(3x - 2) 


Although this result can be obtained by the trial 
and error method, the following procedure 
saves time and effort. First, find two numbers 
whose sum is the coefficient of the second term 
(-1 in this example) and whose product is equal 
to the product of the third term and the coeffi- 
cient of the first term (in this example, (6)(-2) 
or -12). By inspection, the desired numbers 
are found to be -4 and +3. Using these two 
numbers as coefficients for x, we can rewrite 
the original expression as 6x? - 4x + 3x - 2 and 
factor as follows: 


6x? - 4x + 3x - 2 = 2x(3x - 2) + 1(3x - 2) 


(2x + 1)(3x - 2) 


Practice problems. Factor completely, in 


the following problems: 


3. 15x? - 16x - 7 
4, 12x? - 8x - 15 


1, 2x? + 13x + 21 
2. 16x? + 26x + 3 


Answers: 
1. (2x + 7)(x + 3) 3. (8x + 1)(5x - 7) 
2. (2x + 3)(8x + 1) 4. (6x + 5)(2x - 3) 


REDUCING FRACTIONS TO 
LOWEST TERMS 


There are many useful applications of fac- 
toring. One of the most important is that of 
simplifying algebraic fractions. Fractions that 
contain algebraic expressions in the numerator 
or denominator, or both, can be reduced to 
lower terms, if there are factors common to 
numerator and denominator. If the terms of a 
fraction are monomials, common factors are 
immediately apparent, as in the following ex- 
pression: 


Bx7y _ Sxy(x) . x 
6xy 2 

If the terms of a fraction are polynomials, 
the polynomials must be factored in order to 
recognize the existence of common factors, as 
in the following two examples: 


a-b = a-b J 1 
1 a2 -2ab+b? (a -b)(a-b) (a - b) 
4x? - 9 _ (2x + 3)(2x - 3) _ (2x + 3) 

* 6x2 - 9x 3x(2x - 3) 3x 


Notice that without the valuable process of fac- 
toring, we would be forced to use the fractions 
in their more complicated form. When there 
are factors common to both numerator and de- 
nominator, it is obviously more practical to 
cancel them (first using the factoring process) 
before proceeding. 

Practice problems. Reduce to lowest terms 
in each of the following: 


12 2 _ 25 
1. ex 4 12 4. 53 ey + 15 
. Pee 5 a’ - 5a - 24 
* a? _ Qab + b : 2. 64 
3, L7i4y + 45 ¢. —4x7y_- Sy 
‘ y* - 8y - 9 * 4x 12x + 9 
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Answers: 
oe 4. +t 
2,2+8 5, 2+ 8 
3. — 6. rQx - 3 2) 


OPERATIONS INVOLVING FRACTIONS 


Addition, subtraction, multiplication, and di- 
vision operations involving algebraic fractions 
are often simplified by means of factoring, 
whereas they would be quite complicated with- 
out the use of factoring. 


MULTIPLYING FRACTIONS 


Multiplication of fractions that contain poly-. 
nomials is similar tomultiplication of fractions 
that contain only arithmetic numbers. If this 
fact is kept in mind, the student will have little 
difficulty in mastering multiplication inalgebra. 
For instance, we recall that to multiply a frac- 
tion by a whole number, we simply multiply the 
numerator by the whole number. This is illu- 
strated in the following example: 


Arithmetic: 4x 8 = 12 
i? 17 


eee ere | 


Sometimes the work may be simplified by fac- 
toring and canceling before carrying out the 
multiplication. The following example illu- 
strates this: 


(aa - 8) aaa rie * AT. ee 
op nee ae 


When the multiplier is a fraction, the rules of 
arithmetic remain applicable—that is, multiply 
numerators together anddenominators together. 
This is illustrated as follows: 


Algebra: 


4 


Arithmetic: 5x 2 8 


o° 
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a+b. 
a-b 


a _ a(a + b) 
a-b_ (a - b) 

Where possible, the work may be considerably 
reduced by factoring, canceling, and then car- 


rying out the multiplication, as in the following 
example: 


Algebra: 


x - 2 


- 3)  & + Det 


(x - 1) - 2) _ x? - 3x + 2 
“Go 9e te eas 


Although the factors may be multiplied to form 
two trinomials as shown, it is usually sufficient 
to leave the answer in factored form. 

Practice problems. In the following prob- 
lems, multiply as indicated: 


2 3b 
1. 5a 5 
x + x - 
ar ee aS | 
g, 2+, 2ab_ + b? 6a 
7 at -b 3a + 3b 
4 a-1 _ (a+ 1)? 
‘Bat +4da+a a-l 
Answers: 
1 15a7b 3 2a 
a we ‘ Ta - b) 
2. a 1 
aT oaT “9 


DIVIDING FRACTIONS 


The rules of arithmetic apply to the division 
of algebraic fractions; as in arithmetic, simply 
invert the divisor and multiply, as follows: 


16 


Arithmetic: > 


a. 


2 
3 
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Algebra: x - 3y _ x? - 6xy + 9y? 
xX + 3y " x‘ + Txy + 12y 


= X= Sy , x’ + Ixy + Lay? 
x + sy x’ - 6xy + 9y 
ee, (x + 4y) 
xX+-3y- x - 3y 
-~xX+ 4y 
x - 3y 


Practice problems. In the following prob- 
lems, divide and reduce to lowest terms: 


K_- 2 1 


ee ray are ae gear 


2a-1.,.a+1 
*al¢ 3a a2? + 3 


3. 2 
a fa 88 + fa - 3) 


6t+12 | 8-12 
"Ot? + Gt - 24° 15t - 20 


Answers: 


(x - 2)? 
x+2 


2a - 1 
“atta 


ADDING AND SUBTRACTING 
FRACTIONS 


The rules of arithmetic for adding and sub- 
tracting fractions are applicable to algebraic 
fractions. Fractions that are to be combined 
by addition or subtraction must have the same 
denominator. The numerators are then com- 
bined according to the operation indicated and 
the result is placed over the denominator. For 
example, in the expression 


x-4 
x-2 


2 - 1ix 
2-x 


the second denominator will be the same as the 
first, if its sign is changed. The value of the 
fraction will remain the same if the sign of the 
numerator is also changed, Thus, we have the 
following simplification: 
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x-4,2-1)x_x-4, -(2 - 11x) 
x-2 2-x  x-2 -(2 = x) 
-X-4, 1x -2 
“x - 2 x - 2 
_k - 4+ 11x - 2 
a x-2 
_ lax - 6 
~ X= 2 
6(2x - 1) 


x - 
When the denominators are not the same, we 
must reduce all fractions to be added or sub- 
tracted to a common denominator and then pro- 
ceed. 
Consider, for example, 


a ees 
x? - 4x - 12 


+ 
x2 -~4 


We first must find the least common denomina- 
tor (LCD). Remember this is the least number 
that is exactly divisible by each of the denomi- 
nators. To find such a number, as in arithme- 
tic, we first separate each of the denominators 
into prime factors. The LCD will contain all of 
the various prime factors, each one as many 
times as it occurs in any of the denominators. 
Factoring, we have 


ses As a 
(x + 2x - 2) * & - 6x + 2) 


and the LCD is (x + 2)(x - 2)(x - 6). Rewriting 
the fractions with this denominator and adding 
numerators, we have the following expression: 


4(x_ - 8) a(x - 2 
(x + a(x - 2x - 6) * + 2x - 2)(x - 6) 


_ 4x - 6) + 3(x - 2) 
oe” © 0) > aman 


4x - 24 + 3x - 6 
LCD 


a Ix - 30 
~ (x + 2)(x -.2)(x - 6) 
As another example, consider 


4. x +2 
x+3 x24 4x + 3 
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Factoring the denominator of the second frac- 
tion, we find that the LCD is (x + 3)(x + 1). Re- 
writing the original fractions with the LCD as 
denominator,we may now combine the fractions 
as follows: 


4(x + 1 : (x_+ 2) 

& + 3a +1)° &+ DR +) 
4x +4-x - 2 
(x + 3){x + 1) 


ax + 2 
(x + 3)(x + 1) 


Practice problems. Perform the indicated 
operations in each of the following problems: 


3x - 4 _x-2 
“x24x-2 x-1 
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3. 


x-3 x+2 
ax * ok 


2 1 
‘fa +4)? ~ ala + 4) * Ba + 4) 
Answers: 


ax - x? 
* (xe + 2) - 1) 


6a + 9 
* (a + 3)(a - 3) 


5 


6 
2-a5° +a%-a 


"(a7 + a+ D@-D 


a? + 10a - 48 
* Gala + 4)? 


CHAPTER 11 
LINEAR EQUATIONS IN ONE VARIABLE 


One of the principal reasons for an intensive 
study of polynomials, grouping symbols, fac- 
toring, and fractions is to prepare for solving 
equations. The equation is perhaps the most 
important tool in algebra, and the more skillful 
the student becomes in working with equations, 
the greater will be his ease in solving problems. 

Before learning to solve equations, it is nec- 
essary to become familiar with the words used 
in the discussion of them. An EQUATION is a 
statement that two expressions are equal in 
value. Thus, 


4+5=2=9 
and 
A = lw 
(Area of a rectangle = length x width) 


are equations. The part to the left of the equal- 
ity sign ts called the LEFT MEMBER, or first 
member, of the equation. The part to the right 
is the RIGHT MEMBER, or second member, of 
the equation. 

The members of an equation are sometimes 
thought of as corresponding to two weights that 
balance a scale. (See fig. 11-1.) This com- 
parison is often helpful to students who are 
learning to solve equations. It is obvious, in 


4+5 


9 = 


Figure 11-1. Equation compared to a 
balance scale. 


the case of the scale, that any change made in 
one pan must be accompanied by an equal change 
in thé other pan. Otherwise the scale will not 
balance. Operations on equations are based on 
the same principle. The members must be kept 
balanced or the equality is lost. 


CONSTANTS AND VARIABLES 


Expressions in algebra consist of constants 
and variables. A CONSTANT is a quantity 
whose value remains the same throughout a 
particular problem. A VARIABLE is a quan- 
tity whose value is free to vary. 

There are two kinds of constants—fixed and 
arbitrary. Numbers such as 7, -3, 1/2, and7 
are examples of FIXEDconstants. Their values 
never change. In 5x + 7 = 0, the numbers 0, 5, 
and 7, are fixed constants. 

ARBITRARY constants can be assigned dif- 
ferent values for different problems. Arbitrary 
constants are indicated by letters—quite often 
letters at the beginning of the alphabet such as 
a,b,c, andd. In 


ax +b = 0Q, 


the letters a and b represent arbitrary con- 
stants. The form ax + b = 0 represent many 
linear equations. If we give a and b particular 
values, say a = 5 and b & 7, then these constants 
become fixed, for this particular problem, and 
the equation becomes 


5x+720 


A variable may have one value or it may 
have many values in a discussion. The letters 
at the endof the alphabet, such as x, y, z, and w, 
usually are used to represent variables. In 
5x + 7, the letter x is the variable. If x = 1, 
then 


5x +725 +72 12 


If x = 2, then 
5x + 7 = 5(2) + 7 = 10+ 7217 
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and so on for as many values of x as we desire 
to select. 

If the expression 5x + 7 is set equal to some 
particular number, say -23, then the resulting 


equality 
5x +7 = -23 


holds true for just one value of x. The value is 
-6, since 


5(-6) + 7 = -23 


In an algebraic expression, terms that con- 
tain a variable are called VARIABLE TERMS. 
Terms that do not contain a variable are CON- 
STANT TERMS. The expression 5x + 7 con- 
tains one variable term and one constant term. 
The variable term is 5x, while 7 is the constant 
term. In ax +b, ax is the variable term and b 
is the constant term. 

A variable term often is designated by nam- 
ing the variable it contains. In 5x + 7, 5x is the 
x-term. In ax + by, ax is the x-term, while by 
is the y-term. 


DEGREE OF AN EQUATION 


The degree of an equation that has not more 
than one variable in each term is the exponent 
of the highest power to which that variable is 
raised in the equation. The equation 


3x - 17=0 
is a FIRST-DEGREE equation, since x is raised 
only to the first power. 


An example of a SECOND-DEGREE equa- 
tion is 


§x?7-2x4+1=0. 
The equation, 
4x3. Ix? =0, 


is of the THIRD DEGREE. 
The equation, 


3x - 2y =5 


is of the first degree in two variables, x and y. 
When more than one variable appears in a term, 
as in xy = 5, it is necessary to add the expo- 
nents of the variables within a term to get the 


degree of the equation. Since 1+ 1 = 2, the 
equation xy = 5 is of the second dgeree. 


LINEAR EQUATIONS 


Graphs are used in many different forms to 
give visual pictures of certain related facts. 
For example, they are used to show business 
trends, production output, continued individual 
attainment, and so forth. We find bar graphs, 
line graphs, circle graphs, and many other 
types, each of which is used for a particular 
need. In algebra, graphs are also used to give 
a visual picture containing a great deal of in- 
formation about equations. 

Sometimes many numerical values, when 
substituted for the variables of an equation, will 
satisfy the conditions of the equation. On a 
particular type of graph (which will be explained 
fully in chapter 12) several of these values are 
plotted (located), and when enough are plotted, 
a line is drawn through these points. For each 
particular equation a certain type of curve re- 
sults. For equations in the first degree in one 
or two variables, the resulting shape of the 
"curve'' is a straight line.. Thus, the name 
LINEAR EQUATION is derived. Equations of 
a higher degree form various other shapes. 
The name “linear equation'' now applies to 
equations of the first degree, regardless of the 
number of variables they contain. Chapter 12 
shows how an equation may be pictured on a 
graph. The purpose and value of graphing an 
equation will also be developed. 


IDENTITIES 


If a statement of equality involves one or 
more variables, it may be either an IDENTITY 
(identical equation) or a CONDITIONAL EQUA- 
TION. An identity is an equality that states a 
fact, such as the following examples: 


1.9+5=+14 
2. 2n+ 5n = 7n 
3. 6(x - 3) = 6x - 18 


Notice that equation 3 merely shows the fac- 
tored form of 6x - 18 and holds true when any 
value of x is substituted. For example, if x = 5, 
it becomes 


6(5-3) = 6(5) - 18 
6(2) = 30 - 18 
12 = 12 
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If x assumes the negative value -10, this iden- 
tity becomes 


6(-10-3) = 6(-10)-18 
6(-13) = -60-18 
(-18 = -78 


An identity is established when both sides of 
the equality have been reduced to the same 
number or the same expression. When 5 is 
substituted for x, the value of either side of 
6(x-3) = 6x - 18 is 12. When -10 is substituted 
for x, the value on either side is -78. The fact 
that this equality is an identity can be shown 
also by factoring the right side so that the 
equality becomes 


6(x-3) = 6(x-3) 


The expressions on the two sides of the equality 
are identical. 


CONDITIONAL EQUATIONS 


A statement such as 2x-1 =0 is an equality 
only when x has one particular value. Such a 
statement is called a CONDITIONAL EQUA- 
TION, since it is true only under the condition 
that x = 1/2. Likewise, the equation y - 7= 8 
holds true only if y = 15. 

The value of the variable for which an equa- 
tion in one variable holds true is a ROOT, or 
SOLUTION, of the equation. When we speak of 
solving equations in algebra, we refer to condi- 
tional equations. The solution of a conditional 
equation can be verified by substituting for 
the variable its value, as determined by the 
solution. 

The solution. is correct if the equality re- 
duces to an identity. For example, if 1/2 is 
substituted for x in 2x - 1 = 0, the result is 


4) 

a(2 -1=0 
1-1=0 

0=0 (an identity) 


The identity is established for x =4, Since the 


value of each side of the equality reduces to 
~ero, 


SOLVING LINEAR EQUATIONS 


Solving a linear equation in one variable 
means finding the value of the variable that 
makes the equation true. For example, 11 is 
the SOLUTION of x- 7 = 4, since 11-7 = 4. 
The number 11 is said toSATISFY the equation. 
Basically, the operation used in solving equa- 
tions is to manipulate both members, by addi- 
tion, subtraction, multiplication, or division 
until the value of the variable becomes appar- 
ent. This manipulation may be accomplished in 
a straightforward manner by use of the axioms 
outlined in chapter 3 of this course. These 
axioms may be summed up in the following 
rule: If both members of an equation are in- 
creased, decreased, multiplied, or divided by 
the same number, or by equal numbers, the re- 
sults will be equal. (Division by zero is ex- 
cluded.) 

As mentioned earlier, an equation may be 
compared to a balance. What is done to one 
member must also be done to the other to main- 
tain a balance. An equation must always be 
kept in balance or the equality is lost. We use 
the above rule to remove or adjust terms and 
coefficients until the value of the variable is 
discovered. Some examples of equations solved 
by means of the four operations mentioned in 
the rule are given in the following paragraphs. 


ADDITION 
Find the value of x in the equation 
x-3=12 
As in any equation, we must isolate the variable 
on either the right or left side. In this prob- 
lem, we leave the variable on the left and per- 


form the following steps: 


1. Add 3 to both members of the equation, 
as follows: 


x-3+3512+3 


In effect, we are "undoing’' the subtraction indi- 
cated by the expression x - 3, for the purpose 
of isolating x in the left member. 

2. Combining terms, we have 


x=15 
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SUBTRACTION 

Find the value of x in the equation 

x + 14 = 24 

1. Subtract 14 from eachmember. In effect, 
this undoes the addition indicated in the expres- 
sion x + 14. 

x + 14 - 14 = 24 - 14 

2. Combining terms, we have 
10 
MULTIPLICATION 


Find the value of y in the equation 


y 
oy 


= 10 

1. The only way to remove the 5 so that the 
y can be isolated is to undo the indicated divi- 
sion. Thus we use the inverse of division, which 
is multiplication. Multiplying both members by 
5, we have the following: 


5(¥) = 5(10) 


2. Performing the indicated multiplications, 
we have 


y = 50 
DIVISION 
Find the value of x in the equation 
15 


.1, The multiplier 3 may be removed from 
the x by dividing the left member by 3. This 
must be balanced by dividing the right member 
by 3 also, as follows: 


3x 


15 
sv 3 


2. Performing the indicated divisions, we 
have 
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Practice problems. Solve the following equa- 
tions: 


l.m+2=8 4.77 = 2 

2.x -5= 11 5. 2n = 5 
3. 6x = -48 6. ay = 6 
Answers: 

1. m = 6 4.x = 28 

2.x = 16 5. n= 25 
3.x = -8 6. y = 36 


SOLUTIONS REQUIRING MORE 
THAN ONE OPERATION 


Most equations involve more steps in their 
solutions than the simple equations already de- 
scribed, but the basic operations remain un- 
changed. If the basic axioms are kept well in 
mind, these more complicated equations will 
not become too difficult. Equations may re- 
quire one or all of the basic operations before 
a solution can be obtained. 


Subtraction and Division 
Find the value of x in the following equation: 


2x + 4 = 16 


1. The term containing x is isolated on the 
left by subtracting 4 from the left member. 
This operation must be balanced by also sub- 
tracting 4 from the right member, as follows: 


2x +4-42= 16 ~ 4 


2. Performing the indicated operations, we 
have 


3. The multiplier 2 is removed from the x 
by dividing both sides of the equation by 2, as 
follows: 


2x _ 12 
2° «2 
x =6 
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Addition, Multiplication, and Division 
Find the value of y in the following equation: 


3y 


J-4-u1 


1. Isolate the term containing y on the left 
‘by adding 4 to both sides, as follows: 


~y-4+4=11+4 
sy 
x = 15 


2. Since the 2 will not divide the 3 exactly, 
multiply the left member by 2 in order to elim- 
inate the fraction. This operation must be bal- 
anced by multiplying the right member by 2, as 
follows: 


2(15) 


30 


3. Divide both members by 3, in order to 
isolate the y in the left member, as follows: 


y = 10 


Equations Having the Variable in 
More Than One Term 


Find the value of x in the following equation: 
x +x=12-x 


1. Rewrite the equation with no terms con- 
taining the variable in the right member. This 
requires adding x to the right member to elim- 
inate the -x term, and balance requires that we 
also add x to the left member, as follows: 


Byxtusi-x+x 
 y ox = 12 


2. Since the 4 will not divide the 3 exactly, 
it is necessary to multiply the first term by 4 
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to eliminate the fraction. However, notice that 
this multiplication cannot be performed on the 
first term only; any multiplier which is intro- 
duced for simplification purposes must be ap- 
plied to the entire equation. Thus each term in 
the equation is multiplied by 4, as follows: 


4(3) + 4(2x) 


3x + 8x 


4(12) 


48 


3. Add the terms containing x and then di- 
vide both sides by 11 to isolate the x in the left 
member, as follows: 


11x = 48 
_ 48 
saeaes 6 8 

4 
= 45 


Practice problems. Solve each of the follow- 
ing equations: 


lx -1=5 4,4 - Ix =9 - & 
22+y=8 5. + 6y = 13 
35+ 3 =7 6. gx - 2x = 25 +x 
Answers: 
1. x = 3/2 4.x =5 
2.y =6 5. y = 2 
= 28/13 6. x = -10 
EQUATIONS WITH LITERAL 
COEFFICIENTS 


As stated earlier, the first letters of the 
alphabet usually represent known quantities 
(constants), and the last letters represent un- 
known quantities (variables). Thus, we usually 
solve for x, y, or Z. 

An equation such as 


ax - 8 = bx - 5 


has letters as coefficients. Equations with lit- 
eral coefficients are solved in the same way as 
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equations with numerical coefficients, except 
that when an operation cannot actually be per- 
formed, it merely is indicated. 

In solving for x in the equation 


ax - 8 = bx - 5 


subtract bx from both members and add 8 to 
both members. The result is 


ax - bx = 8 - 5 


Since the subtraction on the left side cannot 
actually be performed, it is indicated. The 
quantity, a - b, is the coefficient of x when 


terms are collected. The equation takes the 
form 


(a-b) x = 3 


Now divide both sides of the equation by a-b. 


Again the result can be only indicated. The 
solution of the equation is 


a 
Xx = a-b 


In solving for y in the equation 
ay +b = 4 
subtract b from both members as follows: 
ay=4-b 
Dividing both members by a, the solution is 
4-b 


y¥* 7 


Practice problems. Solve for x in each of 


the following: 
134+xab 3, 8x + 6m = 7m 
2. 4x 8+t 4, ax - 2(x + b) = Sa 
Answers: 

4 - 2M 
l1,.x=2b- 3 3. Xx Fz 
9 8+t 4 _ 3a + 2b 
cca Oe ae 
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REMOVING SIGNS OF GROUPING 


If signs of grouping appear in an equation 
they should be removed in the manner indicated 
in chapter 9 of this course. For example, solve 
the equation 


5 = 24 - [x-12(x-2) - 6(x-2)] 
Notice that the same expression, x-2, occurs in 


both parentheses. By combining the terms con- 
taining (x-2), the equation becomes 


5 = 24 - [x-18(x-2)] 


Next, remove the parentheses and then the 
bracket, obtaining 


5 = 24 - [x-18x + 36] 
= 24 - [36 - 17x] 
= 24 - 36 + 17x 
= -12 + 17x 


Subtracting 17x from both members and then 
subtracting 5 from both members, we have 
-17x = - 12 - 5 
-l7x = - 17 


= 


Divide both members by -17. The solution is 
x=l 


EQUATIONS CONTAINING FRACTIONS 
To solve for x in an equation such as 


2x x 1. «x 

as ene Veer | 
first clear the equation of fractions. To do 
this, find the least common denominator of the 
fractions. Then multiply both sides of the equa- 
tion by the LCD, 

The least common denominator of 3, 12, 4, 

and 2 is 12, Multiply both sides of the equation 
by 12. The resulting equation is 


8x +x - 12 = 3 + 6x 


Subtract 6x from both members, add 12 to both 
members, and collect like terms as follows: 


Ox - 6x = 12 + 3 
3x = 15 
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The solution is 


x =5 

To prove that x =5 is the correct solution, 
substitute 5 for x in the original equation and 
show that both sides of the equation reduce to 
the same value. The result of substitution is 


2(5) 
ee 


In establishing an identity, the two sides of 
the equality are treated separately, and the op- 
erations are performed as indicated. Some- 
times, as here, fractions occur on both sides of 
the equality, and it is desirable to find the least 
common denominator for more than one set of 
fractions. The same denominator could be used 
on both sides of the equality, but this might 
make some of the terms of the fractions larger 
than necessary. 

Proceeding in establishing the identity for 
x = 5 in the foregoing equation we obtain 


5 
Pemees 


1 5 
pp ltgty 


10 5 3 1 10 
Srp sat 
7, 5 il 
3° 2° 4 
28, 5 _ 1 
12 12 4 
33 
12° «4 
wu 
4 4 


Each member of the equality has the value 
11/4 when x =5. The fact that the equation be- 
comes an identity when x is replaced by 5 
proves that x = 5 is the solution. 

Practice problems. Solve each of the fol- 
lowing equations: 


X_9.X me: ke 
1F-2=F 3. ¥ 775 
s ae! ree 3. 
oD aso 4. qn ® 

Answers: 
= 24 = 30 
2.v=6 = 1/8 
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GENERAL FORM OF A LINEAR 
EQUATION 


The expression GENERAL FORM, in mathe- 
matics, implies a form to which all expressions 
or equations of a certain type can be reduced. 
The only possible terms in a linear equation in 
one variable are the first-degree term and the 
constant term. Therefore, the general form of 
a linear equation in one variable is 


ax +b = 0 


By selecting various values for a and b, this 
form can represent any linear equation in one 
variable after such an equation has been simpli- 
fied. For example, if a = 7 andb=5, ax+b=0 
represents the numerical equation 


Tx +5 =0 


If a = 2m - n and b= p - q, then ax + b = O rep- 
resents the literal equation 
(2m-n)x +p-q = 0 


This equation is solved as follows: 


(2m-n)x + (p-q) - (p-q) = 0 - (p-q) 
(2m-n)x = 0 - (p-q) 

x = ~(p-a) - _a-P 

3m-n 2m-n 


USING EQUATIONS TO 
SOLVE PROBLEMS 


To solve a problem, we first translate the 
numerical sense of the problem into an equa- 
tion. To see how this is accomplished, con- 
sider the following examples and their solutions. 


EXAMPLE 1: Together Smith and Jones have 
$120. Jones has 5 times as much as Smith. 
How much has Smith? 


SOLUTION: 


Step 1. Get the problem clearly in mind. 
There are two parts to each problem—what is 
given (the facts) and what we want to know (the 
question). In this problem. we know that Jones 
has 5 times as much as Smith and together they 
have $120. We want to know how much Smith 
has. 
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Step 2. Express the unknown as a letter. 
Usually we express the unknown or number we 
know the least about as a letter (conventionally 
weuse x). Here we knowthe least about Smith's 
money. Let x represent the number of dollars 
Smith has. 

Step 3. Express the other facts in terms of 
the unknown. If x is the number of dollars 
Smith has and Jones has 5 times as much, then 
5x is the number of dollars Jones has. 

Step 4. Express the facts as an equation. 
The problem will express or imply a relation 
between the expressions in steps 2 and 3. 
Smith's dollars plus Jones’ dollars equal $120. 
Translating this statement into algebraic sym- 
bols, we have 


x + 5x = 120 


Solving the equation for x, 
6x 
x 


Thus Smith has $20. 

Step 5. Check: See if the solution satisfies 
the original statement of the problem. Smith 
and Jones have $120. 


$20 
(Smith's money) 


$100 
(Jones' money) 


+ = $120 


EXAMPLE 2: Brown can do a piece of work in 
5 hr. If Olsen can do it in 4 hr how long will it 
take them to do the work together ? 


SOLUTION: 


Step 1. Given: Brown could do the work in 
5 hr. Olsen could do it in 4 hours, 

Unknown: How long it takes them to do the 
work together. 

Step 2. Let x represent the time it takes 
them to do the work together. 


Step 3. Then + is the amount they do to- 
1 


5 of 


gether in 1 hr. Also, in 1 hour Brown does 


the work and Olsen does } of the work. 


Step 4. The amount done in 1 hr is equal to 
the part of the work done by Brown in 1 hr plus 
that done by Olsen in 1 hr. 
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Solving the equation, 


3) = am (f) + 20 (2 
20x (4) = 20x (Z) + 20x (4 
20 = 4x + 5x 
20 = 9x 
20 _ — 92 
> 7 %* orx = 25 hours 
They complete the work together in 2 hours. 
Step 5. Check: 28 x t = amount Brown does 
2.1 
2~ X 3 = amount Olsen does 
9° 4 
Oe gee spre ee eres 
(Psy *\9 *4/" 979 "9% 


Practice problems. Use a linear equation in 
one variable to solve each of the following 
problems: 


1. Find three numbers such that the second is 
twice the first and the third is three times as 
large as the first. Their sum is 180. 


2. A seaman drew $75.00 pay in dollar bills 
and five-dollar bills. The number of dollar 
bills was three more than the number of five- 
dollar bills. How many of each kind did he 
draw? (Hint: If x is the number of five-dollar 
bills, then 5x is the number of dollars they 
represent. ) 


3, Airman A can complete a maintenance task 
in 4hr. Airman B requires only 3 hr to do the 
same work. If they work together, how long 
should it take them to complete the job? 


Answers: 

1, First number is 30. 
Second number is 60. 
Third number is 90. 


2. Number of five-dollar bills is 12. 
Number of one-dollar bills is 15. 


5 
3. 1; hr, 
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INEQUALITIES 


Modern mathematical thought gives consid- 
erable emphasis to the concept of inequality. A 
meaningful comparison between two quantities 
can be set up if they are related in some way, 
even though the relationship may not be one of 
equality. 

The expression “number sentence" is often 
used to describe a general relationship which 
may be either an equality or an inequality. If 
the number sentence states an equality, it is an 
EQUATION; if it states an inequality, it is an 
INEQUATION. 


ORDER PROPERTIES 
OF REAL NUMBERS 


The idea of order, or relative rank accord- 
ing to size, is based upon two intuitive concepts: 
"greater than" and “less than."’ Mathematicians 
use the symbol > to represent "greater than”’ 
and the symbol < torepresent "less than."" For 
example, the inequation stating that 7 is greater 
than 5 is written in symbols as follows: 


7 >5 


The inequation stating that x is less than 10 is 
written as follows: 


x < 10 


A "solution'' of an inequation involving a 
variable is any number which may be substi- 
tuted for the variable without changing the re- 
lationship between the left member and the 
right member. For example, the inequation 
x < 10 has many solutions. All negative num- 
bers zero, andall positive numbers less than 10, 
may be substituted for x successfully. These 
solutions comprise a set of numbers, called the 
SOLUTION SET. 

The SENSE of an inequality refers to the 
direction in which the inequality symbol points. 
For example, the following two inequalities 
have opposite sense: 


7>65 
10 < 12 
PROPERTIES OF INEQUALITIES 
Inequations may be manipulated in accord- 


ance with specific operational rules, ina man- 
ner Similar to that used with equations. 
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Addition 


The rule for addition is as follows: If the 
same quantity is added to both members of an 
inequation, the result is an inequation having 
the same sense as the original inequation. The 
following examples illustrate this: 


1, 5 << 8 


5+2<8 +2 
7 < 10 


The addition of 2 to both members does not 
change the sense of the inequation. 


2. 5< 8 


5 + (-3) <8 + (-3) 
2<5 


The addition of -3 to both members does not 
change the sense of the inequation. 

Addition of the same quantity to both mem- 
bers is a useful method for solving inequations. 
In the following example, 2 is added to both 
members in order to isolate the x term on the 
left: 


x-2>6 


x-2+2>6+ 2 
x> 8 


Multiplication 


The rule for multiplication is as follows: If 
both members of an inequation are multiplied 
py the same positive quantity, the sense of the 
resulting inequation is the same as that of the 


original inequation. This is illustrated as 
follows: 
3 -3 << -2 
2(-38) < 2(-2) 
~6 < -4 


Multiplication of both members by 2 does not 
change the sense of th inequation. 


2. 10 < 12 
1 1 
5(10) < 3(12) 


5 <6 
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Multiplication of both members by 1/2 does not 
change the sense of the inequation. 

Notice that example 2 illustrates division of 
both members by 2. Since any division can be 
rewritten as multiplication by a fraction, the 
multiplication rule is applicable to both multi- 
plication and division. 

Multiplication is used to simplify the solu- 
tion of inequations such as the following: 


z>2 

Multiply both members by 3: 
3 (%) > 32) 

3/ 

x > 6 
Sense Reversal 

If both sides of an inequation are multiplied 

or divided by the same negative number, the 


sense of the resulting inequation is reversed. 
This is illustrated as follows: 


1. -4.< -2 
(-3)(-4) > (-3)(-2) 
12 > 6 
2. 7>5 
(-2)(7) < (-2)(5) 
-14< - 


Sense reversal is useful in the solution of an 
inequation in which the variable is preceded by 
a negative sign, as follows: 


2-x <4 


i i ! | f | Sis 


-4 -3 -2 -1 0 


Add -2 to both members to isolate the x term: 
2-x-2<4- 2 
-x <2 


Multiply both members by -1: 
x > -2 


Practice problems. Solve each of the fol- 


lowing inequations: 


1x+2>3 3.3-x <6 
yo. 

2.3 1<2 4. 4y > 8 
Answers: 

lx > 1 3. x > -3 

2.y <9 4.y >2 


GRAPHING INEQUALITIES 


An inequation such as x > 2 can be graphed 
on a number line, as shown in figure 11-2. 

The heavy line in figure 11-2 contains al] 
values of x which comprise the solution set. 
Notice that this line continues indefinitely in 
the positive direction,as indicated by the arrow 
head. Notice also that the point representing 

= 2 is designated by a circle. This signifies 
that the solution set does not contain the num- 
ber 2. 

, Figure 11-3 is a graph of the inequation 
x? > 4. Since the square of any number greater 
than 2 is greater than 4, the solution set con- 
tains all values of x greater than 2. Further- 
more, the solution set contains all values of x 
less than -2. This is because the square of any 
negative number smaller than -2 is a positive 
number greater than 4. 


{a 


Figure 11-2.—Graph of the inequation x > 2. 


FE fa OO eh earhain sheer eaty 


-4 -3 -2 =I 


| 2 3 4 


Figure 11-3.—Graph of x? > 4. 
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CHAPTER 12 
LINEAR EQUATIONS IN TWO VARIABLES 


Thus far in this course, discussions of equa- 
tions have been limited to linear equations in 
one variable. Linear equations which have two 
variables are common, and their solution in- 
volves extending some of the procedures which 
have already been introduced. 


RECTANGULAR COORDINATES 


An outstanding characteristic of equations in 
two variables is their adaptability to graphical 
analysis. The rectangular coordinate system, 
which was introducedin chapter 3 of this course, 
is used in analyzing equations graphically. This 
system of vertical and horizontal lines, meeting 
each other at right angles and thus forming a 
rectangular grid, is often called the Cartesian 
coordinate system. It is namedafter the French 
philosopher and mathematician, Rene Descartes, 
who invented it. 


COORDINATE AXES 


The rectangular coordinate system is devel- 
oped on a framework of reference similar to 
figure 3-2 in chapter 3 of this course. Ona 
piece of graph paper, two lines are drawn in- 
tersecting each other at right angles, as in 
figure 12-1. The vertical line isusually labeled 
with the capital letter Y and called the Y axis. 
The horizontal line is usually labeled with the 
capital letter X and called the X axis. The 
point where the X and Y axes intersect is called 
the ORIGIN and is labeled with the letter o. 

Above the origin, numbers measured along 
or parallel to the Y axis are positive; below the 
origin they are negative. To the right of the 
origin, numbers measured along or parallel to 
the X axis are positive; to the left they are 
negative. 


COORDINATES 


A point anywhere on the graph may be lo- 
cated by two numbers, one showing the distance 
of the point from the Y axis, and the other show- 
ing the distance of the point from the X axis. 
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O(-,+) (+,+) 1 


Y-AMIS 


@S(-8,5) 


-8 7-6 -5 -4 -3 -2 -| 
e 
R 


II (-,-) (+,-)1¥ 


Figure 12-1.—Rectangular coordinate system. 


Point P (fig. 12-1) is 6 units to the right of the 
Y axis and 3 units above the X axis. We cail 
the numbers that indicate the position of a point 
COORDINATES. The number indicating the 
distance of the point measured horizontally 
from the origin is the X coordinate (6 in this 
example), and the number indicating the dis- 
tance of the point measured vertically from the 
origin (3 in this example) is the Y coordinate. 

In describing the location of a point by means 
of rectangular coordinates, it is customary to 
place the coordinates within parentheses and 
separate them with a comma. The X coordinate 
is always written first. The coordinates of 
point P (fig. 12-1) are written (6, 3). The co- 
ordinates for point Q are (4, -5); for point R, 
they are (-5, -2); and for point S, they are 
(-8, 5). 

Usually when we indicate a point on a graph, 
we write a letter and the coordinates of the 
point. Thus, in figure 12-1, for point 5, we 
write S(-8, 5). The other points would ordinarily 
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be written, P(6, 3), Q(4, -5), and R(-5, -2). The 
Y coordinate of a pointis often called its ORDI- 
NATE and the X coordinate is often called its 
ABSCISSA. 


QUADRANTS 


The X and Y axes divide the graph into four 
parts called QUADRANTS. In figure 12-1, point 
P is in quadrant I, point S is in quadrant II, R 
is in quadrant I, and Q is in quadrantIV. In 
the first and fourth quadrants, the X coordinate 
is positive, because it is to the right of the 
origin. In the second and third quadrant it is 
negative, because it is to the left of the origin. 
Likewise, the Y coordinate is positive in the 
first and second quadrants, being above the 
origin; it is negative in the third and fourth 
quadrants, being below the origin. Thus, we 
know in advance the signs of the coordinates of 
a point by knowing the quadrant in which the 
point appears. The signs of the coordinates in 
the four quadrants are shown in figure 12-1. 

Locating points with respect to axes is called 
PLOTTING. As shown with point P (fig. 12-1), 
plotting a point is equivalent to completing a 
rectangle that has segments of the axes as two 
of its sides with lines dropped perpendicularly 
to the axes forming the other two sides. This 
is the reason for the name "rectangular co- 
ordinates." 


PLOTTING A LINEAR EQUATION 


A linear equation in two variables may have 
many solutions. For example, in solving the 
equation 2x - y = 5, we can find an unlimited 
number of values of x for which there will be a 
corresponding value of y. When x is 4, y is 3, 
since (2x 4) -3=5. When x is 3, y is 1, and 
when x is 6, y is 7. When we graph an equa- 
tion, these pairs of values are considered co- 
ordinates of points on the graph. The graph of 
an equation is nothing more than a line joining 
the points located by the various pairs of num- 
bers that satisfy the equation. 

To picture an equation, we first find several 
pairs of values that satisfy the equation. For 
example, for the equation 2x - y = 5, we assign 
several values to x and solve for y. A conven- 
ient way to find values is to first solve the 
equation for either variable, as follows: 


2x -ye= 5 
“y = -2x + 5 
y= 2x -5 
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Once this is accomplished, the value of y is 
readily apparent when values are substituted 
for x. The information derived may be re- 
corded in a table such as table 12-1. We then 
lay off X and Y axes on graph paper, select 
some convenient unit distance for measurement 
along the axes, and then plot the pairs of values 
found for x and y as coordinates of points on 
the graph. Thus, we locate the pairs of values 
shown in table 12-1 on a graph, as shown in 
figure 12-2 (A). 


Table 12-1.—Values of x andy in the equation 
2x -y=5. 


| Then y = --- | y=--- 


(8,11) 
(6,7) 
°(55) 


e (3,1) 


@(1,-3) 


(-2,-9)¢ 


(B) 


(A) 


Figure 12-2.—Graph of 2x - y = 5. 


Finally, we draw a line joining these points, 
as in figure 12-2 (B). It is seen that this is a 
straight line; hence the name "linear equation." 
Once the graph is drawn, it is customary to 
write the equation it represents along the line, 
as shown in figure 12-2 (B). 

It can be shown that the graph of an equation 
is the geometric representation of all the points 
whose coordinates satisfy the conditions of the 
equation. The line represents an infinite num- 
ber of pairs of coordinates for this equation. 
For example, selecting at random the point on 


the line where x is 25 and y is 0 and substitut- 


ing these values in the equation, we find that 
they satisfy it. Thus, 
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If two points that lie on a straight line can 
be located, the position of the line is known. 
The mathematical language for this is ''Two 
points DETERMINE a straight line." We now 
know that the graph of a linear equation in two 
variables is a straight line. Since two points 
are sufficient to determine a straight line, a 
linear equation can be graphed by plotting two 
points and drawing a straight line through these 
points. Very often pairs of whole numbers 
which satisfy the equation can be found by in- 
spection. Such points are easily plotted. 

After the line is drawn through two points, it 
is well to plot a third point as a check. If this 
third point whose coordinates satisfy the equa- 
tion lies on the line the graph is accurately 
drawn. 


X AND Y INTERCEPTS 


Any straight line which is not parallel to one 
- of the axes has an X intercept and a Y inter- 
cept. These are the points at which the line 
crosses the X and Y axes. At the X intercept, 
the graph line is touching the X axis, and thus 
the Y value at that point is 0. At the Y inter- 
cept, the graph line is touching the Y axis; the 
X value at that point is 0. 

In order to find the X intercept, we simply 
let y = 0 and find the corresponding value of x. 
The Y intercept is found by letting x = 0 and 
finding the corresponding value of y. For ex- 
ample, the line 


5x + 3y = 15 


crosses the Y axis at (0,5). This may be veri- 
fied by letting x = 0 in the equation. The X in- 
tercept is (3,0), since x is 8 when yis0. Fig- 
ure 12-3 shows the line 


5x + $y = 15 
graphed by means of the X and Y intercepts. 
EQUATIONS IN ONE VARIABLE 


An equation containing only one variable is 
easily graphed, since the line it represents lies 
parallel to an axis. For example, in 


the value of y is 


Figure 12-3.—Graph of 5x + 3y = 15. 


The line 2y = 9 lies parallel to the X axis ata 
distance of 45 units above it. (See fig. 12-4.) 
Notice that each small division on the graph 


paper in figure 12-4 represents one-half unit. 

The line 4x + 15 = 0 lies parallel to the Y 
axis. The value of x is - ». Since this value is 
negative, the line lies to the left of the Y axis 
at a distance of 38 units. (See fig. 12-4.) 


SaGReRsReEee Gee eeeacun SR asseeneegcan 
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Figure 12-4.—Graphs of 2y = 9 and 4x + 15=0. 
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From the foregoing discussion, we arrive at 
two important conclusions: 

1. A pair of numbers that satisfy an equa~ 
tion are the coordinates of a point on the graph 
of the equation. 

2. The coordinates of any point on the graph 
of an equation will satisfy that equation. 


SOLVING EQUATIONS IN 
TWO VARIABLES 


A solution of a linear equation in two vari- 
ables consists of a pair of numbers that satisfy 
the equation. For example, x = 2 and y = 1 
constitute a solution of 


3x - Sy = 1 


When 2 is substituted for x and 1 ts substituted 
for y, we have 


3(2) - 5(1) = 1 


The numbers x = ~3 and y = -2 also form a 
solution. This is true because substituting -3 
for x and -2 for y reduces the equation to an 
identity: 


3(-3) -5(-2) = 1 
-9+10= 1 
le=i1 


Each pair of numbers (x, y) such as (2, 1) or 
(-3, -2) locates a point on the line 3x - 5y = 1. 
Many more solutions could be found. Any two 
numbers that constitute a solution of the equa- 
tion are the coordinates of a point on the line 
represented by the equation. 

Suppose we were asked to solve a problem 
such as: Find two numbers such that their sum 
is 33 and their difference is 5. We could indi- 
cate the problem algebraically by letting x rep- 
resent one number and y the other. Thus, the 
problem may be indicated by the two equations 


33 
5 


x+y 


x- y 
Considered separately, each of these equations 
represents a straight line on a graph. There 
are many pairs of values for x and y which sat- 
isfy the first equation, and many other pairs 
which satisfy the second equation. Our problem 
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is to find ONE pair of values that will satisfy 
BOTH equations. Such a pair of values is said 
to satisfy both equations at the same time, or 
simultaneously. Hence, two equations for which 
we seek a common solution are called SIMUL- 
TANEOUS EQUATIONS. The two equations, 
taken together, comprise a SYSTEM of equa- 
tions. 


Graphical Solution 


If there is a pair of numbers that can be substituted 
for x and y in two different equations, the pair form 
the coordinates of a point which lies on the graph of. 
each equation. The only way in which a point can lie 
on two lines simultaneously is for the point to be at the 
intersection of the lines. Therefore, the graphical 
solution of two simultaneous equations involves 
drawing their graphs and locating the point at which 
the graph lines intersect. 

For example, when we graph the equations 
x+y= 933 and x-y= 5, as in figure 12-5, we 
see that they intersect in a single point. There 
is one pair of values comprising coordinates of 
that point (19, 14), and that pair of values sat- 
isfies both equations, as follows: 


x+y = 33 
19 + 14 = 33 


x-y 
19 - 14 


Figure 12-5.—Graph of x + y = 33 and x - y = 5. 
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This pair of numbers satisfies each equation. 
It is the only pair of numbers that satisfies the 
two equations simultaneously. 

The graphical method is a quick and simple 
means of finding an approximate solution of 
two simultaneous equations. Each equation is 
graphed, and the point of intersection of the two 
lines is read as accurately as possible. A high 
degree of accuracy can be obtained but this, of 
course, is dependent on the precision with which 
the lines are graphed and the amount of accu- 
racy possible in reading the graph. Sometimes 
the graphical method is quite adequate for the 
purvose of the problem. 

igure 12-6 shows the graphs of x+y= 11 
and x - y = -3, The intersection appears to be 
the point (4, 7). Substituting x = 4 and y = 7 
into the equations shows that this is the actual 
point of intersection, since this pair of num- 
bers satisfies both equations. 


Figure 12-6.—Graph of x+y = ll andx-y = -3. 


The equations 7x - 8y = 2 and 4x + 3y = 5 
are graphed in figure 12-7. The lines intersect 
where y is approximately 1/2 and x is approxi- 
mately 5/6. 

Practice problems. Solve the following si- 
multaneous systems graphically: 


8 
2 


2. 3x + 2y 
4x + 5y 


lx+y 
x- ¥y 


fl 
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Answers: 
1. x= 5 2.x = 8 
y=3 = wh 


Addition Method 


The addition method of solving systems of 
equations is illustrated in the following ex- 
ample: 


x-yr2 
x+y 8 
2x +0 = 10 

Xe5 


The result in the foregoing example is obtained 
by adding the left member of the first equation 
to the left member of the second, and adding the 
right member of the first equation to the right 
member of the second. 

Having found the value of x, we substitute 
this value in either of the original equations to 
find the value of y, as follows: 


x-y=2 

(5)-y=2 
“-y=2-5 
-y = -3 
y= 3 


Notice that the primary goal in the addition 
method is the elimination (temporarily) of one 
of the variables. If the coefficient of y is the 
same in both equations, except for its sign, 
adding the equations eliminates y as in the 
foregoing example. On the other hand, suppose 
that the coefficient of the variable which we de- 
sire to eliminate is exactly the same in both 
equations. 

In the following example, the coefficient of x 
is the same inboth equations, including its sign: 


x + 2y = 4 

x + 3y = -1 
Adding the equations would not eliminate either 
xory. However, if we multiply both members 


of the second equation by -1, then addition will 
eliminate x, as follows: 
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Figure 12-7.—Graph of 7x - 8y = 2 and 4x + 3y = 5. 


x + 2y = 4 
-x + 3y = 1 
Sy = 5 
y=1 


The value of x is found by substituting 1 for y 
in either of the original equations, as follows: 


X + 2(1) = 4 
x=2 


As a second example of the addition method, 
find the solution of the simultaneous equations 


3x + 2y = 12 

4x + 5y = 2 
Here both x and y have unlike coefficients. The 
coefficients of one of the variables must be 
made the same, except for their signs. 


The coefficients of x will be the same except 
for signs, if both members of the first equation 
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are multiplied by 4 and both members of the 
second equation by -3. Then addition will elim- 
inate x. 

Following this procedure to get the value of 
y, we multiply the first equation by 4 and the 
second equation by -3, as follows: 


12x + 8y = 48 
-12x - 15y = -6 
“Ty = 42 

y = -6 


Substituting for y in the first equation to get the 
value of x, we have 


3x + 2(-6) = 12 


X + 2(-2) = 4 
x-4=4 
x= 8 
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This solution is checked algebraically by 
substituting 8 for x and ~6 for y in each of the 
original equations, as follows: 


1 3x + 2y= 12 
3(8) + 2(-6) = 12 
24 - 12 = 12 

2. 4x + 5y = 2 
4(8) + 5(-6) = 2 
32 - 30 = 2 


Practice problems. Use the addition method 
to solve the following problems: 


x+y = 24 3. x - 2y = -1 
x- y= 12 2x + 3y = 12 

2. St + 2v = 9 4. 2x + Ty = 3 
3t - 2v = -5 3x - 5y = 51 
Answers: 

1. x= 18 3. X = 
y=6 y = 

2. t= 1/2 4,.x= 12 
v= y= -3 


Substitution Method 


In some cases it is more convenient to use 
the substitution method of solving problems. In 
this method we solve one equation for one of 
the variables and substitute the value obtained 
into the other equation. This eliminates one of 
the variables, leaving an equation in one un- 
known, For example, find the solution of the 
following system: — 


4x+y 11 

x + dy = 8 
It is easy to solve for either y in the first equa- 
tion or x in the second equation. Let us solve 
for y in the first equation. The result is 


y=ll- 4 
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Since equals may be substituted for equals, 
we may substitute this value of y wherever y 
appears in the second equation. Thus, 


x + 2(11 - 4x) = 8 


We now have one equation that is linear in x; 
that is, the equation contains only the variable x. 

Removing the parentheses and solving for x, 
we find that 


X + 22 - 8x = 8 
-7x = 8 - 22 
-7x = -14 

x= 2 


To get the corresponding value of y, we sub- 
stitute x = 2 in-y = 11 - 4x. The result is 


y = 11 -4(2) 
= 11-8 
= 3 


Thus, the solution for the two original equa- 
tions is x = 2 andy = 3.. 

Practice problems. Solve the following sys- 
tems by the substitution method: 


1. 2x - Sy = 1 3. 5r + 28 = 23 
x - 4y=1 4r +s = 19 
2. a +ye20 4. t-4vezl 
ax-yel 2t - av = 3 
Answers: 
1.x = 5 3% r= 5 
yal s = -l 
2.x = 1/4 4. t= -3 
= -1/2 veel 


Literal Coefficients 


Simultaneous equations with literal coeffi- 
cients and literal constants may be solved for 
the value of the variables just as the other 
equations discussed in this chapter, with the 
exception that the solution will contain literal 
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numbers. For example, find the solution of the 
system: 

3x + 4y = 

4x + 3y = 


We proceed as with any other simultaneous 
linear equation. Using the addition method, we 
may proceed as follows: To eliminate the y 
term we multiply the first equation by 3 and the 
second equation by -4. The equations then 


become 
9x + l2y = 3a 
-16x - 12y = -4b 
-7x = 3a - 4b 
x = 3a - 4b 
-7 
- 4b - 3a 
* 7 


To eliminate x, we multiply the first equa- 
tion by 4 and the second equation by -3. The 
equations then become 


l2x + léy = 4a 
-12x - 9y = -3b 
Ty = 4a - 3b 
_ 4a - 3b 
eo a 


We may check in the same manner as that 
used for other equations, by substituting these 
values in the original equations. 


INTERPRETING EQUATIONS 


. Recall that the general form for an equation 
in the first degree in one variable is ax + b= 0. 
The general form for first-degree equations in 
two variables is 


ax + by +c = 0. 

It is interesting and often useful to note what 
happens graphically when equations differ, in 
certain ways, from the general form. With this 
information, we know in advance certain facts 
concerning the equation in question. 
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LINES PARALLEL TO THE AXES 


If in a linear equation the y term is miss- 
ing, as in 


ax - 15 = 0 


the equation represents a line parallel to the Y 


axis and 12 units from it. Similarly, an equa- 


tion such as 
4y -9=0 


which has no x term, represents a line paral- 
lel to the X axis and 24 units from it. (See 


fig. 12-8.) 

The fact that one of the two variables does 
not appear in an equation means that there are 
no limitations on the values the missing vari- 
able can assume. When a variable does not ap- 
pear, it can assume any value from zero to 
plus or minus infinity. This can happen only if 
the line represented by the equation lies paral- 
lel to the axis of the missing variable. 


Lines Passing Through the Origin 


A linear equation, such as 
4x + 3y = 0 


that has no constant term, represents a line 
passing through the origin. This fact is obvi- 
ous since x= 0, y = 0 satisfies any equation not 
having a constant term. (See fig. 12-8.) 


Lines Parallel to Each Other 
An equation such as 
3x - 2y 


has all possible terms present. It represents 
a line that is not parallel to an axis and does 
not pass through the origin. 

Equations that are exactly alike, except for 
the constant terms, represent parallel lines. 
As shown in figure 12-8, the lines represented 
by the equations 


3x - 2y = -18 and 3x - 2y = 6 


6 


are parallel. 
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Figure 12-8.—Interpreting equations. 


Parallel lines have the same slope. Chang- 
ing the constant term moves a line away from 
or toward the origin while its various positions 
remain parallel to one another. Notice in fig- 
‘ure 12-8 that the line 3x - 2y = 6 lies closer to 
the origin than 3x - 2y = -18. This is revealed 
at sight for any pair of lines by comparing their 
constant terms. Thatone which has the constant 
term of greater absolute value will lie farther 
from the origin. In this case 3x - 2y = -18 will 
be farther from the origin since |-18! > [6]. 

The fact that lines are parallel is indicated 
by the result when we try to solve two equations 
such as 3x - 2y = -18 and 3x - 2y = 6 simultane- 
ously. Subtraction eliminates both x and y im- 
mediately. If both variables disappear, we can-~ 
not find values for them such that both equations 
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are satisfiedat the same time. This means that 
there is no solution. No solution implies that 
there is no point of intersection for the straight 
lines represented by the equations. Lines that 
do not intersect in the finite plane are parallel. 


USING TWO VARIABLES IN 
SOLVING WORD PROBLEMS 


Many problems can be solved quickly and 
easily using one equation with one variable. 
Other problems that might be rather difficult to 
solve in terms of one variable can easily be 
solved using two equations and two variables. 
The difference in the two methods is shown in 
the following example, solved first by using one 
variable and then using two. 
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EXAMPLE: Find the two numbers such that 
half the first equals a third of the second and 
twice their sum exceeds three times the second 
by 4. 


SOLUTION USING ONE VARIABLE: 


1, Let x = the first number. 


2. Then > - 5 of the second number. 


3. Thus ax = the second number. 


From the statement of the problem, we then 
have 


2(x+ SX) =3 (2%) a4 


2 2 
2x + 3x = & + 4 
10x = 9x + 8 
x= 8 (first number) 
x = 12 (second number) 


SOLUTION USING TWO VARIABLES: 


If we let x and y be the first and second num- 
bers, respectively, we can write two equations 
almost directly from the statement of the prob- 
lem. Thus, 


x=f 
1.5=4 


2. 2(x+y) = 3y + 4 


Solving for x in the first equation and sub- 
stituting this value in the second, we have 


= 2 
PREG 
2 (% . y) = Sy 44 
4 + 2y = 3y + 4 
4y + 6y = Sy + 12 
y= 12 (second number) 
x = 12 
2 3 
x= 8 (first number) 


Thus, we see that the solution using two vari- 
ables is more direct and simple. Often it would 
require a great deal of skill to manipulate a 
problem so that it might be solved using one 
variable; whereas the solution using two vari- 
ables might be very simple. The use of two 
variables, of course, involves the fact that the 
student must be able to form two equations 
from the information given in the problem. 

Practice problems. Solve the following prob- 
lems using two variables: 


1. A Navy tug averages 12 miles per hour down- 
stream and 9 miles per hour upstream. How 
fast is the stream flowing? 


2. The sum of the ages of two boys is 18. If 4 
times the younger boy's age is subtracted from 
3 times the older boy's age, the difference is 
12. What are the ages of the two boys ? 


Answers: 


1 
1. 1, mph. 


2. 6 years and 12 years. 


INEQUALITIES IN TWO VARIABLES 


Inequalities in two variables are of the fol- 
lowing form: 


xX+y>2 


Many solutions of such an inequation are ap- 
parent immediately. For example, x could have 
the value 2 and y could have the value 3, since 
2+ 3 is greater than 2. 

The existence of a large number of solutions 
suggests that a graph of the inequation would 
contain many points. The graph of an inequa- 
tion in two unknowns is, in fact, an entire area 
rather than just a line. 


PLOTTING ON THE 
COORDINATE SYSTEM 


It would be extremely laborious to plot 
enough points at random to define an entire 
area of the coordinate system. Therefore our 
method consists of plotting a boundary line and 
shading the area, on one side of this line, 
wherein the solution points lie. 

The equation of the boundary line is formed 
by changing the inequation to an equation. For 
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example, the equation of the boundary line for 
the graph of 


x+y>e2 
is the equation 
X+y=2 


Figure 12-9 is a graphofx+y>2. Notice 
that the boundary line x + y = 2 is not solid. 
This is intended to indicate that points on the 
boundary line are not members of the solution 
set. Every point lying above and to the right of 
the boundary line is a member of the solution 
set. Any solution point may be verified by sub- 
stituting its X and Y coordinates for x and y in 
the original inequation. 


K/ 


Zi 


SYS AS 


Figure 12-9.—Graph of x + y > 2. 


SIMULTANEOUS INEQUALITIES 


The areas representing the solutions of two 
different inequations may overlap. If such an 
overlap occurs, the area of the overlap includes 
all points whose coordinates satisfy both in- 
equations simultaneously. An example of this 
is shown in figure 12-10, in which the following 
two inequations are graphed: 


x+y>2 


a 


Be 


o 


e 
ROKK 


rena! 


Figure 12-10.—Graph of x+y > 2 and x-y > 2. 


The double crosshatched area in figure 12-10 
contains all points which comprise the solution 
set for the system. 
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CHAPTER 13 
RATIO, PROPORTION, AND VARIATION 


The solution of problems based on ratio, 
proportion, and variation involves no new prin- 
ciples. However, familiarity with these topics 
will often lead to quick and simple solutions to 
problems that would otherwise be more com- 
plicated. 


RATIO 


The results of observation or measurement 
often must be compared with some standard 
value in order to have any meaning. For ex- 
ample, to say that a man can read 400 words 
per minute has little meaning as it stands. 
However, when his rate is compared to the 250 
words per minute of the average reader, one 
can see that he reads considerably faster than 
the average reader. How much faster? To 
find out, his rate is divided by the average 
rate, as follows: 


Thus, for every 5 words read by the average 
reader, this man reads 8. Another way of mak- 


ing this comparison is to say that he reads 8 


times as fast as the average reader. 

When the relationship between two numbers 
is shown in this way, they are compared asa 
RATIO. A ratio is a comparison of two like 
quantities. It is the quotient obtained by divid- 
ing the first number of a comparison by the 
second. 

Comparisons may be stated in more than 
one way. For example, if one gear has 40 teeth 
and another has 10, one way of stating the com- 
parison would be 40 teeth to 10 teeth. This 
comparison could be shown as a ratio in four 
ways as follows: 


1. 40:10 
2. 40+ 10 
3. 40 

10 


4. The ratio of 40 to 10, 


When the emphasis is on "ratio," all of these 
expressions would be read, "the ratio of 40 to 
10." The form 40+ 10 may also be read ''40 


divided by 10." The form 42 may also be read 


10 
"40 over 10," 

Comparison by means of a ratio is limited 
to quantities of the same kind. For example, in 
order to express the ratio between 6 ft and 3 yd, 
both quantities must be written in terms of the 
Same unit. Thus the proper form of this ratio 
is 2 yd: 3 yd, not 6 ft: 3 yd. When the parts of 
the ratio are expressed in terms of the same 
unit, the units cancel each other and the ratio 
consists simply of two numbers. In this exam- 
ple, the final form of the ratio is 2: 3. 

Since a ratio is also a fraction, all the rules 
that govern fractions may be used in working 
with ratios. Thus, the terms may be reduced, 
increased, simplified, and so forth, according 
to the rules for fractions. To reduce the ratio 
15:20 to lowest terms, write the ratio as a 
fraction and then proceed as for fractions, 
Thus, 15:20 becomes 


15 _ 3 
26° «4 
Hence the ratio of 15 to 20 is the same as the 


ratio of 3 to 4, 
Notice the distinction in thought between : 


as a fraction and 3 asaratio. Asa fraction we 


think of $ as the single quantity "three-fourths," 


Asa ratio, we think of 3 asa comparison be- 
tween the two numbers, 3 and 4. For example, 
the lengths of two sides of a triangle are 1% ft 


and 2 ft. To compare these lengths by means 
of a ratio, divide one number by the other and 
reduce to lowest terms, as follows: 


12 25 
“16 _ 16 _ 25 
2 2 32 
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The two sides of the triangle compare as 25 
to 32. 


INVERSE RATIO 


It is often desirable to compare the numbers 
of a ratio in the inverse order. To do this, we 
simply interchange the numerator and the de- 
nominator. Thus, the inverse of 15:20 is 20:15. 
When the terms of a ratio are interchanged, the 
INVERSE RATIO results. 

Practice problems, In problems 1 through 6, 
write the ratio as a fraction and reduce to low- 
est terms. In problems 7 through 10, write the 
inverse of the given ratio. 


1, The ratio of 5 lb to 15 ib 
2. $16 : $12 
3. 16+ 4 
4. One quart to one gallon 
5. 5x to 10x 
: ery | 
6. 33 : 45 
7. The ratio of 6 ft to 18 ft 
4 
8, 8 
9. 5:8 
10. 15 to 21 
Answers: 
1 20 
1. 3 6. 37 
4 3 
2. 3 1. 1 
4 2 
3. T 8. i 
1 8 
4, ri 9, 5 
1 q 
5. 3 10. 5 
PROPORTION 


Closely allied with the study of ratio is the 
subject of proportion. A PROPORTION is 
nothing more than an equation in which the 
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members are ratios. In other words when two 
ratios are set equal to each other, a proportion 
is formed. The proportion may be written in 
three different ways as in the following ex- 
amples: 


15:20 :: 3:4 
15:20 = 3:4 
15 _ 3 
20° «4 


The last two forms are the most common. All 
these forms are read, "15 is to 20 as 3 is to 4." 
In other words, 15 has the same ratio to 20 as 
3 has to 4. 

One reason for the extreme importance of 
proportions is that if any three of the terms 
are given, the fourth may be found by solving a 
simple equation. In science many chemical and 
physical relations are expressed as propor- 
tions. Consequently, a familiarity with propor- 
tions will provide one method for solving many 
applied problems. It is evident from the last 


form shown, Bs = 5, that a proportion is really 


a fractional equation. Therefore, all the rules 
for fraction equations apply. 


TERMS OF A PROPORTION 


Certain names have been given to the terms 
of the two ratios that make up a proportion. In 
a proportion such as 3:8 = 9:24, the first and 
the last terms (the outside terms) are called 
the EXTREMES. In other words, the numerator 
of the first ratio and the denominator of the 
second are called the extremes. The second 
and third terms (the inside terms) are called 
the MEANS. The means are the denominator of 
the first ratio and the numerator of the second. 
In the example just given, the extremes are 3 
and 24; the means are 8 and 9. 

Four numbers, such as 5, 8, 15, and 24, form 
a proportion if the ratio of the first two in the 
order named equals the ratio of the second two. 
When these numbers are set up as ratios with 
the equality sign between them, the members 
will reduce to an identity if a true proportion 
exists. For example, consider the following 
proportion: 


cfu 
WW 

bol 

el OT 
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In this proportion, 3 must reduce to 3 for the 
proportion to be true. Removing the same fac- 
tor from both members of z we have 


The number 3 is the common factor that 
must be removed from both the numerator and 
the denominator of one fraction inorder to show 
that the expression 


5 _ 15 

8 24 
is a true proportion. To say this another way, 
it is the factor by which both terms of the ratio 
2 must be multiplied in order to show that this 


ratio is the same as AH . 


Practice problems. For each of the follow- 
ing proportions, write the means, the extremes, 
and the factor of proportionality. 


- 15 25 1 
1. 16 = 80 3. 75 = 3 
2. 4:5 = 12:15 4, 12:3 :: 4:1 
Answers: 


1. Means: 16 and 15 
Extremes: 3 and 80 
Factor of proportionality: 5 


2. M: 5 and 12 
E: 4and 15 
FP: 3 

3. M: 75 and1 
E: 25 and 3 
FP: 25 

4. M: 3and4 
E: 12and1 
FP: 3 


OPERATIONS OF PROPORTIONS 


It is often advantageous to change the form 
of a proportion. There are rules for changing 


or combining the terms of a proportion without 
altering the equality between the members. 
These rules are simplifications of fundamental 
rules for equations; they are not new, but are 
simply adaptations of laws or equations pre- 
sented earlier in this course. 

Rule 1, In any proportion, the product of the 
means equals the product of the extremes. 

This is perhaps the most commonly used 
rule of proportions. It provides a simple way 
to rearrange a proportion so that no fractions 
are present. In algebraic language the rule is 
illustrated as follows: 


d 

be = ad 
To prove this rule, we note that the LCD of the 
two ratios = and ‘ is bd. Multiplying both mem- 


bers of the equation in its original form by this 
LCD, we have 


= bd + 


ajo 


2 
b 
ad = be 
The following numerical example illustrates 
the simplicity of rule 1: 


eee 
8 ~ 24 
8(9) = 3(24) 


If one of the terms of a proportion is a vari- 
able to the first power as in 


7:5 = x:6 


the proportion is really a linear equation in one 
variable. Such an equation can be solved for 
the unknown, 

Equating the products of the means and ex- 
tremes produces the following: 


5x = 42 


2 
85 


x 


Mean Proportional 


When the two means of a proportion are the 
same quantity, that quantity is called the MEAN 
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PROPORTIONAL between the other two terms. 
In the proportion 


Paty 
i 
o|x 


x is the mean proportional between a and c. 
Rule 2. The mean proportional between two 

quantities is the square root of their product. 

This rule is stated algebraically as follows: 


~ ip 


x 
c 
+ Vac 


To prove rule 2, we restate the proportion 
and apply rule 1, as follows: 


a_x 
x Cc 
x? = ac 
x= +/Vac 


Rule 2 is illustrated by the following nu- 
merical example: 


2.8 
8 32 

8 = V3) 
8 = V64 


OTHER FORMS FOR PROPORTIONS 


If four numbers, for example, a, b, c, and d, 
form a proportion, such as 


bd 
they also form a proportion according to other 
arrangements. 
Inversion 


The four selected numbers are in proportion 
by INVERSION in the form 


b_d 


_—_=t— 


a ¢ 


The inversion relationship is proved as fol- 
lows, by first multiplying both members of the 


original proportion by be : 
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(ze) &) 


b 
a 


Note that the product of the means and the prod- 
uct of the extremes still yield the same equal- 
ity as in the original proportion. 

The inversion relationship may be illustrated 
by the following numerical example: 


5 _ 10 

8 «16 
Therefore, 

8 _ 16 

5 ~ 10 
Alternation 


The four selected numbers (a, b, c, and d) 
are in proportion by ALTERNATION in the fol- 
lowing form: 


alp 


To prove the alternation relationship, first 
multiply both sides of the original proportion 


by 2, as follows: 


a_c 
bod 
(6) ~ 2a) 
ab 
cd 


The following numerical example illustrates 
alternation: 


5 2 10 

B 16 
Therefore, 

5 _ 8 

10 ~ i6 


SOLVING PROBLEMS BY 
MEANS OF PROPORTION 


One of the most common types of problems 
based on proportions involves triangles with 
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proportional sides. Suppose that the corre- 
sponding sides of two triangles are known to be 
proportional. (See fig. 13-1.) The lengths of 
the sides of one triangle are 8, 9, and 11. The 
length of the side of the second triangle corre- 
sponding to side 8 in the first triangle is 10. 
We wish to find the lengths of the remaining 
sides, b and c. 


Figure 13-1.—Triangles with corresponding 
Sides proportional. 


Since the corresponding sides are propor- 
tional, the pairs of corresponding sides may be 
used to form proportions as follows: 


8.2 
10°—S ob 
glu 
b-oe¢ 
8 Lill 
10° ¢ 


To solve for b, we use the proportion 
9 


b 


ole 


and obtain the following result: 


8b = 90 
4b = 45 

1 
b= ll7 


The solution for c is similar to that for b, 
using the proportion 


8 ou 
10° ~¢ 


with the following result: 
8c = 110 
= 132 
c= 137 


The sides of the second triangle are 10, 114, 
3 


and 137. The result can also be obtained by 


using the factor of proportionality. Since 8 and 
10 are lengths of corresponding sides, we can 
write 


8k = 10 
-20_5 
k= 377 


The factor of proportionality is thus found to 
be 5 

Multiplying any side of the first triangle by 
s gives the corresponding side of the second 
triangle, as follows: 


po9 (Se n] 
con) uf 


Proportional sides of similar triangles may 
be used to determine the height of an object by 
measuring its shadow. (See fig. 13-2.) 


Figure 13-2.—Measuring height by 
shadow length. 


In figure 13-2, mast AC casts a shadow 20 ft. 
long (AB). At the same time, DF (12 ft. long) casts a 
shadow of 16 ft. long (DE). Assuming that both masts 
are vertical and on level ground, triangle ABC is similar 
to triangle DEF and their corresponding sides are 
therefore proportional. Thus the height of AC may be 
found as follows: 
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AC _ 20 
12 ~ 16 

_ (12)(20) | 
AC = 6 = 15 


Practice problems. In each of the following 
problems, set up a proportion and then solve 
for the unknown quantity: 


1. Referring to figure 13-1, if the shortest side 
of the larger triangle is 16 units long, rather 
than 10, how long is side c? 


2. If a mast 8 ft high casts a shadow 10 ft long, 
how high is a mast that casts a shadow 40 ft 
long? 


Answers: 

oe * 35° 3 
8c = (11)(16) (8)(40) _ , 
o anja) 10 
c = 22 ee 


Word Problems 


A knowledge of proportions often provides a 
quick method of solving word problems. The 
following problem is a typical example of the 
types that lend themselves to solution by means 
of proportion. 

If an automobile runs 36 mi on 2 gal of gas, 
how many miles will it run on 12 gal? Com- 
paring miles to miles and gallons to gallons, 
we have 


36:x = 2:12 


Rewriting this in fraction form, the solution is 
as follows: 


36 2 

x 12 

2x = 12(36) 

x = 6(36) 
= 216 mi 


Practice problems. In each of the following 
problems, first set up a proportion and then 
solve for the unknown quantity: 
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1. The ratio of the speed of one aircraft to that 
of another is 2to 5. If the slower aircraft has 
a speed of 300 knots, what is the speed of the 
faster aircraft? 


2. If 6 seamen can empty 2 cargo Spaces in 1 
day, how many spaces can 150 seamen empty in 
1 day ? 


3. On a map having a scale of 1 in. to 50 mi, 
how many inches represent 540 mi? 


Answers: 
1. 750 kt 2. 90 3. 10.8 in. 
VARIATION 
When two quantities are interdependent, 


changes in the value of one may have a predict- 
able effect on the value of the other. Variation 
is the name given to the study of the effects of 
changes among related quantities. The three 
types of variation which occur frequently in the 
study of scientific phenomena are DIRECT, 
INVERSE, and JOINT. 


DIRECT VARIATION 


An example of direct variation is found in 
the following statement: The perimeter (sum 
of the lengths of the sides} of a square in- 
creases if the length of a side increases. In 
everyday language, this statement might be- 
come: The longer the side, the bigger the 
square. In mathematical symbols, using p for 
perimeter and s for the length of the side, the 
relationship is stated as follows: 


p = 4s 


Since the number 4 is constant, any varia- 
tions which occur are the results of changes in 
p and s, Any increase or decrease in the size 
of s results ina corresponding increase or de- 
crease in the size of p. Thus p varies in the 
same way (increasing or decreasing) as s. This 
explains the terminology which is frequently 
used: p varies directly as s. 

In general, if a quantity can be expressed in 
terms of a second quantity multiplied by a con- 
stant, it is said to VARY DIRECTLY AS the 
second quantity. For example if x and y are 
variables and k is a constant, x varies directly 
as y,if x=ky. Thus, as y increases x increases, 
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and as y decreases, x decreases. There is a 
direct effect on x caused by any change in y. 
The fact that x varies as y is sometimes in- 
dicated by x < y, or x~ y. However, it is usu- 
ally written in the form x = ky. 
The relationship x ky is equivalent to 


i = k, If one quantity varies directly as a sec- 


ond quantity, the ratio of the first quantity to 
the second quantity is a constant. Thus, what- 
ever the value of x, where it is divided by y, 
the result will always be the same value, k. 

A quantity that varies directly as another 
quantity is also said to be DIRECTLY PRO- 
PORTIONAL to the second quantity. In x = ky, 
the coefficient of x is 1. The relationship x = ky 
can be written in proportion form as 


ml 


or 


Yikes 


Notice that the variables, x and y, appear 
either in the numerators or in the denominators 
of the equal ratios. This implies that x and y 
are directly proportional. The constant, k, is 
the CONSTANT OF PROPORTIONALITY. 

Practice problems. Write an equation show- 
ing the stated relationship, in each of the fol- 
lowing problems: 


1. The cost, C of a dozen wrenches varies di- 
rectly as the price, p, of one wrench. 


2. X is directly proportional to Y (use k as the 
constant of proportionality). 


3. The circumference, C, of a circle varies 
directly as its diameter, d (use 7 as the con- 
stant of proportionality). 

In the following problems, based on the formula 
p = 4s, find the appropriate word or symbol to 
fill the blank. 

4, When s is doubled, pwillbe_. tC 
5. When s is halved, pwillbe__ Ss stSC 


6, is directly proportional to s. 
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Answers: 
1, C = 12p 4. doubled 
2. X = ky 5. halved 
3. C = 1d 6. p 


Variation as the Power of a Quantity 


Another form of direct variation occurs 
when a quantity varies as some power of an- 
other. For example, consider the formula 


Table 13-1 shows the values of r and the cor- 
responding values of A. 


Table 13-1.—Relation between values of 
radius and area ina circle. 


Notice how A changes as a result of a change 
in r. When r changes from 1 to 2, A changes 
from 7 to 4 times 7 or 2? times 7, Likewise 
when r changes from 3 to 4, A changes not as 
r, but as the SQUARE of r. In general, one 
quantity varies as the power of another if it is 
equal to a constant times that quantity raised 
to the power. Thus, in an equation such as 
x = ky", x varies directly as the nt" power of y. 
As y increases, x increases but more rapidly 
than y, and as y decreases, x decreases, but 
again more rapidly. 


Practice problems. 


1. In the formula V = e3, how does V vary? 


2. Inthe formula A = s?, if s is doubled how 
much is A increased? 


2 
3. In the formula s = &, g is a constant. If t 


is halved, what is the resulting change in s? 
Answers: 

1. Directly as the cube of e. 

2. It is multiplied by 4. 


3. It is multiplied by i. 
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INVERSE VARIATION 


A quantity VARIES INVERSELY as another 
quantity if the product of the two quantities is a 
constant. For example, if x and y are variables 
and k is a constant, the fact that x varies in- 
versely as y is expressed by 


xy =k 
or 


k 
y 


x 


If values are substituted for x and y, we see 
that as one increases, the other must decrease, 
and vice versa. Otherwise, their product will 
not equal the same constant each time. 

If a quantity varies inversely as a second 
quantity, it is INVERSELY PROPORTIONAL to 
the second quantity. In xy =k, the coefficient 
of k is 1. The equality xy =k can be written in 
the form 


wis 
Net | pee 


or 


4 
i 
mh 


Notice that when one of the variables, x or 
y, occurs in the numerator of a ratio, the other 
variable occurs in the denominator of the sec- 
ond ratio. This implies that x and y are in- 
versely proportional. 

Inverse variation may be illustrated by 
means of the formula for area of a rectangle. 
If A stands for area, L for length, and W for 
width, the expression for the area of a rec- 
tangle in terms of the length and width is 


A = LW 


Suppose that several rectangles, all having the 
same area but varying lengths and widths, are 
to be compared. Then LW = A has the same 
form as xy =k, where A and k are constants. 
Thus L is inversely proportional to W, and W 
is inversely proportional to L. 

If the constant area is 12 sq ft, this rela- 
tionship becomes 


LW = 12 
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If the length is 4 ft, the width is found as fol- 
lows: 


If the length increases to 6 ft, the width de- 
creases as follows: 


= 2 ft 


If a constant area is 12, the width ofa rec- 
tangle decreases from 3 to 2 as the length in- 
creases from 4 to 6. When two inversely pro- 
portional quantities vary, one decreases as the 
other increases. 

Another example of inverse variation is 
found in the study of electricity. The current 
flowing in an electrical circuit at a constant 
potential varies inversely as the resistance of 
the circuit. Suppose that the current, I, is 10 
amperes when the resistance, R, is 11 ohms 
and it is desired to find the current when the 
resistance is 5 ohms, 

Since I and R vary inversely, the equation 
for the relationship is IR = k, where k is the 
constant voltage. Therefore, (10)(11) =k. Also, 
when the resistance changes to 5 ohms, (5)(I) =k. 
Quantities equal to the same quantity are equal 
to each other, so we have the following equation: 


5I = (10)(11) 
S210, 
I= 5 = 22 


The current is 22 amperes when the resistance 
is 5 ohms. As the resistance decreases from 
11 to 5 ohms, the current increases from 10 to 
22 amperes. 

One type of variation problem which tends to 
be confusing to the beginner involves rates of 
speed or rates of doing work. For example, if 
7 men can complete a job in 20 days, how long 
will 50 men require to complete the same job? 
The strictly mechanical approach to this prob- 
lem might result in the following false solution, 
relating men to men and days to days: 


7 men _ 


20 days 
50 men — 


T 


However, a little thought brings out the fact 
that we are dealing with an INVERSE relation- 
ship rather than a direct one. In other words, 
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the more men we have, the less time is re- 
quired. Therefore, the correct solution re- 
quires that we use an inverse proportion; that 
is, we must invert one of the ratios as follows: 


ete 
20 


()(20) _ 24 days 


Practice problems. In problems 1 and 2, 
express the given data as a proportion, using k 
as the constant of proportionality. 


a 
50 
T 


1. The rate, r, at which a vessel travels in 
going a certain distance varies inversely as the 
time, t. 


2. The volume, V, of a gas varies inversely as 
the pressure, p. 


3. A ship moving at a rate of 15 knots requires 
10 hr to travel a certain distance. If the speed 
is increased to 25 knots, how long will the ship 
require to travel the same distance ? 


Answers: 


3. 6 hr 


JOINT VARIATION 


A quantity VARIES JOINTLY as two or more 
quantities, if it equals a constant times their 
product. For example, if x, y, and z are vari- 
ables and k is a constant, x varies jointly as 
y and z, if x= kyz. Note that this is similar to 
direct variation, except that there are two var- 
fable factors and the constant with which to 
contend in the one number; whereas in direct 
variation, we had only one variable and the 
constant, The equality, x = kyz, is equivalent to 


x 
yz" * 


If a quantity varies jointly as two or more other 
quantities, the ratio of the first quantity to the 
product of the other quantities is a constant. 

The formula for the area of a rectangle is 
an example of joint variation. If A is allowed 
to vary, rather than being constant as in the 
example used earlier in this chapter, then A 
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varies jointly as L and W. When the formula is 
written for general use, it is not commonly ex- 
pressed as A= kLW, although this is a mathe- 
matically correct form. Since the constant of 
proportionality in this case is 1, there is no 
practical need for expressing it. 

Using the formula A = LW, we make the fol- 
lowing observations: If L=5 and W = 3, then 
A = 3(5) = 15, If L = 5 and W = 4, then A= 
4(5) = 20, and soon. Changes in the area of a 
rectangle depend on changes in either the length 
or the width or both. The area varies jointly 
as the length and the width. 

As a general example of joint variation, 
consider the expression ax bc. Written as an 
equation, this becomes a = kbc. If the value of 
a is known for particular values of b and c, we 
can find the new value of a corresponding to 
changes in the values of b andc. For example, 
suppose that a is 12 when b is 3 and c is 2, 
What is the value of a when b is 4 and c is 5? 
Rewriting the proportion, 


peak 
Thus 

aya = 
Also, 

Gre = * 


Since quantities equal to the same quantity are 
equal to each other, we can set up the following 
proportion: 


12 
te) * (3)(2) 
a =.40 
Practice problems, Using k as the constant 
of proportionality, write equations that express 
the following statements: 
1. Z varies jointly as x and y. 
2. S varies jointly as b times the square of r, 
3. The length, W, of a radio wave varies jointly 


as the square root of the inductance, L, and the 
capacitance, C. 
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Answers: 
1. Z = kxy 
2. S = kbr? 
3.W=kVLe 


COMBINED VARIATION 


The different types of variation can be com- 
bined. This is frequently the case in applied 
problems. The equation 


_ kw?L 
gate 


E 


is an example of combined variation and is 
read, "E varies jointly as L andthe square of 
W, and inversely as the square of p."" Likewise, 


is read, "V varies jointly as r and s and in- 
versely as t." 
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CHAPTER 14 
DEPENDENCE, FUNCTIONS, AND FORMULAS 


In chapter 13 of this course, use is made of 
several formulas, such as A = LW, E = R&, etc. 
It is the purpose of this chapter to explain the 
function and dependency relationships which 
make formulas so useful. 


DEPENDENCE AND FUNCTIONS 


Dependence may be defined as any relation- 
ship between two variables which allows the 
prediction of change in one of them as a result 
of change in the other. For example, the cost 
of 200 bolts depends upon the price per hun- 
dred. If C represents cost and p represents 
the price of 100 bolts, then the cost of 200 bolts 
may be expressed as follows: 


C = 2p 


In the example just given, C is called the 
DEPENDENT VARIABLE because its value de- 
pends upon the changing values of p. The IN- 
DEPENDENT VARIABLE is p. It is standard 
practice to isolate the dependent variable on 
the left side of an equation, as in the example. 

Consider the formula for the area of a rec- 
tangle, A= LW. Here we have two independent 
variables, L and W. : 

Figure 14-1 (A) shows what happens if we 
double the length. Figure 14-1 (B) shows the 
result of doubling the width. Figure 14-1 (C) 
shows the effect of doubling both length and 
width. Notice that when the length or width 
alone is doubled the area is doubled, but when 
both length and width are doubled the area is 
four times as great. 

In any equation showing a dependency rela- 
tionship, the dependent variable is said to be a 
FUNCTION of the independent variable. An- 
other use of the term “function” in describing 
an equation such as C = 2p is to refer to the 
whole expression as "the function C 2p." 
This terminology is especially useful when the 
right-hand expression has several terms. For 
example, consider the equation y = 2x? + 3x - 4. 
Mathematicians frequently use a shorthand no- 
tation and rewrite the equation as y = f(x). The 
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Figure 14-1.—Changes in the area of a 
rectangle resulting from changes in 
length and width. 


expression f(x) is understood to mean "'a func- 
tion of x'' and reference to the function by call- 
ing it f(x) saves the space and time that would 
otherwise be required to write out all three 
terms. 
Practice problems. Answer the following 
d 


questions concerning the function r = t 


1. When t increases andd remains the same, 
doesr increase, decrease, or remain the same? 


2. When d increases andt remains the same, 
does r increase, decrease, or remain the same? 


3. When t decreases and d remains the same, 
doesr increase, decrease, or remain the same? 


4, When d decreases and t remains the same, 
doesr increase, decrease, or remain the same? 


5. When d is doubled-andt remains the same, 
is r doubled or halved? 


6. When t is doubled andd remains the same, 
is r doubled or halved? 
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Answers: 
1. Decreases. 4. Decreases. 
2. Increases. 5. Doubled. 
3. Increases. 6. Halved. 
FORMULAS 


One of the most common uses of algebra is 
in the solution of formulas. Formulas have a 
wide and varied use throughout the Navy. It is 
important to know how formulas are derived, 
how to translate them into words, how to make 
them from word statements, and how to use 
them to solve problems. 

A formula is a general fact, rule, or princi- 
ple expressed in algebraic symbols. It is a 
shorthand expression of a rule in which letters 
and signs of operation take the place of words. 
The formula always indicates the mathematical 
operations involved. For example, the formula 
P = 2L + 2W indicates that the perimeter (sum 
of the lengths of the sides) of a rectangle is 
equal to twice its length plus twice its width. 
(See fig. 14-2.) 


P=2L + 2w (|W 


L 


Figure 14-2.— Perimeter 
of a rectangle. 


A formula obtained by logical or mathemati-: 


cal reasoning is called a mathematical for- 
mula. A formula whose reliability is based on 
a limited number of observations, or on imme- 
diate experience, and not necessarily on estab- 
lished theories or laws is called an EMPIRI- 
CAL formula. Empirical formulas are found 
frequently in engineering and physical sciences. 
They sometimes are valid for only a limited 
number of values. 


SUBJECT OF A FORMULA 


Usually a formula is taken almost directly 
from the verbal rule or law. For instance, the 
perimeter of a rectangle is equal to twice the 
length plus twice the width. Where possible, 
letters are used as symbols for the words. 
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Thus, P = 2L+2W. A simple formula such as 
this is like a declarative sentence. The left 
half is the SUBJECT and all the rest is the 
predicate. The subject is P. It corresponds to 
the part of the verbal rule that reads "the pe- 
rimeter of a rectangle."" This subject is usu- 
ally a single letter followed by the equality sign. 

All formulas are equations, but not all equa- 
tions are formulas. Some distinctions between 
a formula and an ordinary equation are worthy 
of note. The equation may not have a subject, 
while the formula typically does. In the for- 
mula, the unknown quantity stands alone in the 
left-hand member. No computation is per- 
formed upon it, and it does not appear more 
than once. In the equation, on the other hand, 
the unknown quantity may appear once or more 
in either or both members, and computation 
may be performed with it or on it. We evaluate 
a formula by substituting for the literal num- 
bersin the right member. An equation is solved 
by computation in either or both members until 
all that remains is an unknown in one member 
and a known quantity in the other. The solution 
of an equation usually requires a knowledge of 
algebraic principles, while the evaluation of a 
formula may ordinarily be accomplished with 
only a knowledge of arithmetic. 


SYMBOLS 


Letters that represent words have been 
standardized in many cases so that certain for- 
mulas may be written the same in various texts 
and reference books. However, to avoid any 
misunderstanding a short explanation often ac- 
companies formulas as follows: 


A=hw, 
where 
A = area in square units 
h = height 
w = width 


Subscripts and Primes 


In a formula in which two or more of the 
same kind of letters are being compared, it is 
desirable to make a distinction between them. 
In electronics, for example, a distinction be- 
tween resistances may be indicated by R, and 
R, or R, and R,. These small numbers or 
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letters written to the right and below the R's 
are called subscripts. Those shown here are 
read: R sub a, R sub b,R sub one, and R sub 
two. Primes are also used in the same manner 
to distinguish between quantities of the same 
kind. Primes are writtento the right and above 
the letters, as in S', 8", and S''’". They are 
read: S prime, S double prime, and S triple 
prime. 


CHANGING THE SUBJECT 
OF A FORMULA 


If values are given for all but one of its var- 
jables, a formula can be solved to obtain the 
value of that variable. The first step is usually 
the rearranging of the formula so that the un- 
known value is the subject—that is, a new for- 
mula is derived from the original. For exam- 
ple, the formula for linear motion--distance 
equals rate times time—is usually written 


d=rt 


Suppose that instead of the distance we wish 
to know the rate, r, or the time, t. We simply 
change the subject of the formula by the alge- 
braic means developed in earlier chapters. 
Thus, in solving the formula for r, we divide 
both sides by t, with the following result: 


rt 
t 


roorr = 
: at 


In words, this formula states that rate equals 
distance divided by time. Likewise, in solving 
for t, we have the following : 


rt 


T 


In words, this formula states that time equals 
distance divided by rate. 

We have in effect two new formulas, the 
subject of one being rate and the subject of the 
other being time. They are related to the orig- 
inal formula because they were derived from 
it, but they are different in that they have dif- 
ferent subjects. 
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Practice problems. Derive new formulas 
from the following expressions with subjects 
as indicated: 


abh, subject h 
2L + 2W, subject L 


prt, subject r 


a 
v0} 


. 
= 


il 


br, subject b 
IR, subject I 


6. The modern formula for converting Fahren- 
heit temperatures to Celsius (centigrade) is 


C=(F+ 40)(2) - 40. Express the formula for 


converting Celsius (centigrade) temperatures 
to Fahrenheit. 


om ow & 
BI 


Answers: 
in = OA 4.b= 2 
P - 2W E 
2. L °] 5. lee 
ce ee 6. F = (C + 40) 2 - 40 
pt : 5 


EVALUATING FORMULAS 


The first step in finding the value of the un- 
known variable of a formula is usually the der- 
ivation of a formula that has the unknown as its 
subject. Once this is accomplished, the evalua- 
tion of a formula consists of nothing more than 
substituting numerical values for the letters 
representing known quantities and performing 
the indicated operations. 

For example, suppose we wish to find the 
time required to fly 1,250 nautical miles at the 
rate of 250 knots. The formula isd = rt. We 
can change the subject by dividing both sides of 
the equation by r, as follows: 


d__ rt 
rr © 
qd. 
ao 
_ 1250 
t = Sey = Obr 


Formulas can be solved for an unknown by 
substituting directly in the original formula 
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even though that unknown is not the subject. 
Generally, however, it is simpler to first make 
the unknown the subject. 

Formulas vary widely, from the simple type 
such as we have been considering to some that 
are very complex. All formulas have certain 
characteristics in common. There is always a 
subject, the quantity whose value is sought as a 
finalanswer. This subject usually stands alone, 
being placed equal to at least one and possibly 
several literal numbers, which are combined 
according to certain indicated operations. The 
formula can always be evaluated for a specific 
case when numerical values are known for all 
these literal quantities. 

Evaluating formulas may be facilitated by 
developing a routine order of doing the work. 
If someone else can read the work and clearly 
understand what has been done, the work is in 
good order. The original formula should be 
written first, then the derived formula that is 
going to be used in solving the problem, and 
finally the actual substitutions. The indicated 
operations may then be carried out. Care 
Should be taken to label answers with correct 
units; that is, miles per hour, foot-pounds, 
square feet, etc, 


Practice problems, 


1. E=IR. Solve for R inohms if E is 110 volts 
and I is 5 amperes. 


2. d=rt. Solve for t in hours if d is 840 nauti- 
cal miles and r is 25 knots. 


3. F=(C+ 40)(2) - 40. Solve for C if F is 32°. 


Answers: 


1, 22 ohms 2. 33.6 hr 0 


DEVELOPING FORMULAS 


Developing a formula from a verbal State- 
ment is nothing more than reducing the state- 
mentto a shorthand form and showing the math- 
ematical relationships between the elements of 
the statement. 

For example, suppose that we wish to de- 
velop a formula showing the distance, D, trav- 
eled at the rate of 20 knots for t hours. If the 
‘stance traveled in 1 hr is 20 nautical. miles, 
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then the distance traveled in t hours is 20t. 
Therefore, the formula is 


D = 20t 
Practice problems. 


1. Write a formula for the cost, C of p pounds 
of sugar at 15 cents per pound. 


2. Write the formula for the cost, C, of one 
article when the total cost, T, of n similar ar- 
ticles is known, 


3. Write a formula for the number of days, d, 
in w weeks. 


4, Write a formula for the number of ounces, 


n, in p pounds. 


Answers: 
1. C = 15p d = Tw 
2. C = T/n 4.n = 16p 


Developing Formulas from Tables 


In technical work, instrument readings and 
other data are often recorded in a tabular ar- 
rangement. By careful observation of such 
tables of data, it is frequently possible to find 
values that are related in a definite pattern. 
The table can thus be used in developing a for- 
mula showing the relationship between the re- 
lated quantities. 

For example, table 14-1 shows the results 
of time trials on a ship, with the data rounded 
to the nearest whole hour and the nearest whole 
mile, 


Table 14-1.—Time trials. 


Nautical miles (d) 


Hours (t) 


By inspection of the table, it soon becomes 
clear that the number of miles traveled is al- 
ways 20 times the corresponding number of 
hours. Therefore the formula developed from 
this table is as follows: 


d = 20t 
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A second example of the derivation of a for- 
mula from a table is shown in figure 14-3. 
Figure 14-3 (A) shows several polygons (many- 
sided plane figures), each with one or more 
diagonals. A diagonal is a straight line joining 
one vertex (point where two sides meet) with 
another. 


NEN RAVAN, 


piaconacs (a) | t |2 [3 [4 
swesimr ats te] 


(B) 


Figure 14-3.—Diagonals of plane figures. 


The table in figure 14-3 (B) compares the 
number of sides of each polygon with the num- 
ber of diagonals that can be drawn from any 
one vertex. Using this table, we make a for- 
mula for the number, d, of diagonals that can 
be drawn from one vertex of a polygon of n 
sides. In the table we note that the number of 
diagonals is always 3 less than the number of 
sides. Therefore the formula is d =n - 3. 

Practice problems. Complete the following 
tables and write formulas to show the relation- 
ship between the numbers. 


[Ta Ts 7s [as [4 [a7 J 20 | 
P| iz [30 jas] 66 fas] | 


*{atotif2;s{s]{s[o{7| 
petatstej7] | | | 
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Answers: 
1. P = 6L 3. y = 3x 
2,.b=a+4 4.8 =n? +2 


TRANSLATING FORMULAS 


Thus far, we have been concerned primarily 
with reducing verbal rules or statements to 
formula form. It is also necessary to’be able 
to do the reverse, and translate a formula into 
words. Technical publications frequently take 
advantage of the fact that it is more convenient 
to write formulas than longhand rules. Under- 
standing is hampered if we are not able to 
translate these formulas into words. As an ex- 
ample of translation, we may translate the for- 
mula V = lwh into words, with the literal fac- 
tors representing words as follows: 


V = volume of a 
rectangular solid 
1 = length 
= width 
h = height 


This produces the following translation: The 
volume of a rectangular solid equals the length 
times the width times the height. 

As a second example, we translate the alge- 
braic expression 2 Vx - 4 into words as fol- 
lows: Twice the square root of a certain num- 
ber, minus 4. 

Practice problems. Translate each of the 
following expressions into words. 


1. PV =k, where P represents pressure of a 
gas and V represents volume. (Assume con- 
stant temperature.) 


2. X = y + 4, where x and y are numbers. 


3. A= LW, where A is the area of a rectangle, 
L is its length, and W is its width. 


4. d=rt, where d is distance, ris rate, andt 
is time. 


Answers: 


1. The pressure of a gas multiplied by its vol- 
ume is constant, if the temperature is constant. 
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2. A certain number, x, is equal to the sum of 
another number, y, and 4. 


3. The area of a rectangle is equal to the prod- 
uct of its length times its width. 


4. Distance is equal to rate multiplied by time. 
GRAPHING FORMULAS 


We have seen that the formula is an equa- 
tion. Since all formulas are equations they 
may be graphed. Graphs of formulas have wide 
use in the Navy in such fields as electronics 
and engineering. In practical applications it is 
often convenient to derive information from 
graphs of formulas rather than from formulas 
directly. 

As an example, suppose that a fuel costs 30 
cents per gallon. The formula for the cost in 
dollars of n gallons is 


C = 0.30n 


We see that this is a linear equation, the re- 
sulting curve of which passes through the origin 
(no constant term). Since we are interested 
only in positive values, we can eliminate three 
quadrants of the graph and use only the first 
quadrant. We already know one point on the 
graph is (0,0). We need plot only one other 
point to graph the formula. The result is shown 
in figure 14-4. 


or2345 67 8 9 Witt 
GALLONS 


Figure 14-4.—Graph for the formula C = 0.30n. 


We may read the cost directly from the 
graph when the number of gallons is known, or 
the number of gallons when the cost is known. 
For instance, if 5-1/2 gal are sold, find 5-1/2 
on the gallons scale and follow the vertical line 
from that point to the point where it intersects 
the graph of the formula. From this point, fol- 
low the horizontal line to the cost scale. The 
horizontal line intersects the cost scale at 1.65. 
Therefore the cost of 5-1/2 gal is $1.65. 

Likewise, to answer the question, ''How many 
gallons may be bought for $1.27,'' we would en- 
large the graph enough to estimate to the exact 
cent. Then we would follow a horizontal line 
from 1.27 on the cost scale to the formula 
graph and follow a vertical line from that point 
to the gallons scale. Thus, 4-1/4 gal may be 
bought for $1.27. 

Plotting two formulas on the same graph may 
help to solve certain kinds of problems. For 
example, suppose that two ships leave port at 
the same time. One averages 10 knots and the 
other averages 15 knots. How far has each 
traveled at the end of 3 hr and at the end of 
5 hr? A graph to relate the two ships' move- 
ments at any time can be made as follows: Let 
the vertical scale be in nautical miles and the 


12345 678 9 0 
HOURS (t) 


Figure 14-5.—Graph of the formulas d = 10t 
and d = 15t. 
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horizontal scale be in hours. The formula for 
the first ship's distance related to time is 


d = 10t 


The formula for the second ship's distance re- 
lated to time is 


d= 15t 


We see that these formulas are linear and 
their curves pass through the origin. They are 
graphed in figure 14-5. 

With this graph we cannow answer the ques- 
tions originally posed, at a glance. Thus in 3 
hr the first ship traveled 30 mi and the second 
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traveled 45 mi. In 5 hr the first ship traveled 
50 mi and the second traveled 75 mi. 

We could also answer such questions as: 
When the second ship has traveled 100 mi, how 
far has the other traveled? We first find the 
point on the graph of d = 15t where the ship has 
traveled 100 mi. We then follow the vertical 
line from that point to the point where it inter- 
sects the graph of the other formula. From the 
point of intersection we follow a horizontal line 
to the distance axis and see that the first ship 
has traveled about 67 mi when the second has 
traveled 100 mi. 

The foregoing examples serves to illustrate 
the wide variety of applications in which graphs 
of formulas are useful. 


CHAPTER 15 
COMPLEX NUMBERS 


In certain calculations in mathematics and 
related sciences, it is necessary to perform 
operations with numbers unlike any mentioned 
thus far in this course. These numbers, unfor- 
tunately called "imaginary" numbers by early 
mathematicians, are quite useful and have a 
very real meaning in the physical sense. The 
number system, which consists of ordinary 
numbers and imaginary numbers, is called the 
COMPLEX NUMBER system. Complex num- 
bers are composed of a "real' part and an 
"imaginary" part. 

This chapter is designed to explain imagi- 
nary numbers and to show howthey canbe com- 
bined with the numbers we already know. 


REAL NUMBERS 


The concept of number, as has been noted in 
previous chapters, has developed gradually. At 
one time the idea of number was limited to 
positive whole numbers. 

The concept was broadened to include posi- 
tive fractions; numbers that lie between the 
whole numbers. At first, fractions included 
only those numbers which could be expressed 
with terms that were integers. Since any frac- 
tion may be considered as a ratio, this gave 
rise to the term RATIONAL NUMBER, which 
is defined as any number which can be ex- 
pressed as the ratio of two integers. (Remem- 
ber that any whole number is an integer.) 

It soon became apparent that these numbers 
were not enough to complete the positive num- 
ber range. The ratio, 7, of the circumference 
of a circle to its diameter, did not fit the con- 
cept of number thus far advanced, nor did such 
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numbers as V2 and V3. Although decimal 
values are often assigned to these numbers, 
they are only approximations. That is, 7 is not 
exactly equal to 22/7 or to 3.142. Such num- 
bers are called IRRATIONAL to distinguish 
them from the other numbers of the system. 
With rational and irrational numbers, the posi- 
tive number system includes all the numbers 
from zero to infinity in a positive direction. 

Since the number system was not complete 
with only positive numbers, the system was ex- 
panded to include negative numbers. The idea 
of negative rational and irrational numbers to 
minus infinity was an easy extension of the 
system. 

Rational and irrational numbers, positive 
and negative to + infinity as they have been 
presented in this course, comprise the REAL 
NUMBER system. The real number system is 
pictured in figure 15-1. 


OPERATORS 


As shown in a previous chapter, the plus 
sign in an expression such as 5 + 3 can stand 
for either of two separate things: It indicates 
the positive number 3, or it indicates that +3 
is to be added to 5; that is, it indicates the op- 
eration to be performed on +3. 

Likewise, in the problem 5 - 3, the minus 
sign may indicate the negative number -3, in 
which case the operation would be addition; that 
is, 5 + (-3). On the other hand, it may indicate 
the sign of operation, in which case +3 is to be 
subtracted from 5; that is, 5 - (+3). 

Thus, plus and minus signs may indicate 
positive and negative numbers, or they may in- 
dicate operations to be performed. 


—» +0 


+3 +4 


fea +2 
+L + 
2 


ve 


+1 


Figure 15-1.—The real number system. 
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IMAGINARY NUMBERS 


The number line pictured in figure 15-1 rep- 
resents all positive and negative numbers from 
plus infinity to minus infinity. However, there 
is a type of number which does not fit into the 
picture. Such a number occurs when we try to 
solve the following equation: 


x74+42=0 
x? = -4 
xatnv-4 


Notice the distinction between this use of the 
radical sign and the manner in which it was 
used in chapter 7. Here, the + symbol is in- 
cluded with the radical sign to emphasize the 
fact that two values of x exist. Although both 
roots exist, only the positive one is usually 
given. This is in accordance with usual mathe- 
matical convention. 

The equation 


x=in-4 


raises an interesting question: 

What number multiplied by itself yields -4? 
The square of -2 is +4. Likewise, the square 
of +2 is +4. There is no number in the system 
of real numbers that is the square root of a 
negative number. The square root of a nega- 
tive number came to be called an IMAGINARY 
NUMBER. When this name was assigned the 
square roots of negative numbers, it was natu- 
ral to refer to the other known numbers as the 
REAL numbers. 


IMAGINARY UNIT 


To reduce the problem of imaginary num- 
bers to its simplest terms, we proceed as far 
as possible using ordinary numbers in the so- 
lution. Thus, we may write V-4 as a product 


MOI-a = NENT 
= +2 V-T 
Likewise, 
N-5 = V5 N-T 
Also, 


Thus, the problem of giving meaning to the 
square root of any negative number reduces to 
that of finding a meaning for V -1. 

The square root of minus 1 is designated i 
by mathematicians. When it appears with a co- 
efficient, the symbol i is written last unless 
the coefficient is in radical form. This con- 
vention is illustrated in the following examples: 


+2 V-1 = +21 
V5 V-1 =i V5. 
3 NT V-1 = 3i V7 


The symbol i stands for the imaginary unit 
V-I. An imaginary number is any real multi- 
ple, positive or negative, of i. For example, 
-Ti, +7i, iV 15, and bi are all imaginary num- 
bers. 

In electrical formulas the letter i denotes 
current. To avoid confusion, electronic techni- 
cians use the letter j to indicate V-1 and call it 
“operator j."". The name "imaginary" should be 
thought of as a technical mathematical term of 
convenience. Such numbers have a very real 
purpose in the physical sense. Also it can be 
shown that ordinary mathematical operations 
such as addition, multiplication, and so forth, 
may be performed in exactly the same way as 
for the so-called real numbers. 

Practice problems. Express each of the 
following as some real number times i: 


1. V-I6 3. V-5 5. V-35 
2.2 V-1 4, & f7q 6. 1+ 
f 16 
Answers: 
1. 41 3.i NS 5. 5i 
2. 2i 4. di 6. 3s 


Powers of the Imaginary Unit 


The following examples illustrate the re- 
sults of raising the imaginary unit to various 
powers: 


i= V-1 
i? = V-T V-T, or -1 


i? = i7i = -1i, or -i 
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We see from these examples that an even 
power of iis a real number equal to +1 or -1. 
Every odd power of i is imaginary and equal to 


ior -i. Thus, all powers of i reduce to one of 
the following four quantities: -1I, -1, -V-T, 
or +1. 


GRAPHICAL REPRESENTATION 


Figure 15-1 shows the real numbers repre- 
sented along a straight line, the positive num- 
bers extending from zero to the right for an 
infinite distance, and the negative numbers ex- 
tending to the left of zero for an infinite dis- 
tance. Every point on this line corresponds to 
a real number, and there are no gaps between 
them. It follows that there is no possibility of 
representing imaginary numbers on this line. 

Earlier, we noted that certain signs could be 
used as operators. The plus sign could stand 
for the operation of addition. The minus sign 
could stand for the operation of subtraction. 
Likewise, it is easy to explain the imaginary 
number i graphically as an operator indicating 
a certain operation is to be performed on the 
number of which it is the coefficient. 

If we graphically represent the length, n, on 
the number line pictured in figure 15-2 (A), we 
start at the point 0 and measure to the right 
(positive direction) a distance representing n 
units. If we multiply n by -1, we may repre- 
sent the result -n by measuring from 0 in a 
negative direction a distance equal to n units. 

Graphically, multiplying a real number by 
-1 is equivalent to rotating the line that repre- 
sents the number about the point 0 through 180° 
so that the new position of n is in the opposite 
direction and a distance n units from 0. In this 
case we may think of -1 as the operator that 
rotates n through two right angles to its new 
position (fig. 15-2 (B)). 

As we have shown, i127=-1. Therefore, we 
have really multiplied n by 17, ori xi. In other 
words, multiplying by -1 is the same as multi- 
plying by i twice in succession. Logically, if 
we multiplied n by t just once, the line n would 
be rotated only half as much as before—that is, 
through only one right angle, or 90°. The new 
segment ni would be measured in a direction 
90° from the line n. Thus, i is an operator that 
rotates a number through one right angle. (See 
fig. 15-3.) 

We have shown previously that a positive 
number may have two real square roots, one 
positive andone negative. For example, V9 = +3. 
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0 
(B) 
Figure 15-2.—Graphical multiplication by 

-1 and by operator i °. 


Figure 15-3.—Graphical multi- 
plication by operator i. 


We also saw that an imaginary number may 
have two roots. For example, V-4 is equal to 
+21. When the operator -1 graphically rotates 
anumber, it may do so in a counterclockwise 
or a clockwise direction. Likewise, the opera- 
tor i may graphically rotate a number in either 
direction. This fact gives meaning to numbers 
such as +2i. It has been agreed that a number 
multiplied by +i is to be rotated 90° in a coun- 
terclockwise direction. A number multiplied 
by -i is to be rotated 90° in a clockwise di- 
rection. 
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In figure 15-4, +2i is represented by rotating 
the line that represents the positive real num- 
ber 2 through 90° in a counterclockwise direc- 
tion. It follows that -2i is represented by rotat- 
ing the line that represents the positive real 
number 2 through 90° in a clockwise direction. 


+2i 


Figure 15-4.—Graphical representation 
of +2i. 


In figure 15-5, notice that the idea of i as an 
operator agrees with the concept advanced con- 
cerning the powers of i. Thus, i rotates a num- 
ber through 90°; i? or -1 rotates the number 
through 180°, and the number is real and nega- 
tive; i> rotates the number through 270°, which 
has the same effect as -i; and i‘ rotates the 
number through 360°, and the number is once 
again positive and real. 


THE COMPLEX PLANE 


All imaginary numbers may be represented 
graphically along a line extending through zero 
and perpendicular to the line representing the 
real numbers. This line may be considered in- 
finite in both the positive and negative direc- 
tions, and all multiples of i may be represented 
on it. This graph is similar to the rectangular 
coordinate system studied earlier. 

In this system, the vertical or y axis is 
called the axis of imaginaries, and the horizon- 
tal or x axis is called the axis of reals. In the 
rectangular coordinate system, real numbers 
are laid off on both the x and y axes and the 
plane on which the axes lie is called the real 
plane. When the y axis is the axis of imagi- 
naries, the plane determined by the x and y axes 
is called the COMPLEX PLANE (fig. 15-6). 

In any system of numbers a unit is neces- 
sary for counting. Along the real axis, the unit 
is the number 1. As shown in figure 15-6, 
along the imaginary axis the unit is i. Numbers 
that lie along the imaginary axis are called 
PURE IMAGINARIES. They will always be 
some multiple of i, the imaginary unit. The 
numbers 5i, 3i V2, and V-7 are examples of 
pure imaginaries. 


NUMBERS IN THE COMPLEX PLANE 
Allnumbers inthe complex plane are complex 


numbers, including reals and pure imaginaries. 
However, since the reals and imaginaries have 


biter Jif Ar A 


=b (-1)(-1) =b 


bis=D Si SAI 


= -bi 


Figure 15-5.—Operation with powers of i. 
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AXIS OF IMAGINARIES 
Y 


AXIS OF REALS 


Figure 15-6.—The complex plane. 


the special property of being located on the 
axes, they are usually identified by their dis- 
tinguishing names. 

The term complex number has been defined 
as the indicated sum or difference of a real 
number and an imaginary number. 

For example, 3+5 V-I or 3+ 5i, 2 - 6i, 
and -2 + V-5 are complex numbers. In the 
complex number 7 - i V2, 7 is the real part 
and -i V2 is the imaginary part. 


bIS 0) 


POSITIVE 
INTEGERS 


NEGATIVE 
INTEGERS 


POSITIVE 
FRACTIONS 


NEGATIVE 
FRACTIONS 


COMPLEX NUMBERS 
(a + bi) 


REAL NUMBERS 
(FORMIS a WHERE 


IRRATIONAL 


All complex numbers correspond to the gen- 
eral form a + bi, where a and b are real num- 
bers. When a has the value 0, the real term 
disappears and the complex number becomes a 
pure imaginary. When b has the value of 0, the 
imaginary term disappears and the complex 
number becomes a real number. Thus, 4 may 
be thought of as 4+ 0i, and 3i may be consid- 
ered 0+ 3i. From this we may reason that the 
real number and the pure imaginary number 
are special cases of the complex number. Con- 
sequently, the complex number may be thought 
of as the most general form of a number and 
can be construed to include all the numbers of 
algebra as -shown in the chart in figure 15-7. 


Plotting Complex Numbers 


Complex numbers may easily be plotted 
in the complex plane. Pure imaginaries are 
plotted along the vertical axis, the axis of imag- 
inaries, and real numbers are plotted along the 
horizontal axis, the axis of reals. It follows 
that other points in the complex plane must 
represent numbers that are part real and part 
imaginary; in other words, complex numbers. 
If we wish to plot the point 3+ 2i, we note that 
the number is made up of the real number 3 
and the imaginary number 2i. Thus, as in fig- 
ure 15-8, we measure along the real axis ina 


PURE IMAGINARIES 
(FORM IS 6i WHERE 
a IS 0) 


Figure 15-7.—The complex number system. 
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Figure 15-8.—Plotting complex numbers. 


positive direction. At point (3, 0) on the real 
axis we turn through one right angle and meas- 
ure 2 units up and parallel to the imaginary 
axis. Likewise, the number -3 + 2i is 3 units 
to the left and up 2 units; the number 3 - 2i 
is 3 units to the right and down 2 units; and the 
number -3 -2i is 3 units to the left and down 
2 units. 


Complex Numbers as Vectors 


A vector is a directed line segment. A com- 
plex number represents a vector expressed in 
the RECTANGULAR FORM. For example, the 
complex number 6 + 8i in figure 15-9 may be 
considered as representing either the point P 
or the line OP. The real parts of the complex 
number (6 and 8) are the rectangular compo- 
nents of the vector. The real parts are the legs 
of the right triangle (sides adjacent to the right 
angle), and the vector OP is its hypotenuse (side 
opposite the right angle). If we merely wish to 
indicate the vector OP, we may do so by writ- 
ing the complex number that represents it along 
the segment as in figure 15-9. This method not 
only fixes the position of point P, butalso shows 
what part of the vector is imaginary (PA) and 
what part is real (OA). 

If we wish to indicate a number that shows 
the actual length of the vector OP, it is neces- 
sary to solve the right triangle OAP for its 
hypotenuse. This may be accomplished by tak- 
ing the square root of the sum of the squares of 
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AXIS OF IMAGINARIES 
Y 


Figure 15-9.—A complex number 
shown as a vector. 


the legs of the triangle, which in this case are 
the real numbers, 6 and 8. thus, 


J67 + 82 


V 100 
10 


OP 


However, since a vector has direction as 
well as magnitude, we must also show the di- 
rection of the segment; otherwise the seg- 
ment OP could radiate in any direction on the 
complex plane from point 0. The expression 
10/53.1° indicates that the vector OP has been 
rotated counterclockwise from the initial posi- 
tion through an angle of 53.1°. (The initial po- 
Sition in a line extending from the origin to the 
right along OX.) This method of expressing the 
vector quantity is called the POLAR FORM. 
The number represents the magnitude of the 
quantity, and the angle represents the position 
of the vector with respect to the horizontal ref- 
erence, OX. Positive angles. represent coun- 
terclockwise rotation of the vector, and nega- 
tive angles represent clockwise rotation. The 
polar form is generally simpler for multiplica- 
tion and division, but its use requires a knowl- 
edge of trigonometry. 
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ADDITION AND SUBTRACTION OF 
COMPLEX NUMBERS 


Pure imaginaries are added and subtracted 
in the same way as any other algebraic quanti- 
ties. The coefficients of similar terms are 
added or subtracted algebraically, as follows: 


*4i + 3i = Ti 
4i - 3i =i 
4i - (-3i) = Ti 


Likewise, complex numbers in the rectangular 
form are combined like any other algebraic 
polynomials. Add or subtract the coefficients 
of similar terms algebraically. If parentheses 
enclose the numbers, first remove the paren- 
theses. Next, place the real parts together and 
the imaginary parts together. Collect terms. 
As examples, consider the following: 


1, (2 - 3i) + (5 + 4i) = 2 - 3i + 5 + 4i 
=2+5 - 3i + 4i 
=7T+i 

2. (2 - j3) - (5 + j4) = 2 - j3 - 5 - j4 
=2-5- j3 - j4 
= -3 - j7 


In example 2, notice that the convention for 
writing operator j (the electronics form of the 
imaginary unit) with numerical coefficients is 
to place j first. 

If the complex numbers are placed one un- 
der the other, the results of addition and sub- 
traction appear as follows: 


ADDITION SUBTRACTION 
344 NV-I a + jb 
2-7N-I [<—c¢ + jd 
5 - 3 V-1 (a - c) + j(b - d) 


Practice problems. Add or subtract as in- 
dicated, in the following problems: 


1. (3a + 4i) + (0 - 2i) 
2. (3 + 2i) + (-3 + 3i) 
3. (a + bi) + (c + di) 
4. (1 + 2 V-1) + (-2 - 2 V-T) 
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5. (-5 + 3i) - (4 - 2i) 
6. (a + bi) - (-c + di) 
Answers: 
1. 3a + 2i 4. -1 
2. 5i 5. -9 + 5i 


3.a+c+ (b + di 6.a+c+ (b - di 
MULTIPLICATION OF 
COMPLEX NUMBERS 


Generally, the rules for the multiplication of 
complex numbers and pure imaginaries are the 
same as for other algebraic quantities. How- 
ever, there is one exception that should be 
noted: The rule for multiplying numbers under 
radical signs does not apply to TWO NEGA- 
TIVE numbers. When at least one of two radi- 
cands is positive, the radicands can be multi- 
plied immediately, as inthe following examples: 


NENG = VO 
JB Vag = V6 


When both radicands are negative, however, 
as in V-2 V-3, an inconsistent result is ob- 
tained if we multiply both numbers under the 
radical signs immediately. To get the correct 
result, express the imaginary numbers first in 
terms of i, as follows: 


N-2 V-3 =i V2-i VO 
= PN2N3 
= i?V6 
= (-1) V6 = -N6 


Multiplying complex numbers is equivalent 
to multiplying binomials in the manner ex- 
plained previously. After the multiplication is 
performed, simplify the powers of i as in the 
following examples: 


1.4-i 
3 +i 
12 - 3i 
+ 4i - i? 
124+i-i? = 124i - (-1) 
= 13 +i 
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2. (-6 +5 V-%) (8 - 2 V-%7) 
= (-6 + 5i V%) (8 - 2i V7 
-48 + 40i V7 + 12i VT - 10(7)i? 
-48 + 52i V7 + 70 
22 + 521i V7 
Perform the indicated 


Practice problems. 


operations: 

1. V-3 V-16 

2. V-2 Vit 

3. N-9 V-4 

4. a N-ba - V-b 

5. (2 + 5i) (3 - 2i) 

6. (a + V-b) (a - V=-b) 

7. (-2 + V-4) (-1 + V-4) 

8. (8 - V-7) (6+ V-7) 
Answers: 

1, -12 5. 16 + 1li 

2. 6i 6. a2 +b 

3. -6 7. -2 - Gi 

4, -ab Va 8.55 + av7 


CONJUGATES AND 
SPECIAL PRODUCTS 


Two complex numbers that are alike except 
for the sign of their imaginary parts are called 
CONJUGATE COMPLEX NUMBERS. For ex- 
ample, 3 + 5i and 3 - 5i are conjugates. Either 
number is the conjugate of the other. 

If one complex number is known, the conju- 
gate can be obtained immediately by changing 
the sign of the imagina art. The conjugate 
of ~8 + is -8 - V-10. The conjugate of 
-N-6 is 

_ The sum of two conjugate complex numbers 
is a real number, as illustrated by the following: 


1. (3 + j5) + (3 - j5) = 2(3) = 6 
2. (-4+ <3), (-4- 


2 
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Product of Two Conjugates 


The product of two conjugate complex num- 
bers is a real number. Multiplying two conju- 
gates is equivalent to finding the product of the 
sum and difference of two numbers. 

Consider the following examples: 


1. (3 + j5) (3 - j5) = 3? - (55)? 
= 9 - 25(-1) 
= 9 + 25 
= 34 
2 ($69) (4B) = (4) By)’ 
4-[Rea 
=g+2 
= 1 


Squaring a Complex Number 


Squaring a complex number is equivalent to 
raising a binomial to the second power. For 
example: 

(-6 - V=25)° = (-6 - 45)" 

= [(-1) - @ + 35)? 
(-1)? - (6? + j60 + j725) 


= 36 + j60 - 25 
= 11 + j60 
DIVISION OF COMPLEX NUMBERS 


When dividing by a pure imaginary, the de- 
nominator may be rationalized and the problem 
thus simplified by multiplying both numerator 
and denominator by the denominator. Thus, 
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Practice problems. Rationalize the denomi- 


Division of complex numbers can be accom- 
plished by multiplying the numerator and de- 
nominator by the number that is the conjugate 
of the denominator. This process is similar to 
the process of rationalizing a denominator in 
the case of real numbers that are irrational. 

As an example, consider 


5 ~ 2i 
3 +i 


The denominator is 3+i. Its conjugate is 
3 -i. Multiplying numerator and denominator 


by 3 - i gives 


5-2 3-i_ 15 - Ili + 2i? 
3+i 3-1 9-1 
_ 15 - lli - 2 
+ 
_ 13 = ili 
0 
23. i 
10 ~ 10 
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nators and simplify: 


2 V-1 
442 J-T 


-2 + 4i 
2. ~-1 + 4i 


3+ V-2 
3 - V-2 


Answers: 


CHAPTER 16 
QUADRATIC EQUATIONS IN ONE VARIABLE 


The degree of an equation in one variable is 
the exponent of the highest power to which the 
variable is raised in that equation. A second- 
degree equation in one variable is one in which 
the variable is raised to the second power. A 
second-degree equation is often called a QUAD- 
RATIC EQUATION. The word quadratic is de- 
rived from the Latin word quadratus, which 
means “squared.” In a quadratic equation the 
term of highest degree is the squared term. 
For example, the following are quadratic equa- 
tions: 


24 3x +4 


3m + 4m? = 6 


The terms of degree lower than the second 
may or may not be present. The possible terms 
of lower degree than the squared term in a 
quadratic equation are the first-degree term 
and the constant term. In the equation 


3x?- 8x -5=0 


-5 is the coefficient of x°. If we wished to 
emphasize the powers of x in this equation, we 
could write the equation in the form 


$x? - 8x! - 5x9 = 0 


Examples of quadratic equations in which either 
the first-degree term or the constant term is 
missing are: 

1. 4x? = 

2. y7+ 16y = 0 

3. e74+ 12 = 


GENERAL FORM OF A 
QUADRATIC EQUATION 


Any quadratic equation can be arranged in 
the general form: 


ax? + bx +c = 0 


If it has more than three terms, some of them 
will be alike and can be combined, after which 
the final form will have at most three terms. 
For example, 


2x2 +34 5x - 1+ x? = 4 - x? - 2x - 3 
reduces to the simpler form 
4x2 +x +1 


In this form, it is easy to see that a, the coef- 
ficient of x?, is 4; b, the coefficient of x, is 7; 
and c, the constant term, is 1. 

Sometimes the coefficients of the terms of 
a quadratic appear as negative numbers, as 
follows: 


2x? - 38x - 5 = 


This equation can be rewritten in such a way 
that the connecting signs are all positive, as in 
the general form. This is illustrated as follows: 


2 4 (-3)x + (-5) = 


In this form, the value of a is seen to be 2, 
bis -3, and c is -5. 
An equation of the form 


24220 


has no x term. This can be considered as a 
case in which a is 1 (coefficient of x2 under- 
stood to be 1), bis 0, and cis 2. For the pur- 
pose of emphasizing the values of a, b, and c 
with reference to the general form, this equa- 
tion can be written 


x2+0x +26 


The coefficient of x? can never be 0; if it 
were 0, the equation would not bea quadratic. 
If the coefficients of x and x° are 0, then those 
terms do not normally appear. To say that the 
coefficient of x° is 0 is the same as saying that 
the constant term is 0 or is missing. 
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A ROOT of an equation in one variable is a 
value of the variable that satisfied the equation. 
Every equation in one variable, with constants 
as coefficients and positive integers as expo- 
nents, has as many roots as the exponent of the 
highest power. In other words, the number of 
roots is the same as the degree of the equation. 

A fourth-degree equation has four roots, a 
cubic (third-degree) equation has three roots, a 
quadratic equation has two roots, and a linear 
equation has one root. 

As an example, 6 and -1 are roots of the 
quadratic equation 


x? - 5x - 6 = 0 
This can be verified by substituting these val- 
ves into the equation and noting that an identity 
results.in each case. 


Substituting x = 6 gives 


6? - 5(6) - 6 = 

36 - 36 = 

O0= 

Substituting x = -1 gives 

(-1)? - 5(-1) - 6 = 
1+5-6:5 
6-6 = 
0 = 


Several methods of finding the roots of quad- 
ratic equations (SOLVING) are possible. The 
most common methods are solution by FAC- 
TORING and solution by the QUADRATIC FOR- 
MULA. Less commonly used methods of solu- 
tion are accomplished by completing the square 
and by graphing. 


SOLUTION BY FACTORING 


The equation x? - 36 = 0 is a pure quadratic 
equation, There are two numbers which, when 
substituted for x, will satisfy the equation as 
follows: 


(+6)? - 36 = 0 
36 - 36 = 0 
also 
(-6)? - 36 = 0 
36 - 36 = 
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Thus, +6 and -6 are roots of the equation 
x? - 36 = 0 


The most direct way to solve a pure quad- 
ratic (one in which no x term appears and the 
constant term is a perfect square) involves re- 
writing with the constant term in the right 
member, as follows: 


Taking square roots on both sides, we have 
+6 


The reason for expressing the solution as both 
plus and minus 6 is found in the fact that both 
+6 and -6, when squared, produce 36. 

The equation 


x? - 36 = 0 
can also be solved by factoring, as follows: 


0 
0 


x? - 38 
(x + 6)(x - 6) 


We now have the product of twofactors equal 
to zero. According to the zero factor law, if a 
product is zero, then one or more of its factors 
is zero. Therefore, at least one of the factors 
must be zero, and it makes no difference which 
one. We are free to set first one factor and 
then the other factor equal to zero. In so doing 
we derive two solutions or roots of the equation. 

If x + 6 is the factor whose value is 0, then 
we have 


If x - 6 is the zero factor, we have 


0 
6 


x - 6 


x 


When a three-term quadratic is put into 
simplest form, it is customary to place all the 
terms on the left side of the equality sign with 
the squared term first, the first-degree term 
next, and the constant term last, as in 


9x? - x +7=0 
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If the trinomia] in the leftmember is readily 
factorable, the equation can be solved quickly 
by separating the trinominal into factors. Con- 
sider the equation 


3x2 -x-2=0 
By factoring the trinominal, the equation be- 
comes 
(3x + 2) - I) =0 


Once again we have two factors, the product of 
which is 0. This means that one or the other of 


them (or both) must have the value 0. If the 
zero factor is 3x + 2, we have 
3x + 2= 0 
3x = -2 
nee 
3 
If the zero factor is x - 1, we have 
x- 1=0 
x=l1 
Substituting first x = 1 and then x = -4 in 


the original equation, we see that both roots 


satisfy it. Thus, 


3(1)? - (1) - 2 = 
ee Ge 
a[-3]*- fa]-2=0 
$+2-220 

0=0 


In summation, when a quadratic may be 
readily factored, the process for finding its 
roots is as follows:. 

1. Arrange the equation in the order of the 
descending powers of the variable so that all 
the terms appear in the left member and zero 
appears in the right. 

2. Factor the left member of the equation. 

3. Set each factor containing the variable 
equal to zero and solve the resulting equations. 

4. Check by substituting each of the derived 
roots in the original equation. 
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EXAMPLE: Solve the equation x? - 4x = 12 
for x. 
1. x? - 4x - 12 =0 
2. (x - 6)(x + 2) = 0 
3.x - 62 x+22=0 
x = x= -2 
4. (6)? - 4(6) = 12 (x = 6) 
36 - 24 = 12 
12 = 12 
(-2)? - 4 (-2) = 12 (x = -2) 
4+8 = 12 
12 = 12 


Practice problems. Solve the following equa- 
tions by factoring: 


1.x2+ 10x -24=0 4. Ty?- 19y-6=0 
2.a7-a- 56=0 5. m? - 4m = 96 
3. y? - 2y = 63 

Answers: 
1. x = -12 4,y=3 

= 2 _ 2 

eae, 

2.a=8 5. m = -8 

a= -7 m = 12 
3.y = -7 

Ve 

SOLUTION BY 


COMPLETING THE SQUARE 


When a quadratic cannot be solved by fac- 
toring, or the factors are not readily seen, an- 
other method of finding the roots is needed. A 
method that may always be used for quadratics 
in one variable involves perfect square trino- 
mials. These, we recall, are trinomials whose 
factors are identical. For example, 


x? - 10x + 25 = (x - 5)(x - 5) = (x - 5)? 


Recall that in squaring a binomial, the third 
term of the resulting perfect square trinomial 
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is always the square of the second term of the 
binomial. The coefficient of the middle term of 
the trinomial is always twice the second term 
of the binomial. For example, when (x + 4) is 
squared, we have 


x +4 
x + 4 
x? + 4x 

+ 4x + 16 


x? + 8x + 16 


Hence if both the second- and first-degree 
terms of a perfect square trinomial are known, 
the third may be written by squaring one-half 
the coefficient of the first-degree term. 

Essentially, in completing the square, cer- 
tain quantities are added to one member and 
subtracted from the other, and the equation is 
so arranged that the left member is a perfect 
square trinomial. The square roots of both 
members may then be taken, and the subsequent 
equalities may be solved for the variable. 

For example, 


u 


47° 


x? + 5x - 


cannot be readily factored. To solve for x by 
completing the square, we proceed as follows: 

1. Leave only the second- and first-degree 
terms in the left member. 


lu 
4 


x? + 5x 


(If the coefficient of x* is not 1, divide through 
by the coefficient of x?.) 

2. Complete the square by adding to both 
members the square of half the coefficient of 
the x term. In this example, one-half of the 


coefficient of the x term is 2 and the square 


of 5 is 2 


9 Thus, 


OF se. igs ie a eat 


4 4 


25 


+ a 


3. Factor the left member and simplify the 
right member. 
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4. Take the square root of both members. 


ey 


Remember that, in taking square roots on both 
sides of an equation, we must allow for the fact 
that two roots exist in every second-degree 
equation. Thus we designate both the plus and 
the minus root of 9 in this example. 

5. Solve the resulting equations. 


5 5S _ 
x+5=3 K+55 3 
~§ 5 x=z-8_3 
eee eae SB gy 
al Ea cot 
aa) ane 
6. Check the results. 
1\7 5 
(3) i ene ale 
5 10 _ 
ape a 
0=0 
2 
11 11 11 
(#8) (8)- Be 
121 55 ll _ 
” ioe Taner Vilas 
110 55 
a aia aa 
0=0 


The process of completing the square may 
always be uSed to solve a quadratic equation. 
However, since this process may become com- 
plicated in more complex equations, a formula 
based on completing the square has been devel- 
oped in which known quantities may be substi- 
tuted in order to derive the roots of the quad- 
ratic equation. This formula is explained in 
the following paragraphs. 


SOLUTION BY THE 
QUADRATIC FORMULA 


The quadratic formula is derived by apply- 
ing the process of completing the square to 
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solve for x in the general form of the quadratic 
equation, ax? + bx +c = 0. Remember that the 
general form represents every possible quad- 
ratic equation. Thus, if we can solve this equa- 
tion for x, the solution will be in terms of a, b, 
and c. To solve this equation for x by complet- 
ing the square, we proceed as follows: 


1. Subtract the constant term, c, from both 
members. 
ax? + bx + ¢ = 0 
ax? + bx = -c 


2. Divide all terms by a so that the coeffi- 
cient of the x* term becomes unity. 


eg ee 
ame a 


3. Add the square of one-half the coefficient 
of the x term, 2, to both members. 


2 2 
b. /b) _ 
Square Ba: (2) = Gat 
b 


2 2 
; b bo £ 
Add: x*+ x + Py = Py - £ 


4. Factor the left member and simplify the 
right member. 


(x ie b? - 4ac 
Za/ 4a? 
5. Take the square root of both members. 
b Nb? - 4ac 


X+5r = + 


2a 2a 
6. Solve for x. 
_ bd Nb? - 4ac 
X= -3- + 
2a 2a 
3 2B Nb? z 4ac 


2a 


Thus, we have solved the equation repre- 
senting every quadraticfor its unknown interms 
of its constants a, b, and c. Hence, ina given 
quadratic we need only substitute in the ex- 
pression 


a 


-b + Vb? - 4ac 
———, 


the values of a, b, and c, as they appear in the 
particular equation, to derive the roots of that 
equation. This expression is called the QUAD- 
RATIC FORMULA. The general quadratic 
equation, ax? + bx + c = 0, and the quadratic 
formula should be memorized. Then, when a 
quadratic cannot be solved quickly by factoring, 
it may be solved at once by the formula. 


EXAMPLE: Use the quadratic formula to solve 
the equation 


x? + 30 ~ 1ix = 0. 
SOLUTION: 
1. Set up the equation in standard form. 


x? - 1Ix + 30 = 0 


Then a (coefficient of x?) = 1 
b (coefficient of x) = -11 
c (the constant term) = 30 


2. Substituting, 


neo -b + Vb? =~ 4ac 
« 2a 


_ - (-11) + V(-11)? - 4(1)(30) 
eo he eye ee 


- i+ VI121 - 120 


2 
_1lls1_ 
= 5 = 6 or 5 
3. Checking: 
When When 
x = 6, x = 5, 


(5)? - 11(5) + 30 =0 
25 - 55 + 30 =0 
0=0 


(6)? - 11(6) + 30 =0 
36 - 66+ 30=0 
0=0 


EXAMPLE: Find the roots of 
2x2 - 3x - 120 


Here, a= 2, b=-3, and c= -l. 
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Substituting into the quadratic formula gives 


_ 7-3) + VC3)? - 4(2)-1) 
2(2) 
3 + V9 +8 
4 
_8+N17 
7 4 


il 


The two roots are 


i N17 and x 
These roots are irrational numbers, since the 
radicals cannot be removed. 

If the decimal values of the roots are de- 
sired, the value of the square root of 17 can be 
taken from appendix I of this course. Substi- 
tuting V17 = 4.1231 and simplifying gives 


x, = 30+ a anid x, = 3 - 44281 

_ 7.1231 ~1.1231 
X, = 4 2 a ie 
xX, = 1.781 X. = -0.281 


In decimal form, the roots of 2x? -"8x - 1=0 
to the nearest tenth are 1.8 and -0.3. 

Notice that the subscripts, 1 and 2, are used 
todistinguish between the two roots of the equa- 
tion. The three roots of a cubic equation in x 
might be designated x,,x,, and x,. Sometimes 
the letter r is uSed for root. Using r, the roots 
of a cubic equation could be labeled r,, ry., 
and r,. 


Checking: 
34+ V17 
When = 
2x2? - 3x -12=0 
then 
7 esas ge |e er, 
(3+ Vi7)? 9+ 3 V17 T 229 
Se eS 


9+ 6 V1I7+17-18-6NIT-8 _ 4 
SS age ee 
0=0 
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When 
3 - N17 
X2 = 4 
then 
2 
2(2= 77) 3(3- 77) - 1 = 0 
4 4 
9-6 V17+17 9-3 NI7 1 
pues: 4 Smoot 


Multiplying both members of the equation by 8, 
the LCD, we have 


g(@+ 8 A+ 11) (2-3 IT) _ gy = 0 


9-6 NIT +17 - 2 (9 - 3 V1I7) - 8 = 0 


9-6 VI7 +17 - 18 +6 NIT - 8 
0 


0 
0 


Practice problems. Use the quadratic for- 
mula tofind the roots of the following equations: 


1, 3x2- 20 - 7x =0 3. 15x2- 22x -5=0 
2. 4x2 - 8x -5=0 4, x2 +x =8 
Answers: 
5 
1. x, = 4 3.X,=3 
5 1 
X2= 79 EYE ab. 
2.x, = 52,18 4.x, =1 
3 - V89 
X, = 3 X, = -8 


GRAPHICAL SOLUTION 


A fourth method of solving a quadratic equa- 
tion is by means of graphing. In graphing lin- 
ear equations using both axes as reference, we 
recall that an independent variable, x, and a 
dependent variable, y, were needed. The co- 
ordinates of points on the graph of the equation 
were designated (x, y). 

Since the quadratics we are considering con- 
tain only one variable, as in the equation 


x? - 8x +12 =0 
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we cannot plot values for the equations in the 
present form using both x and y axes. A de- 
pendent variable, y, is necessary. 

If we think of the expression 


x? - 8x + 12 


as a function, then this function can be consid- 
ered to have many possible numerical values, 
depending on what value we assign to x. The 
particular value or values of x which cause the 
value of the function to be 0 are solutions for 
the equation 


x? - &x + 12 = 0 


For convenience, we may choose to let 
represent the function 


x? - 8x + 12 


If numerical values are now assigned to x, the 
corresponding values of y may be calculated. 
When these pairs of corresponding values of x 
and y are tabulated, the resulting table pro- 
vides the information necessary for plotting a 
graph of the function. 


EXAMPLE: Graph the equation 


x74 &-8=0 


(A) 


and from the graph write the roots of the equa- 
tion. 

SOLUTION: 

1. Let y = x? + 2x - 8. 


2. Make a table of the y values corresponding 
to the value assigned x, as shown in table 16-1. 


Table 16-1.—Tabulation of x and y values 
for the function y = x? + 2x - 8. 


3. Plot the pairs of x and y values that ap- 
pear in the table as coordinates of points ona 
rectangular coordinate system as in figure 
16-1 (A). 

4. Draw a smooth curve through these points, 
as shown in figure 16-1 (B). 

Notice that this curve crosses the X axis in 
two places. We also recall that, for any point 
on the X axis, the y coordinate is zero. Thus, 
in the figure we see that when y is zero, x is 
-4 or +2. When y is zero, furthermore, we 
have the original equation, 


(8) 


aigure 16-1.—Graph of the equation y = x? + 2x - 8. (A) Points plotted; 
(B) curve drawn through plotted points. 
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x? + 2x -8=0 


Thus, the values of x at these points where 
the graph of the equation crosses the X axis 
(x = -4 or +2) are solutions tothe original equa- 
tion. We may check these results by solving 
the equation algebraically. Thus, 


x24 2x - 8 = 0 


(x + 4)(x - 2) = 0 
x, +4=0 X,-2=0 
xX, = -4 X,= 
Check: 
(-4)? + 2(-4) - 8 = (2)? + 2(2) - 8 = 
16-8-8=0 4+4- 85 
0=0 0 = 


The curve in figure 16-1 (B) is called a 
PARABOLA. Every quadratic of the form 
ax? + bx +c= y will have a graph of this gen- 
eral shape. The curve will open downward if a 
is negative, and upward if a is positive. 

Graphing provides a fourth method of finding 
the roots of a quadratic in one variable. When 
the equation is graphed, the roots will be the X 
intercepts (those values of x where the curve 
crosses the X axis). The X intercepts are the 
points at which y is 0. 

Practice problems. Graph the following 
quadratic equations and read the roots of each 
equation from its graph 


1.x? - 4x - 8=0 
2. 6x - 5-x?=0 
Answers: 
1. See figure 16-2. x = 5.5; x = -1.5 
2. See figure 16-3. x=1;x=5 


MAXIMUM AND MINIMUM POINTS 


It will be seen from the graphs of quadratics 
in one variable that a parabola has a maximum 
or minimum value, depending on whether the 
curve opens upward or downward. Thus, when 
ais negative the curve passes through a maxi- 
mum value; and when a is positive, the curve 
passes through a minimum value. Often these 
maximum or minimum values comprise the only 
information needed for a particular problem. 
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In higher mathematics it can be shown that 
the X coordinate, or abscissa, of the maximum 
or minimum value is 


-b 


* * Qa 

In other words, if we divide minus the coeffi- 
cient of the x term by twice the coefficient of 
the x? term, we have the X coordinate of the 
maximum or minimum point. If we substitute 
this value for x in the original equation, the 
result is the Y value or ordinate, which corre- 
sponds to the X value. 

For example, we know that the graph of the 
equation 


x? +2x-8=y 


passes through a minimum value because a is 
positive. To find the coordinates of the point 
where the parabola has its minimum value, we 
note that a= 1, b=2, c=-8. From the rule 
given above, the X value of the minimum pointis 


ace 
x * Ba 
_ -2 
x=-l 


Substituting this value for x in the original 
equation, we have the value of the Y coordinate 
of the minimum point. Thus, 


(-1)? + 2(-) -8=y 
1-2-8= 
-9=y 


The minimum point is (-1, -9). From the graph 
in figure 16-1 (A), we see that these coordi- 
nates are correct. Thus, we can quickly and 
easily find the coordinates of the minimum or 
maximum point for any quadratic of the form 
ax? +bx+c¢=0. 

Practice problems. Without graphing, find 
the coordinates of the maximum or minimum 
points for the following equations and state 
whether they are maximum or minimum. 


1. 2x? - 5x + 2=0 
2. 68 - 3x - x7 = 0 
3.3 + Tx ~ 6x? = 0 


4. 24x? - 14x = 


1. 


Answers: 

ab 

~ 4 
9 

: aes 
3 

aS Se 
281 

yw 
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Minimum 


Maximum 


Figure 16-2.—Graph of x? - 4x - 8 = 0. 
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papas 


; 


oa 
vem 0 fee: 


= peated 


Figure 16-3.—Graph of 6x - 5 - x? 


THE DISCRIMINANT 


The roots of a quadratic equation may be 
classified in accordance with the following 
criteria: 


1. Real or imaginary. 
2. Rational or irrational. 
3. Equal or unequal. 


The task of discriminating among these possi- 
ble characteristics to find the nature of the 
roots is best accomplished with the aid of the 
quadratic formula. The part of the quadratic 
formula which is used is called the DISCRIMI- 
NANT. 

If the roots of a quadratic are denoted by the 
symbols r, and r,, then the following relations 
may be stated: 


-b + Vb? - 4ac 
aT 


= 
rT; a 


jeresyee Daa Fone sp Ravn beets bands Ween babe Qual ss 


176 


0. 


We can show that the character of the roots 
is dependent upon the form taken by the expres- 
sion 


b? - 4ac 


which is the quantity under the radical in the 
formula. This expression is the DISCRIMI- 
NANT of a quadratic equation. 


IMAGINARY ROOTS 


Since there is a radical in each root, there 
is a possibility that the roots could be imagi- 
nary. They are imaginary when the number 
under the radical in the quadratic formula is 
negative (less than 0). In other words, when 
the value of the discriminant is less than 0, the 
roots are imaginary. 
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EXAMPLE: 


b=l,c=1 
= (1)? - 4(1)(1) 
=1-4 

-3 


Thus, without further work, we know that the 


roots are imaginary. 


CHECK: The roots are 


ooh AS _-1- V=3 
ry, = 5 , a 
1 #iwN3 1 i N3 
iat Rasa sae eer Ya 


We recognize both of these numbers as being 
imaginary. 

We may also conclude that when one root is 
imaginary the other will also be imaginary. 
This is because the pairs of imaginary roots 
are always conjugate complex numbers. [If one 
root is of the form a + ib, then a - ib is also 
a root. Knowing that imaginary roots always 
occur in pairs, we can conclude that a quad- 
ratic equation always has either two imaginary 
roots or two real roots. 

Practice problems. Using the discriminant, 
state whether the roots of the following equa- 
tions are real or imaginary: 


1. x? - 6x - 16 = 0 
2.x? - 6x = -12 

3. 3x2 - 10x + 50 = 0 
4. 6x2 +x = 1 


Answers: 


. Real 
. Imaginary 
. Imaginary 
- Real 


me OO DN = 


EQUAL OR DOUBLE ROOTS 


If the discriminant b? - 4ac equals zero, the 
radical in the quadratic formula becomes zero. 
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In this case the roots are equal; such roots are 
sometimes called double roots. 
Consider the equation 


9x? + 12x + 4 = 0 


Comparing with the general quadratic, we no- 
tice that 


a= 9, b= 12, andc = 4 


The discriminant is 


b? - 4ac = 12? - 4(9)(4) 
= 144 - 144 
= 0 


Therefore, the roots are equal. 


CHECK: From the formula 


_ =12 40 _ -12 - 0 
ri = 90) T2 = ~2(9) 
2 2 
ris "3 r2 = "3 


The equality of the roots is thus verified. 

The roots can be equal only if the trinomial 
is a perfect square. Its factors are equal. 
Factoring the trinomial in 


9x? + 12x +4=0 
we see that 
(8x + 2)? = 0 


Since the factor 3x + 2 is squared, we actu- 
ally have 


3x + 2 = 0 


twice, and we have 


twice. 

The fact that the same root must be counted 
twice explains the use of the term "double 
root." A double root of a quadratic equation is 
always rational because a double root can oc- 
cur only when the radical vanishes. 
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REAL AND UNEQUAL ROOTS 


When the discriminant is positive, the roots 
must be real. Also they must be unequal since 
equal roots occur only when the discriminant 
is zero. 


Rational Roots | 


If the discriminant is a perfect square, the 
roots are rational. For example, consider the 
equation 


3x27 -x-2=0 
in which 


a= 3,b= -l, and c = -2 


The discriminant is 


b? - 4ac 


(-1)? - 4(3)(-2) 
1+ 24 
25 


n 


We see that the discriminant, 25, is a per- 
fect square. The perfect square indicates that 
the radical in the quadratic formula can be re- 
moved, that the roots of the equation are ra- 
tional, and that the trinomial can be factored. 
In other words, when we evaluate the discrimi- 
nant and find it to be a perfect square, we know 
that the trinomial can be factored. 


Thus, 


3x*-x-2=0 
(3x + 2)(x - 1) = 0 


from which 


3x + 2 


x 


We see that the information derived from the 
discriminant is correct. The roots are real, 
unequal, and rational. 


Irrational Roots 


If the discriminant is not a perfect square, 
the radical cannot be removed and the roots 
are irrational. 
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Consider the equation 
ax? - 4x +1=0 


in which 


The discriminant is 


b? - 4ac = (-4)? - 4(2)(1) 
16 - 8 


8 


This discriminant is positive and not a perfect 
square. Thus the roots are real, unequal, and 
irrational. 

To check the correctness of this information, 
we derive the roots by means of the formula. 
Thus, 


x = ot Nb? ~ 4ac 
2a 
_ 4+ NB 
- 4 
_ 2+ N2- 
2 
x-1+Borx-1- 


This verifies the conclusions reached in 
evaluating the discriminant. When the dis- 
criminant is a positive number, not a perfect 
square, it is useless to attempt to factor the 
trinomial. The formula is needed to find the 
roots. They will be real, unequal, and irrational. 


SUMMARY 


The foregoing information concerning the 
discriminant may be summed up in the follow- 
ing four rules: 

1. If b? - 4ac is a perfect square or zero, 
the roots are rational; otherwise they are 
irrational. 

2. If b?- 4ac is negative (less than zero), 
the roots are imaginary. 

3. If b*- 4ac is zero, the roots are real, 
equal, and rational. 

4. If b? - 4dac is greater than zero, the roots 
are real and unequal. 
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Practice problems. Determine the character 
of the roots of each of the following equations: 
1.x? - 7x + 12=0 
2, 9x? - 6x +1=0 
3. x? -x+12=0 
4, 2x - 2x7 +6=0 


Answers: 


- Real, unequal, rational 
. Real, equal, rational 


- Imaginary 


Pm wD 


. Real, unequal, irrational 


GRAPHICAL INTERPRETATION 
OF ROOTS 


When a quadratic is set equal toy and the 
resulting equation is graphed, the graph will 
reveal the character of the roots, but it may 
not reveal whether the roots are rational or 
irrational. 

Consider the following equations: 


1. x? + 6x - 3 


2.x? + 6x +9 


3.x? + 6x +13 =y 


The graphs representing these equations are 
shown in figure 16-4. 

We recall that the roots of the equation are 
the values of x at those points where y is zero. 
Y is zero on the graph anywhere along the X 
axis. Thus, the roots of the equation are the 
positions where the graph crosses the X axis. 
In parabola No. 1 (fig. 16-4) we see immedi- 
ately that there are two roots to the equation 
and that they are unequal. These roots appear 
to be -6.5 and 0.5. Algebraically, we find them 
to be the irrational numbers 


-3 + 2 V3 and -3 -2 V3. 


For equation No. 2 (fig. 16-4), the parabola 
just touches the X axis atx=-3. This means 
that both roots of the equation are the same— 
that is, the root is a double root. At the point 
where the parabola touches the X axis, the two 
roots. of the quadratic equation have moved 
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Figure 16-4.—Graphical interpretation of roots. 


together and the two points of intersection of the 
parabola and the X axis are coincident. The 
quantity -3 as a double root agrees with the 
algebraic solution. 

When the equation No. 3 (fig. 16-4) is solved 
algebraically, we see that the roots are -3 + 2i 
and -3 - 2i. Thus they are imaginary. Para- 
bola No. 3 does not cross the X axis. When this 
Situation occurs, imaginary roots are implied. 
Only equations having real roots will have 
graphs that cross or touch the X axis. Thus we 
may determine from the graph of an equation 
whether the roots are real or imaginary. 


VERBAL PROBLEMS 
INVOLVING QUADRATIC EQUATIONS 


Many practical problems give rise to quad- 
ratic equations. In such problems it often hap- 
pens that one of the roots will have no meaning. 
We must select the root that satisfies the con- 
ditions of the problem. 

Consider the following example: The length 
of a plot of ground exceeds its width by 7 ft and 
the area of the plot is 120 sq ft. What are the 
dimensions? 


SOLUTION: 
Let x = length 
y = width 
then 
x-y=iT 
and 
xy = 120 


Solving (1) fory,y=x-7 


Substituting (x - 7) for y in (2) 
x(x - 7) = 120 


Therefore 
x? - Ix - 120 = 0 
(x - 15)(x + 8) = 0 
x = 15, x = -8 


Thus, length = +15 or -8. 


(2) 


MATHEMATICS, VOLUME 1 


But the length obviously cannot be a negative 
value. Therefore, we reject -8 as a value for 
x and use only the positive value, +15. Then 
from equation (1), 


-y=T 
y=8 
Length = 15, Width = 8 


Practice problems. Solve the following 
problems by forming quadratic equations: 


1. A rectangular plot is 8 yd by 24 yd. If the 
length and width are increased by the same 
amount, the area is increased by 144 sq yd. 
How much is each dimension increased? 


2. Two cars travel at uniform rates of speed 
over the same route a distance of 180 mi. One 
goes 5 mph slower than the other and takes 
1/2 hr longer to make the run. How fast does 
each car travel? 


Answers: 
1, Length and width are each increased by 4yd. 


2. Faster car: 45 mph. 
Slower car: 40 mph. 


180 


CHAPTER 17 
PLANE FIGURES 


The discussion of lines and planes in chap- 
ter 1 of this course was limited to their con- 
sideration as examples of sets. The present 
chapter is concerned with lines, angles, and 
areas as found in various plane (flat) geometric 
figures. 


LINES 


In the strictly mathematical sense, the term 
‘line segment" should be used whenever we re- 
fer to the straight line joining some point A to 
some other point B. However, since the straight 
lines comprising geometric figures have clearly 
designated end points, we may simplify our 
terminology. Throughout the remaining chap- 
ters of this course, the general term "line" is 
used to designate straight line segments, unless 
stated otherwise. 


TYPES OF LINES 


The two basic types of lines in geometry are 
Straight lines and curved lines, A curved -line 
joining points A and B is designated as "curve 
AB." (See fig. 17-1.) If curve AB is an arc of 
a circle, it may be designated as "arc AB." 


B 
A 
LINE AB CURVE AB 


Figure 17-1.—Straight and curved lines. 


The term "broken line’ in mathematics 
means a series of two or more straight seg- 
‘ments connected end-to-end but not raining ta 
the same direction. In mathematics, a series 
‘of short, straight segments with breaks be- 
tween them, which would form a single straight 
line if joined end-to-end, is a DASHED LINE. 
(See fig. 17-2.) 


BROKEN LINE DASHED LINE 


Figure 17-2,—Broken and dashed lines. 


ORIENTATION 


Straight lines may be classified in terms of 
their orientation to the observer's horizon or 
in terms of their orientation to each other. For 
example, lines in the same plane which run be- 
side each other without meeting at any point, 
no matter how far they are extended, are PAR- 
ALLEL, (See fig. 17-3 (A).) Lines in the same 
plane which are not parallel are OBLIQUE. 
Oblique lines meet to form angles (discussed in 
the following section). If two oblique lines 
cross or meet in such a way as to form four 
equal angles, as in figure 17-3 (B), the lines 
are PERPENDICULAR. This definition includes 
the case in which only one angie is formed, 
such as angle AEC in figure 17-3 (C). By ex- 
tending line AE to form line AD, and extending 
CE to form CB, four equal angles (AEC, CED, 
DEB, and BEA) are formed. 


A 
eeepe aren ae 

{ 

é 

D 


(A) (B) (C) 


Figure 17-3.—(A) Parallel lines; (B) and (C) 
perpendicular lines. 


Lines paralle! to the horizon are HORIZON- 
TAL. Lines perpendicular to the horizon are 
VERTICAL. 
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ANGLES 


Lines which meet or cross each other are 
said to INTERSECT. Angles are formed when 
two straight lines intersect. The two lines 
which form an angle are its SIDES, and the point 
where the sides intersect is the VERTEX. In 
figure 17-4, the sides of the angles are AV and 
BV, and the vertex is Vin each case. Figure 
17-4 (A) is an ACUTE angle; (B) is an OBTUSE 
angle. 


Vv i) 


(A) (B) 


Figure 17-4.—(A) Acute angle; (B) obtuse angle. 


CLASSIFICATION BY SIZE 


When the sides ofan angle are perpendicular 
to each other, the angle is a RIGHT angle. This 
term is related to the Latin word "rectus," 
which may be translated "erect" or “upright.” 
Thus, if one side of a right angle is horizontal, 
the other side is erect or upright. 

The size of an angle refers to the amount of 
separation between its sides, and the unit of 
angular size is the angular DEGREE. A right 
angle contains 90 degrees, abbreviated 90°. An 
angle smaller than a right angle is acute; an 
angle larger than a rightangleis obtuse. There- 
fore, acute angles are angles of less than 90°, 
and obtuse angles are angles between 90° and 
180°. 

If side AV in figure 17-5 (A) is moved down- 
ward, the size of the obtuse angle AVB is in- 
creased. If side AV is moved so far that it 
coincides with (lies on top of) CV as in figure 
17-5 (B), an angle is formed which is equal to 
the sum of two right angles. The special angle 
thus formed (AVB) is a straight angle, so called 
because it is visually indistinguishable from a 
straight line. 


GEOMETRIC RELATIONSHIPS 
Angles are often classified by their relation- 


ship to other angles or to other parts of a geo- 
metric figure. For example, angles 1 and 3 in 


182 


a — 
(A) (B) 


Figure 17-5.—(A) Large obtuse angle; 
(B) straight angle. 


figure 17-6 are VERTICAL angles, so called 
because they share a common vertex. Angles 2 
and 4 are opposite each other and are also 
vertical angles. Lines which cross, as in figure 
17-6, always form two pairs of vertical angles, 
andthe vertical angles thus formed are equal in 
pairs; that is, angle 1 equals angle 3, and angle 
2 equals angle 4. 


Figure 17-6.—Vertical angles. 


Angles 1 and 2 infigure 17-6 are ADJACENT 
angles, Other pairs of adjacent angles in fig~ 
ure 17-6 are 2 and 3, 3 and 4, and 1 and 4. In 
the sense used here, adjacent means side by 
side, not merely close together or touching. 
For example, angles 1 and 3 are not adjacent 
angles even though they touch each other. 


COMPLEMENTS AND SUPPLEMENTS 


Two angles whose sum is 90° are comple- 
mentary. For example, a 60° angle is the com- 
plement of a 30° angle, and conversely. "Con- 
versely" is a mathematical word meaning ''vice 
versa." Two angles whose sum is 180° are 
supplementary. For example, a 100° angle is 
the supplement of an 80° angle, and conversely. 


Practice problems. 


1. Describe the angle which is the complement 
of an acute angle. 


2. Describe the angle which is the supplement 
of a right angle. 
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3. If two equal angles are complementary, each 
contains how many degrees? 


4. Find the size of an angle which is twice as 
large as its own complement. 

(Hint: If x is the angle, then 90° - x is its 
complement.) 


Answers: 


. Acute 
. Right 
. 45° 
. 60° 
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GEOMETRIC FIGURES 


The discussion of geometric figures in this 
chapter is limited to polygons and circles. A 
POLYGON is a plane closed figure, the sides of 
which are all straight lines. Among the poly- 
gons discussed are triangles, parallelograms, 
and trapezoids. 


TRIANGLES 


A triangle is a polygon which hasthree sides 
and three angles. In general, any polygon has 
as many angles as it has sides, and conversely. 


Parts of a Triangle 


Each of the three angles of a triangle is a 
VERTEX; therefore, every triangle has three 
vertices. The three straight lines joining the 
vertices are the SIDES (sometimes called legs), 
and the side upon which the triangle rests is its 
BASE, often designated by the letter b. This 


A B 
b= 
aa 


definition assumes that the standard position of 
a triangle drawn for general discussion is as 
shown in figure 17-7, in which the triangle is 
lying on one of its sides. The vertex opposite 
the base is the highest point of a triangle in 
standard position, and is thus called the APEX. 


APEX 


Figure 17-7.—Triangle in standard position. 


A straight line perpendicular to the base of 
a triangle, joining the base to the apex, is the 
ALTITUDE, often designated by the letter a. 
The altitude is sometimes referred to as the 
height, and is then designated by the letter h. 
Figure 17-8 (B) shows that the apex may not be 
situated directly above the base. In this case, 
the base must be extended, as shown by the 
dashed line, in order to drop a perpendicular 
from the apex to the base. Mathematicians 
often use the term "drop a perpendicular." 
The meaning is the same as “draw a straight, 
perpendicular line." 

In general, the geometrical term "distance 
from a point to a line’ means the length of a 
perpendicular dropped from the point to the 
line. Many straight lines could be drawn from 
a line to a point not on the line, but the shortest 
of these is the one we use in measuring the 


(B) 


Figure 17-8.—(A) Interior altitude line; (B) exterior altitude line. 
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distance from the point to the line. The short- 


est one is perpendicular to the line. 


Perimeter and Area 


The PERIMETER of a triangle is the sum of 
the lengths of its sides. In less precise terms, 
this is sometimes stated as "the distance 
around the triangle.” If the three sides are 
labeled a, b, and c, the perimeter P can be 
found by the following formula: 


P 


a+b+c 


The area of a triangle is the space bounded 
(enclosed) by its sides. The formula for the 
area can be found by using a triangle which is 
part of a rectangle. In figure 17-9, triangle 
ABC is one-half of the rectangle. Since the 
area of the rectangle is a times b (that is, ab), 
the area of the triangle is given by the follow- 
ing formula: 


Area 5 ab 


Written in terms of h, representing height, 
the formula is: 


A bh 


This formula is valid for every triangle, in- 
cluding those with no two sides perpendicular. 


b 


Figure 17-9.—Area of a triangle. 


Practice problems. Find the perimeter and 
area of each of the triangles in figure 17-10. 
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5 5 
2 3 
4 }+}-—_——-  —____+ 
(1) (2) 
10 8 
3 4 
~-—— 5 +} 6 
(3) (4) 


Figure 17-10.—Perimeters and areas 
of triangles. 


Answers: 
1. P = 12 units 

A = 6 square units 
2. P= 16 units 

A = 12 square units 


CAUTION: The concept of area is meaning- 
less if the units of the multiplied dimensions 
are not the same. For example, if the base of 
a triangle is 2 feet long and the altitude is 6 
inches long, the area might be carelessly stated 


3. P = 12 units 

A = 6 square units 
4, P = 24 units 

A = 24 square units 


as 5 (6) (2). However, the units must be con- 


sidered in order to decide whether the answer 
is in square feet or square inches. When the 
units are considered, we realize that the cor- 
rect answer is 


; (6 in.) (24 in.) = 72 9q in. 


1 


3 ¢ tt) (2 ft) = 5 sq ft 
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Special Triangles 


The classification of triangles depends upon 
their special characteristics, if any. For ex- 
ample, a triangle may have all three of its sides 
equal in length; it may have two equal sides and 
a third side which is longer or shorter than the 
other two; it may contain a right angle or an 
obtuse angle. If.it has none of these special 
characteristics, it is a SCALENE triangle. A 
scalene triangle has no two of its sides equal 
and no two of its angles equal. 

RIGHT TRIANGLE.—If one of the angles of a 
triangle is a right angle, the figure is a right 
triangle. The sides which form the right angle 
are the LEGS of the triangle, and the third side 
(opposite the right angle) is the HYPOTENUSE. 

The area of a right triangle is always easy 
to determine. [If the base of the triangle is one 
of its legs, as in figure 17-10 (4), the other leg 
is the altitude. If the hypotenuse is acting as 
the base, as in figure 17-10 (3), the triangle 
can be turned until one of its legs is the base, 
as in figure 17-10 (1). If the triangle is not 
known to be a right triangle, then the altitude 
must be given, as in figure 17-10 (2), in order 
to calculate the area. 

Any triangle whose sides are in the ratio of 
3:4:5 is a right triangle. Thus, triangles with 
sides as follows are right triangles: 


Side 1 Side 2 Side 3 
3 4 5 
6 10 
12 16 20 
3x 4x 5x 


(x is any positive number) 


In addition to the 3-4-5 triangle, two other 
types of right triangles occur frequently. Any 
triangle having one 30° angle and one 60° angle 
is a right triangle; that is, its third angle is 
90°, Any triangle having two 45° angles is a 
right triangle. 

ISOSCELES TRIANGLE.—A triangle having 
two of its sides equal in length is an ISOSCE- 
LES triangle. Since the length of the side op- 
posite an angle is determined by the size of the 
angle, the isosceles triangle has two equal 
angles. In figure 17-11 (A), triangle ABC is 
isosceles. Sides AC and BC are equal in length, 
and angles A and B are equal. 
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A 
(A) (B) 


Figure 17-11.—(A) Isoceles triangle; 
(B) equilateral triangle. 


Figure 17-11 (B) illustrates an EQUILAT- 
ERAL triangle, which is a special case of an 
isosceles triangle. An equilateral triangle has 
all three of its sides equal in length. Since the 
lengths of the sides are directly related to the 
size of the angles opposite them, an equilateral 
triangle is also equiangular; that is, all three 
of its angles are equal. 

OBLIQUE TRIANGLES.—Any triangle con- 
taining no right angle is an OBLIQUE triangle. 
Figure 17-12 illustrates two possible configu- 
rations, both of which are oblique triangles. 
An oblique triangle which contains an obtuse 
angle is often called an OBTUSE triangle. 


(A) ACUTE (B) OBTUSE 
Figure 17-12.—Oblique triangles. 
(A) Acute; (B) obtuse. 


Sum of the Angles 


The sum of the angles in any triangle is 
180°. For example, if one of the angles is 40° 
and another is 20°, the third angle is 120°. It 
is this relationship that justifies the statements 
made in the preceding section concerning 45° 
triangles and 30°-60°-90° triangles. If two of 
the angles are 45° each, then the third angle is 
180° - (45°+45°) and the figure is a right tri- 
angle. If one angle is 60° and another is 30°, 
the third angle is 90° and the figure is a right 
triangle. 
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QUADRILATERALS 


A QUADRILATERAL is a polygon with four 
sides. The parts of a quadrilateral are its 
sides, its four angles, and its two DIAGONALS. 
A diagonal is a straight line joining two alter- 
nate vertices of a polygon. Figure 17-13 illus- 
trates the parts of a quadrilateral, in which 
AC and DB are the diagonals. 


D 


Figure 17-13.—Parts of a quadrilateral. 


Perimeter and Area 


The perimeter of a quadrilateral is the sum 
of the lengths of its sides. For example, the 
perimeter of the quadrilateral in figure 17-13 
is 30 units. 

The area of a quadrilateral can be found by 
dividing it into triangles and summingthe areas 
of the triangles. However, the altitudes of the 
triangles are usually difficult to calculate un- 
less the quadrilateral has at least one pair of 
parallel sides. 


Parallelograms 


A PARALLELOGRAM is a quadrilateral in 
which the opposite sides are parallel. For ex- 
ample, in the parallelogram in figure 17-14, 
side AB is parallel to side CD. Furthermore, 
side BC is parallel to side AD. 
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Figure 17-14.—A parallelogram. 


Since lines AB and CD are parallel, lines 
DE and CF (both perpendicular to line AF in 
figure 17-14) are equal. Angles DAE and CBF 
in figure 17-14 are equal, because a straight 
line cutting two parallel lines, such as AD and 
BC, forms equal angles with the parallel lines. 
Thus, triangles AED and BFC are equal, and 
line AD equals line BC. Therefore we have 
proved that the opposite sides of a parallelo- 
gram are equal. If all four of the sides are the 
same length, the parallelogram is a RHOMBUS. 

In addition to the equality of the opposite 
sides, the opposite angles of a parallelogram 
are also equal. For example, angle DAB equals 
angle BCD in figure 17-14, and angle ADC 
equals angle ABC. 

RECTANGLES AND SQUARES.—When all of 
the angles of a parallelogram are right angles, 
itis a RECTANGLE. A rectangle with all four 
of its sides the same length is a SQUARE. Thus 
a square is a rhombus having 90° angles. Every 
square isa rectangle, and every rectangle is a 
parallelogram. Notice that the reverse of this 
statement is not true. 

The area of a rectangle is found by multi- 
plying its length times its width. Therefore, if 
each side of a square has length s, the area of 
the square is s?. 


Written as formulas, these areas are as 


follows: 
Rectangle: A = lw 
or A = bh, where b = base, 
h = height 
Square: A= 5s? 


AREA.—The area of a parallelogram can be 
found by dividing it into rectangles and tri- 
angles. For example, in figure 17-14 the area 
of the parallelogram is the sum of the areas of 
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triangle AED and figure EBCD. Since triangle 
AED is equal to triangle BFC, the sum of AED 
and EBCD is equal to the sum of BFC and 
EBCD. Thus the area of parallelogram ABCD 
is the same as the area of rectangle EFCD. 
Since the area of EFCD is DC multiplied by 
DE, and DC has the same length as AB, we 
conclude that the area of a parallelogram is the 
product of its base times its altitude. Written 
as a formula, this is 


A = ba 
or 

A = bh, where h is height 
Trapezoids 


A TRAPEZOID is a quadrilateral in which 
two sides are parallel and the other two sides 
are not parallel. By orienting a trapezoid so 
that its parallel sides are horizontal, we may 
call the parallel sides bases. Observe that the 
bases of a trapezoid are not equal in length. 
(See fig. 17-15.) 


(A) (B) 


Figure 17-15.—Typical trapezoids. 


The area of a trapezoid may be found by 
separating it into two triangles and a rectangle, 
as in figure 17-16. The total area A of the 
trapezoid is the sum of A, plus A, plus A;, and 
is calculated as follows: 


A A,+A,+A, 


1 


1 
5} =he 


ha + hb; + 5 


ch (a + 2b, + ¢) 
shi(atb, +0) + by] 
1 

xh (b + bj) 


Thus the area of a trapezoid is equal to one- 
half the altitude times the sum of the bases. 
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Figure 17-16.—Area of a trapezoid. 


Practice problems. Find the area of each of 
the following figures: 


1. Rhombus; base 4 in., altitude 3 in, 


2. Rectangle; base 6 ft, altitude 4 ft 

3. Parallelogram; base 10 yd, altitude 12 ft 

4. Trapezoid; bases 6 ft and 4 ft, altitude 2 yd. 
Answers: 

1. 12 sq in. 3. 40 sq yd 

2. 24 sq ft 4. 30 sq ft 

CIRCLES 


The mathematical definition ofa circle states 
that it is a plane figure bounded by a curved 
line, every point of which is equally distant 
from the center of the figure. The parts ofa 
circle are its circumference, its radius, and 
its diameter. 


Parts of a Circle 


The CIRCUMFERENCE of a circle is the 
line that forms its outer boundary. Circumfer- 
ence is the special term used in referring to 
the "perimeter" of a circle. (See fig. 17-17.) 
A RADIUS of a circle is aline joiningthe center 
to a point on the circumference, as shown in 
figure 17-17. A straight line joining two points 
on the circumference of a circle, and passing 
through the center, is a DIAMETER. A straight 
line which touches the circle at just one point 
is a TANGENT. A tangent is perpendicular to a 
radius at the point of tangency. 
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Figure 17-17.—Parts of a circle. 


An ARC is a portion of the circumference of 
a circle. A CHORD is a straight line joining 
the end points of any arc. The portion of the 
area of acircle cut off by a chord is a SEG- 
MENT of the circle, and the portion of the 
circle'’s area cut off by two radii (radius lines) 
is a SECTOR. (See fig. 17-18.) 


Formulas for Circumference and Area 


The formula for the circumference of a 
circle is based on the relationship between the 
circumference and the diameter. This com- 
parison can be made experimentally by mark- 
ing the edge of a circular object, such as a 
coin, and rolling it (without slippage) along a 
flat surface. (See fig. 17-19.) 

The distance from the initial position to the 
final position of the disk in figure 17-19 is ap- 
proximately 3.14 times as long as the diameter 
of the disk. With any circle, this is always 
found to be the case; but it is not possible to 
give the value of C/d (circumference divided by 
diameter) exactly. The ratio C/d is repre- 
sented by the symbol 7, which is the Greek 
letter pi. Thus we have the following equations: 


Cc 
d 
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Figure 17-18.—Arc, chord, segment, and sector. 


FINAL POSITION 


——._— C= 3.14 INCHES 


INITIAL POSITION 


Figure 17-19.—Measuring the circumference 
of a circle. 


This formula states that the circumference of a 
circle is 7 times the diameter. Notice that it 
could be written as 


C = dr - aor C = 27r 


since the diameter d is the same as 2r (twice 
the radius). 

Although the value of 7 is not exactly equal 
to any of the numerical expressions which are 
sometimes used for it, the ratio is very close 
to 3.14. If extreme accuracy is required, 3.1416 
is used as an approximate value of 7. Many 
calculations involving 7 are satisfactory if the 
fraction 22/7 is used as the value of 7. 
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Practice problems. Calculate the circum- 
ference of each of the following circles, using 
22/7 as the value of 7: 


1. Radius = 21 in. 3. Radius = 14 ft 

2. Diameter = 7.28 in. 4. Diameter = 2.8 yd 
Answers: 

1. 132 in. 3. 88 ft 

2. 22.88 in. 4, 8.8 yd 


AREA.—The area of a circle is found by 
multiplying the square of its radius by 7. The 
formula is written as follows: 


A = mr? 
EXAMPLE: Find the area of a circle whose 


diameter is 4 ft, using 3.14 as the value of n. 


SOLUTION: The radius is one-half the diam- 
eter. Therefore, 
r= 5 (4 ft) 
= 2 ft 
= gr? = (2 ft)? 


3.14 (4 sq ft) 
12.56 sq ft 


Practice problems. Find the area of each of 
the following circles, using 3.14 as the value of n. 


1. Radius = 7 in. 3. Diameter = 2.8 ft 


2, Diameter = 42 mi 4. Radius = 14 yd 
Answers: 

1. A = 154 sq in. 3. 6.15 sq ft 

2. A = 1,385 sq mi 4, 615 sq yd 


Concentric Circles 


Circles which have a common center are 
said to be CONCENTRIC, (See fig. 17-20.) 

The area of the ring between the concentric 
circles in figure 17-20 is calculated as follows: 
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LL 


Figure 17-20.—Concentric circles, 


Let R = radius of large circle 
r = radius of small circle 
Ap = area of large circle 
A, = area of small circle 
= area of ring 
Then A= A, - A, 
= 1R? - nr? 
= a(R? - r?) 


Notice that the last expression is the difference 
of two squares, Factoring, we have 


A = 0(R + r)(R - r) 

Therefore, the area of a ring between two 

circles is found by multiplying 7 times the 

product of the sum and difference of their radii. 
Practice problems. Find the areas of the 

rings between the following concentric circles: 


1, R = 4 in. 2. R= 6 ft 
r = 3 in. r= 2 ft 
Answers: 

1. 22 sq in. 2. 100.5 sq ft 


CHAPTER 18 
GEOMETRIC CONSTRUCTIONS AND SOLID FIGURES 


Many ratings in the Navy involve work which 
requires the construction or subdivision of 
geometric figures. For example, materials 
must be cut into desired shapes, perpendicular 
lines must be drawn, etc. In addition to these 
skills, some Navy ratings require the ability to 
recognize various solid figures and calculate 
their volumes and surface areas, 


CONSTRUCTIONS 


From the standpoint of geometry, a CON- 
STRUCTION may involve either the process of 
building up a figure or that of breaking down a 
figure into smaller parts. Some typical con- 
structions are listed as follows: 

1. Dividing a line into equal segments. 

2. Erecting the perpendicular bisector of a 
line. 

3. Erecting a perpendicular at any point on 
a line. 

4. Bisecting an angle. 

5. Constructing an angle. 

6. Finding the center of a circle. 

7. Constructing an ellipse. 


EQUAL DIVISIONS ON A LINE 


A line may be divided into any desired num- 
ber of equal segments by the method shown in 
figure 18~1. 


Figure 18-1.—Dividing a line into 
equal segments. 


Suppose that line AB (fig. 18-1) is to be 
divided into seven equal segments. Draw line 
AC at any convenient angie with AB and mark 
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off seven spaces of some convenient length, say 
1/2 inch, on it. Extend AC, if necessary, in 
order to get seven intervals of the chosen length 
on it. This produces the points a, b, c, d, e, f, 
and g, as shown in figure 18-1. Draw a line 
from g to B, and then draw lines parallel to gE, 
Starting at each of the points a, b, c, d, e, and f. 
The segments of AB cut off by these lines are 
equal in length. 

It is frequently necessary to rule a pre- 
determined number of lines on a blank sheet of 
material. This may be done by a method based 
on the foregoing discussion. For example, sup- 
pose that the sheet of typing paper in figure 
18-2 is to be divided into 24 equal spaces. 

The 12-inch ruler is laid across the paper 
at an angle, in such a way that the ends of the 


Figure 18-2.—Ruling equal spaces on 
a sheet of paper. 
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ruler coincide with the top and bottom edges of 
the paper. There are 24 spaces, each 1/2 inch 
wide, on a 12-inch ruler. Therefore, we mark 
the paper beside each 1/2-inch division marker 
on the ruler. After removing the ruler, we 
draw a line through each of the marks on the 
paper, parallel to the top and bottom edges of 
the paper. 


PERPENDICULAR BISECTOR 
OF A LINE 


To bisect a line or an angle means to divide 
it into two equal parts. A line may be bisected 
satisfactorily by measurement, or by a geo- 
metric method. If the measuring instrument 
does not reach the full length of the line, pro- 
ceed as follows: 

1. Starting at one end, measure about half 
the length of the line and make a mark. 

2. Starting at the other end, measure exactly 
the same distance as before and make a second 
mark. 

3. The bisector of the line lies halfway be- 
tween these two marks. 

The geometric method of bisecting a line is 
not dependent on measurement. It is based 
upon the fact that all points equally distant from 
the ends of a straight line lie on the perpen- 
dicular bisector of the line. 

Bisecting a line geometrically requires the 
use of a mathematical compass, which is an in- 
strument for drawing circles and comparing 
distances. If a line AB is to be bisected as in 
figure 18-3, the compass is opened until the 
distance between its points is more than half as 
long as AB. Thena short arc is drawn above 
the approximate center of the line and another 
below, using A as the center of the arcs’ circle. 
(See fig. 18-3.) 

Two more short arcs are drawn, one above 
and one below the approximate center of line 
AB, this time using B as the center of the arcs' 
circle. 

The two arcs above line AB are extended 
until they intersect, forming point C, and the 
two arcs below line AB intersect to form point 
D. The line joining point C and point D is the 
perpendicular bisector of line AB. 


PERPENDICULAR AT ANY 
POINT ON A LINE 


Figure 18-4 shows a line AB with point C 
between A and B. A perpendicular to AB is 
erected at C as follows: 
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c 
A 8 
D 


Figure 18-3.—Bisecting a line geometrically. 


Figure 18-4.—Erecting a perpendicular 
at a point. 


1. Using any convenient point above the line 
(such as O) as a center, draw a circle with ra- 
dius OC. This circle cuts AB at C and at D. 

2. Draw line DO and extend it to intersect 
the circle at E. 

3. Draw line EC. This line is perpendicular 
to AB at C. 


BISECTING AN ANGLE 


Let angle AOB in figure 18-5 be an angle 
which is to be bisected. Using O as a center 
and any convenient radius, draw an arc inter- 
secting OA and a second arc intersecting OB. 
Label these intersections C and D. 

Using C and Das centers, and any conven- 
ient radius, draw two arcs intersecting halfway 
between lines OA and OB. A line from O 
through the intersection of these two arcs is 
the bisector of angle AOB. 
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8 
Figure 18-5.—Bisecting an angle. 


SPECIAL ANGLES 


Several special angles may be constructed 
by geometric methods, so that an instrument 
for measuring angles is not necessary in these 
special cases. 

Figure 18-4 illustrates a method of con- 
structing a right angle, DCE, by inscribing a 
right triangle in a semicircle. But an alternate 
method is needed for those situations in which 
drawing circles is inconvenient. The method 
described herein makes use of a right triangle 
having its sides in the ratio of 3 to 4to5. Itis 
often used in laying out the foundations of build- 
ings. The procedure is as follows: 

1. A string is stretched as shown in figure 
18-6, forming line AC. The length of AC is 
3 feet. 

2. A second string is stretched, crossing 
line AC at A, directly above the point intended 
as the corner of the foundation. Point D on this 
line is 4 feet from A. 

3. Attach a third string, 5 feet long, at C 
and D. When AC and AD are spread so that line 
CD is taut, angle DAC is a right angle. 

A 60° angle is constructed as shown in fig- 
ure 18-7. With AB as a radius and A and B as 


centers, draw arcs intersecting at C. When A 
and B are connected to C by straight lines, all 
three angles of triangle ABC are 60° angles. 

The special angles already discussed are 
used in constructing 45° and 30° angles. A 90° 
angle is bisected to form two 45° angles, anda 
60° angle is bisected to form two 30° angles. 


FINDING THE CENTER 
OF A CIRCLE 


It is sometimes necessary to find the center 
of a circle of which only an arc or a segment is 
given. (See fig. 18-8.) 

From any point on the arc, suchas A, draw 
two chords intersecting the arc in any two 
points, such as Band C. With the points A, B, 
and C as centers, use any convenient radius 
and draw short intersecting arcs to form the 
perpendicular bisectors of chords AC and AB. 
Join the intersecting arcs on each side of AC, 
obtaining line MP, and join the arcs on each 
side of AB, obtaining line NQ. The intersection 
of MP and NQ is point O, the center of the 
circle. 


ELLIPSES 


An ellipse of specified length and width is 
constructed as follows: 

1. Draw the major axis, AB, and the minor 
axis, CD, as shown in figure 18-9. 

2. On a straightedge or ruler, mark a point 
(labeled a in the figure) and from this point 
measure one-half the length of the minor axis 
and make a second mark (b in figure 18-9). 
From point a, measure one-half the length of 


Figure 18-6.—Constructing a right angle by the 3-4-5 method. 
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60° 
8 


60° 
A 


Figure 18-7.—Constructing 60° angles. 


B 


Figure 18-8.—Finding the center 
of a circle. 


Figure 18-9.—Constructing an ellipse. 


the major axis and make a third mark (c in the 
figure). 

3. Place the straightedge on the axes so that 
b lies on the major axis and c lies on the minor 
axis. Mark the paper with a dot beside point a. 
Reposition the straightedge, keeping b on the 
major axis and c on the minor axis, and make a 
dot beside the new position of a. 

4. After locating enough dots to see the el- 
lipfical pattern, join the dots with a smooth 
curve. 
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SOLID FIGURES 


The plane figures discussed in chapter 17 of 
this course are combined to form solid figures. 
For example, three rectangles and two triangles 
may be combined as shown in figure 18-10. 
The flat surfaces of the solid figure are its 
FACES; the top and bottom faces are the BASES, 
and the faces forming the sides are the LAT- 
ERAL FACES. 


EDGE 


UPPER 
BASE 


LATERAL 
EOGE 


LOWER 
BASE 


Figure 18-10.—Parts of a solid figure. 


Some solidfigures do not have any flat faces, 
and some have a combination of curved surfaces 
and flat surfaces. Examples of solids with 
curved surfaces include cylinders, cones, and 
spheres. 


PRISMS 


The solid shown in figure 18-10 is a PRISM. 
A prism is a solid with three or more lateral 
faces which intersect in parallel lines. 


Types of Prisms 


The name of a prism depends upon its base 
polygons. If the bases are triangles, as in fig- 
ure 18-10, the figure is a TRIANGULAR prism. 
A RECTANGULAR prism has bases which are 
rectangles. 

If the bases of a prism are perpendicular to 
the planes forming its lateral faces, the prism 
is a RIGHT prism. 

A PARALLELEPIPED is a prism with paral- 
lelograms for bases. Since the bases are par- 
allel to each other, this means that they cut the 
lateral faces to form parallelograms. There- 
fore, in a parallelepiped, all of the faces are 
paralielograms. If a parallelepiped is a right 
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prism, and if its bases are rectangles, itis a 
rectangular solid. A CUBE is a rectangular 
solid in which all of the six rectangular faces 
are squares. 


Parts of a Prism 


_ The parts of a prism are shown in figure 
18-10. The line formed by the joining of two 
faces of a prism is an EDGE. If the two faces 
forming an edge are lateral faces, the edge 
thus formed is a LATERAL EDGE. 


Surface Area and Volume 


The SURFACE AREA of a prism is the sum 
of the areas of ali of its faces, including the 
bases. The VOLUME of a prism may be con- 
sidered as the sum of the volumes of many thin 
wafers, each having a thickness of one unit and 
a shape that duplicates the shape of the base. 
(See fig. 18-11.) 


AY 
T K<-yw, 
i 


Figure 18-11.—Volume of a prism. 

The wafers which comprise the prism in 
figure 18-11 all have the same area, which is 
the area of the base. Therefore, the volume of 
the prism is found by multiplying the area of 
the base times the number of wafers. Since 
each wafer is 1 inch thick, the number of wafers 
is the same as the height of the prism in inches. 
The resulting formula for the volume of a 


prism, using B to represent the area of the 
base and h torepresent the height, is as follows: 


Vv = Bh 


When a prism has lateral edges which are 
not perpendicular to the bases, the height of the 
prism is the perpendicular distance between 
the bases. (See fig. 18-12.) The formula for 
the volume remains the same, even though the 
prism is no longer a right prism. 
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Figure 18-12.—Height of a prism 
which is not a right prism. 


CIRCULAR CYLINDERS 


Any surface may be considered as the result 
of moving a straight line in a direction at right 
angles to its length. For example, suppose that 
the stick of charcoal in figure 18-13 is moved 
from position CD to position AB by dragging it 
across the paper. The broad mark made by the 
charcoal represents a plane surface. The sur- 
face is said to be “generated"' by moving line 
AB. 


CHARCOAL 
STICK 


Figure 18-13.—Surface generated by 
a moving line. 


The movement of the line in figure 18-13 
may be controlled by requiring that its lower 
end trace a particular path. For example, if 
line AB moves so as to trace an ellipse as in 
figure 18-14 (A), a cylindrical surface is gen- 
erated by the line. This surface, shown in fig- 
ure 18-14 (B), is an elliptical cylinder. 

Any line in the surface, parallel to the 
generating line, such as CD or EF in figure 
18-14 (B), is an ELEMENT of the cylinder. If 
the elements are perpendicular to the bases, 
the cylinder is a RIGHT CYLINDER. If the 
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(A) (B) 


Figure 18-14.—(A) Line generating a cylinder; 
(B) elliptical cylinder; 
(C) circular cylinder. 


vases are circles, the cylinder is a CIRCULAR 
CYLINDER. Figure 18-14 (C) illustrates a 
right circular cylinder. Line O-O', joining the 
centers of the bases of a right circular cylin- 
der, is the AXIS of the cylinder. 


Surface Area and Volume 


The lateral area of a cylinder is the area of 
its curved surface, excluding the area of its 
bases. Figure 18-15 illustrates an experimen- 
tal method of determining the lateral area of a 
right circular cylinder. 


ee, Be 
i 
i 


CARD 


(C) CARD HALF 


The card of length L and width W in figure 
18-15 is rolled into a cylinder. The height of 
the cylinder is W and the circumference isL. 
The lateral area is the same as the original 
area of the card, LW. Therefore, the lateral 
area of the cylinder is found by multiplying its 
height by the circumference of its base. Writ- 
ten as a formula, this is 


A = Ch 


EXAMPLE: Find the lateral area of a right 
circular cylinder whose base has a radius of 
4 inches and whose height is 6 inches. 


(B) aah oe 


(D)} CARD ROLLED 
INTO CYLINDER 


Figure 18-15.—Lateral area of a cylinder. 
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SOLUTION: The circumference of the base is 
C= nd 
C = 3.14 x 8 in. 
= 25.12 in. 
Therefore, 
A = 25.12 in. x 6 in. 


151 sq in. (approximately) 


The formula for the volume of a cylinder is 
obtained by the same reasoning process that 
was used for prisms. The cylinder is consid- 
ered to be composed of many circular wafers, 
or disks, each one unit thick. The area of each 
disk, multiplied by the number of disks, is the 
volume of the cylinder. With V representing 
volume, A,representing the area of each disk, 
and n representing the number of disks, the 
formula is as follows: 


V = A,n 


Since the number of disks is the same as the 
height of the cylinder, the formula for the vol- 
ume of a cylinder is normally written 


Vv = Bh 


In this formula, B is the area of the base and h 
is the height of the cylinder. 


EXAMPLE: Determinethe volume of a circular 
cylinder with a base of radius 5 inches and a 
height of 14 inches. 


SOLUTION: 


Bh 
(x x 57) x 14 


3.14x 25x 14 


78.5x 14 
1099 cu in. 
1,100 cu in. (approximately) 


Practice problems: 


1. Determine the lateral area of a right circu- 
lar cylinder with a base of diameter 7 inches 
and a height of 4 inches. 
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2. Determine the volume of the cylinder in 
problem 1. 


Answers: 


1. 88 sq in. 2. 154 cu in. 
REGULAR PYRAMIDS AND 
RIGHT CIRCULAR CONES 


A PYRAMID is a solid figure, the lateral 
faces of which are triangles. (See fig. 18-16.) 
A REGULAR PYRAMID has all of its lateral 
faces equal. 


(A) (8) 


Figure 18-16.—(A) Irregular pyramid; 
(B) regular pyramid. 


A regular pyramid with a very large number 
of lateral faces would have a base polygon with 
many sides. If the number of sides is suffi- 
ciently large, the base polygon is indistinguish- 
able from a circle and the surface formed by 
the many lateral faces becomes a smoothly 
curved surface. The solid figure thus formed 
is a RIGHT CIRCULAR CONE. (See fig. 18-17.) 


Figure 18-17.—Right circular cone. 


Slant Height 


The slant height of a regular pyramid is the 
perpendicular distance from the vertex to the 
center of any side of the base. For example, 
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the length of line AV in figure 18-18 (A) is the 
slant height. The slant height of a right circu- 
lar cone is the length of any straight line join- 
ing the vertex to the circumference line of the 
base. Such a line is perpendicular to a line 
tangent to the base at the point where the slant 
height intersects the base. (See fig. 18-18 (B).) 
Lines AV, BV, and CV in figure 18-18 (B) are 
all slant heights. 


V 


A 
(8) 


A 
(A) 


Figure 18-18.—(A) Slant height of a regular 
pyramid; (B) slant height of a right circular 
cone. 


Lateral Area 


The lateral area of a pyramid is the sum of 
the areas of its lateral faces. If the pyramid is 
regular, its lateral faces have equal bases; 
furthermore, the slant height is the altitude of 
each face. Therefore, the area of each lateral 
face is one-half the slant height multiplied by 
the length of one side of the base polygon. Since 
the sum of these sides is the perimeter of the 
base, the total lateral area of the pyramid is 
the product of one-half its slant height multi- 
plied by the perimeter of its base. Using s to 
represent slant height and P to represent the 
perimeter of the base, the formula is as follows: 


1 


2 


A right circular cone can be considered as a 
regular pyramid with an infinite number of faces. 
Therefore, using C to represent the circumfer- 
ence of the base, the formula for the lateral 
area of a right circular cone is 


Lateral Area = sP 


1 sc 


Lateral Area 3 
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Volume 


The volume of a pyramid is determined by 
its base and its altitude, as is the case with 
other solid figures. Experiments show that the 
volume of any pyramid is-one-thirdof the prod- 
uct of its base and its altitude. This may be 
stated as a formula with V representing vol- 
ume, B representing the area of the base, and 
h representing height (altitude), as follows: 


The formula for the volume of a pyramid 
does not depend in any way upon the number of 
faces. Therefore, we use the same formula for 
the volume of a right circular cone. Since the 
base is a circle, we replace B with mr? (where 
r is the radius of the base). The formula for 
the volume of a right circular cone is then 


Vv 


Practice problems: 


1. Find the lateral area of a regular pyramid 
with a 5-sided base measuring 3 inches on each 
side, if the slant height is 12 inches. 


2. Find the lateral area of a right circular cone 
whose base has a diameter of 6 cm and whose 
slant height is 14 cm. 


3. Find the volume of a regular pyramid with a 
Square base measuring 4 cm on each side, if 
the vertex is 9 cm above the base. 


4. Find the volume of a right circular cone 
whose base has a diameter of 14 inches, if the 
altitude is 21 inches. 


Answers: 
1. 90 sq in. 3. 48 cucm 
2. 132 sq cm 4. 1077 cu in. 
SPHERES 


A SPHERE is a solid figure with all points 
on its surface equally distant from its center. 
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Figure 18-19.—Parts of a sphere. 


In figure 18-19, the center of the sphere is 
point O. 

A RADIUS of a sphere is a straight line seg- 
ment joining the center of the sphere toa point 
on the surface. Lines OA, OB, OC, OD, OE, 
and OF in figure 18-19 are radii. A DIAMETER 
of a sphere is a straight line segment joining 
two points on the surface and passing through 
the center of the sphere. Lines AB, CD, and 
EF in figure 18-19 are diameters. A HEMI- 
SPHERE is half of a sphere. 

Circles of various sizes may be drawn on 
the surface of a sphere. The largest circle 
that may be so drawn is one with a radius equal 
to the radius of the sphere. Sucha circle isa 
GREAT CIRCLE. In figure 18-19, circles 
AEBF, ACBD, and CEDF are great circles. 

On the surface of a sphere, the shortest dis- 
tance between two points is an arc of a great 
circle drawn so that it passes through the two 
points. This explains the importance of great 
circles in the science of navigation, since the 
earth is approximately a sphere. 


Surface Area 
The surface area of a sphere may be calcu- 
lated by multiplying 4 times 7 times the square 


of the radius. Written as a formula, this is 


A = 4nr? 


The formula forthe surface area of a sphere 
may be rewritten as follows: 


A = (2nr)(2r) 
When the formula is factored in this way, it is 
easy to see that the surface area of a sphere is 
simply its circumference times its diameter. 


Volume 


The volume of a sphere whose radius is r 
is given by the formula 


EXAMPLE: Find the volume of a sphere whose 
diameter is 42 inches. 


SOLUTION: 
Ve ; mr? 
2 4 x 3.14x (21 in.)? 
= 4 x 3.1421 x 21x 21 cu in. 


= 4.187 x 21 x21 x 21 cu in. 


38,776 cu in. (approximately) 


Practice problems. Calculate the surface 
area and the volume of the sphere in each of 
the following problems: 


1. Radius = 7 inches 2. Radius = 14cm 
Answers: 


1. Area = 615 sq in. (approx.) 
Volume = 1436 cu in. (approx.) 


2. Area = 2462 sq cm (approx.) 


Volume = 11,489 cu cm (approx.) 


CHAPTER 19 
NUMERICAL TRIGONOMETRY 


The word "trigonometry'' means "measure- 
ment by triangles.'' As it is presented in many 
textbooks, trigonometry includes topics other 
than triangles and measurement. However, this 
chapter is intended only as an introduction to 
the numerical aspects of trigonometry as they 
relate to measurement of lengths and angles. 


SPECIAL PROPERTIES OF 
RIGHT TRIANGLES 


A RIGHT TRIANGLE has been defined as 
any triangle containing a right angle. The side 
opposite the right angle in a right triangle is a 
HYPOTENUSE. (See fig. 19-1.) In figure 19-1, 
side AC is the hypotenuse. 


C 


Figure 19-1.—A right triangle. 


An important property of all right triangles, 
“which relates the lengths of the three sides, 
was discovered by the Greek philosopher 
Pythagoras. 


PYTHAGOREAN THEOREM 


The rule of Pythagoras, or PYTHAGOREAN 
THEOREM, states that the square of the length 
of the hypotenuse (in any right triangle) is equal 
to the sum of the squares of the lengths of the 
other two sides. For example, if the sides are 
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x24 y2 = 2 


r y r 


x 
(A) (B) 


Figure 19-2.—The Pythagorean Theorem. 
(A) General triangle; (B) triangle with 
sides of specific lengths. 


labeled as in figure 19-2 (A), the Pythagorean 
Theorem is stated in symbols as follows: 
x? + y? = r? 
An example of the use of the Pythagorean 
Theorem in a problem follows: 


EXAMPLE: Find the length of the hypotenuse 
in the triangle shown in figure 19-2 (B). 

2 = 32 4 42 

r=V9 + 16 

N25 = 5 

EXAMPLE: An observer on a ship at point A, 
figure 19-3, knows that his distance from point 
C is 1,200 yards and that the length of BC is 
1,300 yards. He measures angle A and finds 


that it is 90°. Calculate the distance from A 
to B. 


SOLUTION: By the rule of Pythagoras, 
(BC)? = (AB)? + (AC)? 
(1,300)? = (AB)? + (1,200)? 
(1,300)? - (1,200)? = (AB)? 
(13 x 107)? - (12 x 102)? = (AB)? 
(169 x 104) - (144 x 10%) = (AB)? 
25 x 104 = (ABP 
500 yd = AB 


SOLUTION: r 
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¢ 


A 


Figure 19-3.—Using the Pythagorean Theorem. 
SIMILAR RIGHT TRIANGLES 


Two right triangles are SIMILAR if one of 
the acute angles of the first is equal to one of 
the acute angles of the second. This conclusion 
is supported by the following reasons: 

1. The right angle in the first triangle is 
equa] to the right angle in the second, since all 
right angles are equal. 

2. The sum of the angles of any triangle is 
180°. Therefore, the sum of the two acute 
angles in a right triangle is 90°. 

3. Let the equal acute angles in the two tri- 
angles be represented by A and A' respectively. 
(See fig. 19-4.) Then the other acute angles, 
B and B’, are as follows: 


B=90°-A 


B' = 90° - A’ 
B’ 
B 
A C rN of 


Figure 19-4.—Similar right triangies. 


4, Since angles A and A’ are equal, angles 
B and B' are also equal. 

5. We conclude that two right triangles with 
one acute angle of the first equal to one acute 
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angle of the second have all of their corre- 
sponding angles equal. Thus the two triangles 
are similar. 

Practical situations frequently occur in which 
similar right triangles are used to solve prob- 
lems. For example, the height of a tree can be 
determined by comparing the length of its 
shadow with that of a nearby flagpole, as shown 
in figure 19-5. 


p’ 
B 
FLAGPOLE 
TREE 
A C A c! 


SHADOW SHADOW 
Figure 19-5.—Calculation of height by 
comparison of shadows. 


Assume that the rays of the sun are parallel 
and that the tree and flagpole both form 90° 
angles with the ground. Then triangles ABC 
and A'B'C' are right triangles and angle B is 
equal to angle B'. Therefore, the triangles are 
similar and their corresponding sides are pro- 
portional, with the following result: 


BC _ BIC! 
AC A'C' 

_ (AC) x (BIC’) 
BC = “ar 


Suppose that the flagpole is known to be 30 
feet high, the shadow of the tree is 12 feet long, 
and the shadow of the flagpole is 24 feet long. 
Then 


_ 12 x 30 _ 
Sher wa 


BC 15 feet 


Practice problems. 


1. A mastat the topof a building casts a shadow 
whose tip is 48 feet from the base of the build- 
ing. If the buildingis 12 feet high and its shadow 
is 32 feet long, what is the length of the mast? 
(NOTE: If the length of the mast is x, then the 
height of the mast above the ground is x + 12.) 
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2. Figure 19-6 represents an L-shaped build- 
ing with dimensions as shown. On the Line of 
sight from A to D, a stake is driven at C, a 
point 8 feet from the building and 10 feet from 
A. If ABC is a right angle, find the length of 
AB and the length of AD. Notice that AE is 18 
feet and ED is 24 feet. 


Figure 19-6.—Using similar triangles. 


Answers: 


1. 6 feet 2. AB 


AD 


6 feet 
30 feet 


TRIGONOMETRIC RATIOS 


The relationships between the angles and the 
sides of a right triangle are expressed in terms 
of TRIGONOMETRIC RATIOS. For example, in 
figure 19-7, the sides of the triangle are named 
in accordance with their relationship to angle 9. 
In trigonometry, angles are usually named by 
means of Greek letters. The Greek name of 
the symbol @ is theta. 

The six trigonometric ratios for the angle 6 
are listed in table 19-1. 

The. ratios are defined as follows: 


side opposite 6 
hypotenuse 


Side adjacent to @ 
hypotenuse 


1. sing = 


2. cos @ = 


<6 MI nlx he 


_ _Side opposite 6 
~ side adjacent to 6 


_ side adjacent to @ 


~  gide opposite @ 


N 


3. tan @ 


4. cot 
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(A) (B) 


Figure 19-7.—Relationship of sides and angles 


in a right triangle. (A) Names of the sides; 
(B) symbols used to designate the sides. 


Table 19-1.—Trigonometric ratios. 


Name of ratio | Abbreviation 


Sine of 6 sin @ 
cosine of @ cos @ 
tangent of 6 tan @ 
cotangent of @ cot 6 
secant of 6 sec @ 


cosecant of @ 


5 Q = hypotenuse _r 
» BC 6 = Fide adjacent to@ ~ x 
6 2 h tenuse eee 
» c8C 6 = side opposite to6 ~ y 


The other acute angle in figure 19-7 (B) is 
labeled o (Greek alpha). The side opposite a 
is x and the side adjacent to ais y. Therefore 
the six ratios for o are as follows: 


x 

1. sin a => 4. cota = 
-2 ie 

2. cos a = + 5. sec a => 
x r 

3. tan a =F 6. csc a=> 


Suppose that the sides of triangle (B) in fig- 
ure 19-7 are as follows: x=3, y=4, r=5. 
Then each of the ratios for angles 6and a may 
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be expressed as a common fraction or as a 
decimal. For example, 


= 0.800 


cnlea onl 


sin 6 


sin a = 0.600 


Decimal values have been computed for 
ratios of angles between 0° and 90°, and values 
for angles above 90° can be expressed in terms 
of these same values by means of conversion 
formulas. Appendix II of this training course 
gives the sine, cosine, and tangent of angles 
from 0° to 90°. The secant, cosecant, and 
cotangent are calculated, when needed, by using 
their relationships to the three principal ratios. 
These relationships are as follows: 


1 

secant 9 = opine 
ae 
cosecan = Bine 6 
1 

cotangent @ = tangent 6 


TABLES 


Tables of decimal values for the trigono- 
metric ratios may be constructed in a variety 
of ways. Some give the angles in degrees, min- 
utes, and seconds; others in degrees and tenths 
of a degree. The latter method is more com- 
pact and is the method used for appendix I. 
The "headings" at the bottom of each page in 
appendix II provide a convenient reference 
showing the minute equivalents for the decimal 
fractions of a degree. For example, 12' (12 
minutes) is the equivalent of 0.2°. 


Finding the Function Value 


The trigonometric ratios are sometimes 
called FUNCTIONS, because the value of the 
ratio depends upon (is a function of) the angle 
size. Finding the function value in appendix I 
is easily accomplished. For example, the sine 
35° is found by looking in the “sin” row oppo- 
site the large number 35, which is located in 
the extreme left-hand column. 

Since our angle in this example is exactly 
35°, we look for the decimal value of the sine 
in the column with the 0.0° heading. This col- 
umn contains decimal values for functions of 
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the angle plus 0.0°; in our example, 35° plus 
0.0°, or simply 35.0°, Thus we find that the 
sine of 35.0° is 0.5736. By the same reasoning, 
the sine of 42.7° is 0.6782, and the tangent of 
32.3° is 0.6322. 

A typical problem in trigonometry is to find 
the value of an unknown side in a right triangle 
when only one side and one acute angle are 
known. EXAMPLE: In triangle ABC (fig. 19-8), 
find the length of AC if AB is 13 units long and 
angle CAB is 34.7°. 


8 


Figure 19-8.—Using the trigonometric 
ratios to evaluate the sides. 


SOLUTION: 
AC ° 
13 cos 34.7 
AC = 13 cos 34.7° 
= 13 x 0.8221 
= 10.69 (approx.) 
The angles of a triangle are frequently stated 


in degrees and minutes, rather than degrees 
andtenths. For example, in the foregoing prob- 
lem, the angle might have been stated as 34°42". 
When the stated number of minuytes is an exact 
multiple of 6 minutes, the minute entries at the 
bottom of each page in appendix II may be used. 


Finding the Angle 


Problems are frequently encountered in which 
two sides are known, in a right triangle, but 
neither of the acute angles is known. For ex-~ 
ample, by applying the Pythagorean Theorem 
we can verify that the triangle in figure 19-9 is 
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13 


<) 


Figure 19-9.—Using trigonometric 
ratios to evaluate angles. 


a right triangle. The only information given, 
concerning angle 6, is the ratio of sides in the 


triangle. The size of @ is calculated as follows: 
tan @ = > = 0.4167 
12 . 
@ = the angle whose tangent is 0.4167 


Assuming that the sides and angles in figure 
19-9 are in approximately the correct propor- 
tions, we estimate that angle @ is about 20°. 
The table entries for the tangent in the vicinity 
of 20 are slightly too small, since we need a 
number near 0.4167. However, the tangent of 
22° 36' is 0.4163 and the tangent of 22°42' is 


0.4183. Therefore, @ is- between 22°36' and 
22 42°, 
Interpolation 


It is frequently necessary to estimate the 
value of an angle to a closer approximation 
than is available in the table. This is equiva- 
lent to estimating between table entries, and 
the process is called INTERPOLATION. For 
example,in the foregoing problem it was deter- 
mined that the angle value was between 22°36' 
and 22°42', The following paragraphs describe 
the procedure for interpolating to find a closer 
approximation to the value of the angle. 
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The following arrangement of numbers is 
recommended for interpolation: 


ANGLE TANGENT 
22°36' 0.4163 
0004 
6' @ 0.4167 .0020 
22°42! 0.4183 


The spread between 22°36' and 22°42' is 6', 
and we use the comparison of the tangent values 
to determine how much of this 6' spread is in- 
cluded in @, the angle whose value is sought. 
Notice that the tangent of @ is different from 
tan 22°36' by only 0.0004, and the total spread 
in the tangent values is 0.0020. Therefore, the 
0.0004 
0.0020 
tangents of the two angles given in the table. 
This is 1/5 of the total spread, since 


tangent of 6 is of the way between the 


0.0004_ 4 _ 1 
0.0020 ~ 20 ~ 


Another way of arriving at this result is 
to observe that the total spread is 20 ten- 
thousandths, and that the partial spread cor- 
responding to angle @ is 4 ten-thousandths. 
Since 4 out of 20 is the same as 1 out of 5, angle 
@ is 1/5 of the way between 22°36' and 22°42'. 

Taking 1/5 of the 6' spread between the 
angles, we have the following calculation: 


i 


5 x 6° 


= x 5°60" 
= 1'12" (1 minute and 12 seconds) 


The 12" obtained in this calculation causes our 
answer to appear to have greater accuracy than 
the tables from which it is derived. This appar- 
ent increase in accuracy is a normal result of 
interpolation. Final answers based on inter- 
polated data should be rounded off to the same 
degree of accuracy as that of the original data. 

The value of 1 minute and 12 seconds found 
in the foregoing problem is added to 22°36', as 
follows: 


@ = 22°36" + 1112" = 22°37'12" 


Therefore @ is 22°37', approximately. 

The foregoing problem could have been 
solved in terms of tenths and hundredths of a 
degree, rather than minutes, as follows: 
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ANGLE TANGENT 


22.60° 0.4163 
0.0004 
0.1° é 0.4167 0.0020 
22.70° 0.4183 


In this example, we are concerned with an 
angular spread of 0.10° and @ is located 1/5 of 
the way through this spread. Thus we have 


9 = 22.60° + (2 ‘ 0.10°) 
6 = 22.60° + 0.02° 
6 = 22.62° 


Interpolation must be approached with com- 
mon sense, in order to avoid applying correc- 
tions in the wrong direction. For example, the 
cosine of an angle decreases in value as the 
angle increases from 0° to 90°. If we need the 
value of the cosine of an angle such as 22°39’, 
the calculation is as follows: 


ANGLE COSINE 
22°36" 0.9232 

6' 22°39" : 0.0007 
22°42" 0.9225 


In this example, it is easy to see that 22°39" 
is halfway between 22°36' and 22°42'. There- 
fore the cosine of 22°39' is halfway between the 
cosine of 22°36' and that of 22°42'. Taking 
one-half of the spread between these cosines, 
we then SUBTRACT from 0.9232 to find the 
cosine of 22°39', as follows: 


cos 22°39' = 0.9232 - (G x 0.0007) 
= 0.9232 - 0.00035 


0.92285 
0.9229 (approximately) 


Practice problems: 


1. Use the table in appendix II to find the deci- 
mal value of each of the following ratios: 


a. tan 45° d. sin 37°14' 
b. sin 60° e. cos 51.5° 
c. cos 42°6' f. tan 13.75° 


2. Find the angle which corresponds to each of 
the following decimal values in appendix II: 


a. sin @ = 0.2790 c. tan § = 0.7604 


b. cos @ = 0.9018 d. sin 6 = 0.8142 
Answers: 
l. a. l d. 0.6051 
b. 0.8660 e. 0.6225 
c. 0.7420 f. 0.2447 
2. a. @= 16.2° c. @ = 37°15' 
b. @= 25°36’ d. @ = 54°30' 


RIGHT TRIANGLES WITH 
SPECIAL ANGLES AND SIDE RATIOS 


Three types of right triangles are especially 
significant because of «their frequent occur- 
rence. These are the 30°-60°-90° triangle, the 
45°-90° triangle, and the 3-4-5 triangle. 


THE 30°-60°-90° TRIANGLE 


The 30°-60°-90° triangle is so named be- 
cause these are the sizes of its three angles. 
The sides of this triangle are in the ratio of 
1 to V3 to 2, as shown in figure 19-10. 


30° 
‘3 


Figure 19-10.—30°-60°-90° triangle. 


The sine ratio for the 30° angle in figure 
19-10 establishes the proportionate values of 
the sides. For example, we know that the sine 
of 30° is 1/2; therefore side AB must be twice 
as long as BC. If side BC is 1 unit long, then 
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side AB is 2 units long and, by the rule of 
Pythagoras, AC is found as follows: 


AC = V(AB)? - (BC)? 
=VF-1= V3 


Regardless of the size of the unit, a 30°- 
60°-90° triangle has a hypotenuse which is 2 
times as long as the shortest side. The short- 
est side is opposite the 30° angle. The side op- 
posite the 60° angle is V3 times as long as the 
shortest side. For example, suppose that the 
hypotenuse of a 30°-60°-90° triangle is 30 units 
long; then the shortest side is 15 units long, 
and the length of the side opposite the 60° angle 
is 15 V3 units. 

Practice problems. Without reference to 
tables or to the rule of Pythagoras, find the 
following lengths and angles in figure 19-11: 


1. Length of AC. 
2. Size of angle A. 
3. Size of angle B. 


4. Length of RT. 


5. Length of RS. 
6. Size of angle T. 


c B R 20s 


Figure 19-11.—Finding parts of 
30°-60°-90° triangles. 


Answers 
1. V3 4,4 
2. 30° 5. 2 
3. 60° 6. 30° 


THE 45°-90° TRIANGLE 


Figure 19-12 illustrates a triangle in which 
two angles measure 45° and the third angle 


A 
4 


6 
{90 45 8 


Figure 19-12.—A 45°-90° triangle. 


measures 90°. Since angles A and B are equal, 
the sides opposite them are also equal. There- 
fore, AC equals CB. Suppose that CB is 1 unit 
long; then AC is also 1 unit long, and the length 
of AB is calculated as follows: 


(AB)? = 17 + 12 = 2 
AB = N2 


Regardless of the size of the triangle, if it 
has two 45° angles and one 90° angle, its sides 
are in the ratio 1 tol to /%. For example, if 
sides AC and CB are 3 units long, AB is 3 V2 
units long. 

Practice problems. Without reference to 
tables or to the rule of Pythagoras, find the 
following lengths and angles in figure 19-13: 


1. AB 2. BC 3. Angle B 
Answers: 
1.2 Vz 2.2 3. 45° 


THE 3-4-5 TRIANGLE 


The triangle shown in figure 19-14 has its 
sides in the ratio 3 to 4 to §. Any triangle with 
its sides in this ratio is a right triangle. 

It is a common error to assume that a tri- 
angle is a 3-4-5 type because two sides are 
known to be in the ratio 3 to 4, or perhaps 4 
to 5. Figure 19-15 shows two examples of tri- 
angles which happen to have two of their sides 
in the stated ratio, but not the third side. This 
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B 


30]. 


Figure 19-13.—Finding unknown parts 
in a 45°-90° triangle. 


424d 


4 


Figure 19-14.—A 3-4-5 triangle. 


5 4 

7 
4 3 
(A) (B) 


Figure 19-15.—Triangles which may be 
mistaken for 3-4-5 triangles. 


can be because the triangle is not a right tri- 
angle, as in figure 19-15 (A). On the other 
hand, even though the triangle is a right tri- 
angle its longest side may be the 4-unit side, 
in which case the third side cannot be 5 units 
long. (See fig. 19-15 (B).) 
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It is interesting to note that the third side in 
figure 19-15 (B) is V7. This is a very unusual 
coincidence, in which one side of a right tri- 
angle is the square root of the sum of the other 
two sides. 

Related to the basic 3-4-5 triangle are all 
triangles whose sides are in the ratio 3 to 4 
to 5 but are longer (proportionately) than these 
basic lengths. For example, the triangle pic- 
tured in figure 19-6 is a 3-4-5 triangle. 


8 


Figure 19-16.—Triangle with sides which 
are multiples of 3, 4, and 5. 


The 3-4-5 triangle is very useful in calcula- 
tions of distance. If the data can be adapted to 
fit a 3-4-5 configuration, no tables or calcula- 
tion of square root (Pythagorean Theorem) are 
needed. 


EXAMPLE: An observer at the top of a 40-foot 
vertical tower knows that the base of the tower 
is 30 feet from a target on the ground. How 
does he calculate his slant range (direct line of 
sight) from the target? 


SOLUTION: Figure 19-17 shows that the de- 
sired length, AB, is the hypotenuse of a right 
triangle whose shorter sides are 30 feet and 40 
feet long. Since these sides are in the ratio 3 
to 4 and angle C is 90°, the triangle is a 3-4-5 
triangle. Therefore, side AB represents the 
5-unit side of the triangle. The ratio 30 to 40 
to 50 is equivalent to 3-4-5, and thus side AB 
is 50 units long. 

Practice problems. Without reference to 
tables or to the rule of Pythagoras, solve the 
following problems: 


1. An observer is at the top of a 30-foot verti- 
cal tower. Calculate his slant range from a 
target on the ground which is 40 feet from the 
base of the tower. 
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B 
40 
A C 
30 
Figure 19-17.—Solving problems with a 
3-4-5 triangle. 


2. A guy wire 15 feet long is stretched from 
the top of a pole to a point on the ground 9 feet 
from the base of the pole. Calculate the height 
of the pole. 


Answers: 


1. 50 feet 2. 12 feet 


OBLIQUE TRIANGLES 


Oblique triangles were defined in chapter 17 
of this training course as triangles which con- 
tain no right angles. A natural approach to the 
solution of problems involving oblique triangles 
is to construct perpendicular lines and form 
right triangles which subdivide the original tri- 
angle. Then the problem is solved by the usual 
methods for right triangles. 


DIVISION. INTO RIGHT TRIANGLES 


The oblique triangle ABC in figure 19-18 
has been divided into two right triangles by 
drawing line BD perpendicular to AC. The 
length of AC is found as follows: 


1. Find the length of AD. 


35 = cos 40° 


AD = 35 cos 40° 
35 (0.7660) 
26.8 (approximately) 


A D C 


Figure 19-18.—Finding the unknown parts 
of an oblique triangle. 


CAUTION: A careless appraisal of this prob- 
lem may lead the unwary trainee to represent 
the ratio AC/AB as the cosine of 40°. This 
error is avoided only by the realization that the 
trigonometric ratios are based on RIGHT tri- 
angles. 


2. In order to find the length of DC, first 
calculate BD. 


BD 


35 = sin 40° 
BD = 35 sin 40° 
= 35 (0.6428) 


= 22.4 (approximately) 


3. Find the length of DC 


224 tan 15 
_ 22.4 _ 22.4 

DC = ian 15°” 3.732 

DC = 6.01 (approximately) 


4. Add AD and DC to find AC. 


26.8 + 6.01 = 32.81 
AC = 32.8 (approximately) 
SOLUTION BY SIMULTANEOUS 
EQUATIONS 


A typical problem in trigonometry is the 
determination of the height of a point such as 
B in figure 19-19. 
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B 


Lowe ee eee 
ra 


A 50 FT C x O 
Figure 19-19.—Calculation of unknown 
quantities by means of oblique triangles. 


Suppose that point B is the top of a hill, and 
point D is inaccessible. Then the only meas- 
urements possible on the ground are those 
shown in figure 19-19. If we let h represent 
BD and x represent CD, we can set up the fol- 
lowing system of simultaneous equations: 


B ~ tan 70° 

x 
h ° 
BO + x” tan 30 


Solving these two equations for h in terms of 
x, we have 


h = x tan 70° 
and 
h = (50 + x) tan 30° 


Since the two quantities which are both equal 
to h must be equal to each other, we have 


(A) 


x tan 70° = (50 + x) tan 30° 
x (2.748) = 50 (0.5774) + x(0.5774) 
x (2.748) - x (0.5774) = 28.8 
x (2.171) = 28.8 
_ 28.8 _ 
xX = Ziv ~ 13.3 feet 


Knowing the value of x, it is now possible to 
compute h as follows: 
h = x tan 70° 
= 13.3 (2.748) 
= 36.5 feet (approximately) 


Practice problems: 
1. Findthe lengthof side BC in figure 19-20 (A). 


2. Find the height of point B above line AD in 
figure 19-20 (B). 


Answers: 


1. 21.3 feet 2. 41.7 feet 


LAW OF SINES 


The law of sines provides a direct approach 
to the solution of oblique triangles, avoiding the 
necessity of subdividing into right triangles. 
Let the triangle in figure 19-21 (A) represent 
any oblique triangle with all of its angles acute. 

The labels used in figure 19-21 are stand- 
ardized. The small letter a is used for the 
side opposite angle A; small b is opposite angle 
B; small c is opposite angle C. 
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65° 
70 FT C 0 


(B) 


Figure 19-20.—(A) Oblique triangle with all angles acute; 
(B) obtuse triangle. 
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A 26". A : 
(A) (B) 


Figure 19-21.—(A) Acute oblique triangle with standard labels; 
(B) obtuse triangle with standard labels. 


C 


The law of sines states that in any triangle, SOLUTION: By the law of sines, 
whether it is acute as in figure 19-21 (A) or 


obtuse as in figure 19-21 (B), the following is 20 - c 
true: sin 15° ~ sin 85 
a = _b_ = es 20 sin 85° 
sin A sin B sin Cc c= #0 ain Of. 


EXAMPLE: In figure 19-21 (A), let angle A-be 
15° and let angle C be 85°. If BC is 20 units, 


= 20 (0.9962) _ ,, 
find the length of AB. c= 7.7556 


0 
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APPENDIX | 


SQUARES, CUBES, SQUARE ROOTS, CUBE ROOTS, 
LOGARITHMS, AND RECIPROCALS OF NUMBERS 


| # 


1 1. 1.0000 | 0.00000 |1000.000 3.142 0.7854 
2 1. 1.2599 | 0.30103 | 500.000 6.283 3.1416 
3 1. 1.4422 | 0.47712 | 333.333 9.425 7.0686 
4 2. 1.5874 | 0.60206 | 250.000 12.566 12.5664 
$s 2. 1.7100 | 0.69897 | 200.000 13.708 19.6350 
6 2. 1.8171 | 0.77815 | 166.667 18.830 | 28.2743 
7 2. 1.9129 | 0.84510 | 142.857 21.991 38.4845 
8 2. 2.0000 ] 0.90308 | 125.000 25.133 30.2655 
9 3. 2.0801 | 0.95424 | 211.111 28.274 63.6173 
16 3. 2.1544 | 1.00000 | 100.000 31,416 | 78.5398 
ey 3. 2.2240 | 1.04139 90.9091] 34.558 | 95.0332 
12 3. 2.2894 | 1.07918 83.3333| 37.699 | 113.097 
13 3. 2.3513 | 1.11394 76.9231) 40.841 | 132.732 
14 3. 2.4101 | 1.14613 71.4286] 43.982 | 153 938 
1s 3. 2.4662 | 1.17609 66 6667{ 47.124 | 176.715 
16 4. 2.$198 | 1.20412 62.5000} 50.265 | 201.062 
17 4. 2.5713 | 1.23045 §8.823S| 53.407 | 226.980 
18 4. 2.6207 | 1.28527 55.5586] 56.549 | 254.469 
19 4. 2.6684 | 1.27875 $2.6316) 59.690 | 283.529 
20 4. 2.7144 | 1.30103 50.0000) 62.852 | 314.159 
21 4. 2.7589 | 1.32222 47.6190] 65.973 | 346.361 
22 4. 2.8020 | 1.34242 45.4545| 69.115 | 380.133 
23 4. 2.8439 | 1.36173 43.4783) 72.257 | 415.476 
24 4. 2.8845 | 1.38021 41.6667) 7S.398 | 452.389 
3s Ss. 2.9240 | 1.39794 | 40.0000) 78.S40 | 490.874 
36 Ss. 2.9625 | 1.41497 38.4615) 81.681 | 530.929 
27 5. 3.0000 | 1.43136 | 37.0370) 84.823 | 572.555 
28 5. 3.0366 | 1.44716.) 35.7143) 87.965 | 615.752 
29 3. 3.0723 | 1.46240 |] 34.4828! 91.106 | 660.520 
30 Ss. 3.1072 | 1.47712 | 33.3333] 94.248 | 706.858 
3 5. 3.1414 | 1.49136 | 32.2581] 97.389 | 754.768 
32 3. 3.1748 | 1.50515 31.2500] 100.531 | 804.248 
33 3. 3.2075 | 1.51851 30.3030] 103.673 | 855.299 
H 5. 3.2396 | 1.53148 29.4118) 106.814 | 907.920 
35 5. 3.2718 | 1.54407 28.5714] 109.956 | 962.113 
36 6. 3.3019 | 1.55630 27.7778| 113.097 |1017.88 
au 6. 3.3322 | 1.56820 27.0270| 116.239 |1075.21 
38 6. 3.3620 | 1.57978 26.3158] 119.381 [1134.11 
39 6. 3.3912 | 1.59106 25.6410] 122.522 /1194.59 
40 6. 3.4200 | 1.60206 25.0000/ 125.66 /1256.64 
41 6. 3.4482 | 1.61278 24.3902| 128.81 |1320 2S 
42 6. 3.4760 | 1 62325 23.8095| 131.95 [1385.44 
43 6. 3.5034 | 1.63347 23.2558] 135.09 [1452.20 
«“ 6.6332] 3.5303 | 1.64345 22.7273) 138.23 [1520.53 
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Appendix I-POWERS, ROOTS, LOGARITHMS, ETC. 


Cubs 
Roet 


.7082{ 3.5569 
7823} 3.5630 
8557 
9282 
0000 


O7i1 
144 
.2nit 
.2801 
3485 


4162 
4833 
5498 
6158 
-681t 


7460 
8102 
8740 
9373 
0000 


0623 
1240 
1854 
2462 
3066 


. 3666 
42061 
4853 
.$440 
6023 


6603 
7178 
7750 
8358 
8882 


9443 
.0000 
.0554 
1104 
1652 


2195 
2736 
3274 
3808 
4340 


2025 91125 
2116 97336 
2209 | 103823 
2304 110592 
2401 117649 


2500 125000 
2601 132651 
2704 140608 
2809 148877 
2916 157464 


3025 166375 
3136 175616 
3249 185193 
3364 195112 
481 205379 
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4624 314432 
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456533 
474552 
493039 
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1124864 


1157625 
1191016 
1225043 
1259712 
1295029 


1953125 
2000376 
2048383 
2097152 
2146689 


2197000 
2248091 
2299968 
2352637 
2406106 


ry 


9.4868) 


9.5394 
9.$917 
9.64357 
9.6954 


9.7468 
9.7980 
9.8489 
9.8995 
9.9499) 


10.0000, 
10.0499: 
10.0995 
10.1489 
10.1980 


10.2470) 
10.2956 
10.3443 
10.3923) 
10.4403) 


10.4881 
10.5357 
10. $830 
10.6301 
10.6771 


10.7238 
10.7703 


11.4891 
11.$326) 
11.8758 


gr | 
4.4814 | 1.95424 
4.4979 | 1.95904 
4.5144 | 1.96379 
4.5307 | 1.96348 
4.5468 | 1.97313 
4.3629 | 1.97772 
4.5789 | 1.98227 
4.5947 | 1.98677 
4.6104 | 1.99123 
4.6261 | 1.99564 
4.6416 | 2.00000 
4.6570 | 2.00432 
4.6723 | 2.003860 
4.6875 | 2.01284 
4.7027 | 2.01703 
4.7177 | 2.02119 
4.7326 | 2.02531 
4.7475 | 2.02938 
4.7622 | 2.03342 
4.7769 | 2.03743 
4.7914 | 2.04139 
4.8059 | 2.04532 
4.8203 | 2.04922 
4.8346 | 2.05308 
4.8488 | 2.05690 
4.8629 | 2.06070 
4.8770 | 2.06446 
4.8910 | 2.06819 
4.9049 | 2.07188 
4.9187 | 2.07555 
4.9324 | 2.07918 
4.9461 | 2.08279 
4.9897 | 2.08636 
4.9732 | 2.08991 
4.9866 | 2.09342 
5.0000 | 2.09691 
5.0133 | 2.10037 
5.0265 | 2.10380 
5.0397 | 2.10721 
5.0528 | 2.11059 
5.0653 | 2.11394 
5.0788 | 2.11727 
5.0916 | 2.12057 
3.1045 | 2.12385 
5.1172 | 2.12710 
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3.84956 
8.77193 


8.69565 
8.62069 
8.54701 
8.47458 
8.40336 


8.33333 
8.26446 
8.19672 
8.13008 
8.06452 


8.00000 
7.93651 
7.87402 
7.81250 
7.75294 


7.69231 
7.63359 
7.57876 
7.51880 
7.46269 


10933.9 
11222.0 


11309.7 
11499,0 
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11882.3 
12076.3 


12271.8 
12469.0 
12667.7 
12868 .0 
13069 .8 


13273.2 
13478.2 
13684.8 
13892.9 
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APPENDIX Ill 
MATHEMATICAL SYMBOLS 


NAME OR MEANING 
Addition or positive value 
Subtraction or negative value 
Positive or negative value 


Multiplication dot (Centered; not to 
be mistaken for decimal point.) 


Multiplication symbol 


Parentheses 
Brackets Grouping 
Braces symbols 


Vinculum (overscore) 
Percent 

Division symbol 

Ratio symbol 
Proportion symbol 
Equality symbol 

"Not equal" symbol 
Less than 

Less than or equal to 
Greater than 

Greater than or equal to 
"Varies directly as" or "is propor- 


tional to" (Not to be mistaken 
for Greek alpha (a).) 
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SYMBOL 
Nv 
—— 


yr 


|X | 


NAME OR MEANING 
Square root symbol 


Square root symbol with vinculum. 
Vinculum is made long enough to 
cover all factors of the number 
whose square root is tobe taken. 


Radical symbol. Letter n repre- 
sents a number indicating which 
root is to be taken. 


Imaginary unit; operator j for elec- 
tronics; represents Y-TI. 


Infinity symbol. 


Ellipsis. Used in series of num- 
bers in which successive num- 
bers are predictable by their 
conformance to a pattern; mean- 
ing is approximated by "etc." 


Logarithm of N to the base a. 


Logarithm of N to the base 10. 
(understood) 


Natural or Napierian logarithm of N. 
Base of the natural or Napierian 
logarithm system. 


Absolute value of X. 


The ratio of the circumference 
of any circle to its diameter. 
Approximate numerical value is 
22/7. 


Pi. 


Therefore 


Angle 


Dry Measure 


2 cups = 1 pint (pt) 

2 pints = 1 quart (qt) 

4 quarts = 1 gallon (gal) 
8 quarts = 1 peck (pk) 

4 pecks = 1 bushel (bu) 


Liquid Measure 


3 teaspoons (tsp) = 1 tablespoon (tbsp) 


16 tablespoons = 1 cup 

2 cups = 1 pint 

16 fluid ounces (0z) = 1 pint 

2 pints = 1 quart 

4 quarts = 1 gallon 

31.5 gallons = 1 barrel (bbl) 

231 cubic inches = 1 gallon 

7.48 gallons = 1 cubic foot (cu ft) 


Weight 
16 ounces = 1 pound (Ib) 
2,000 pounds = 1 short ton (T) 
2,240 pounds = 1 long ton 
Distance 
12 inches = 1 foot (ft) 
3 feet = 1 yard (yd) 
5-1/2 yards = 1 rod (rd) 
16- 1/2 feet = 1 rod 
1,760 yards = 1 statute mile (mi) 


5,280 feet = 1 statute mile 


APPENDIX IV 
WEIGHTS AND MEASURES 
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Area 


144 square inches = 1 square foot (sq ft) 
9 square feet = 1 square yd (sq yd) 
30-1/4 square yards = 1 square rod 

160 square rods = 1 acre (A) 


640 acres = 1 square mile (sq mi) 
Volume 
1,728 cubic inches = 1 cubic foot 


27 cubic feet = 1 cubic yard (cu yd) 


Counting Units 
12 units = 1 dozen (doz) 
12 dozens = 1 gross 
144 units = 1 gross 
24 sheets = 1 quire 
480 sheets = 1 ream 


Equivalents 


1 cubic foot of water weighs 62.5 pounds 
(approx) = 1,000 ounces 


1 gallon of water weighs 8-1/3 pounds (approx) 
1 cubic foot = 7.48 gallons 


1 inch = 2.54 centimeters 
1 foot = 30.4801 centimeters 
1 meter = 39.37 inches 


1 liter = 1.05668 quarts (liquid) = 0.90808 quart 
(dry) 


1 nautical mile = 6,080 feet (approx) 
1 fathom = 6 feet 


1 shot of chain = 15 fathoms 


APPENDIX V 
FORMULAS 


Areas 


The area of a square is equal to 
the square of a side. 


The area of a triangle is equal to 
one half the base times the 
height. 


The area of a circle is equal to 
the radius squared times pi. 


The area of a rectangle is equal 
to the length times the width. 


The lateral area of a cylinder is 
equal to the circumference of 
the base times the height. 
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Areas 


The square area of a sphere is 
equal to 4 times pi times the 
radius squared. 


Volumes 


The volume of a cube equals the 
cube of an edge. 


The volume of a rectangular solid 
or cylinder equals the area of 
the base times the height. 


The volume of a sphere equals $ 
pi times the radius cubed. 


INDEX 


Absolute value, 21 Centigrade thermometer, 19 
Accuracy, 15, 59 Changing: 
Addend, 7 common fractions to decimals, 49 
Adding: fractions to percent, 55 
complex numbers, 164 integers to percent, 55 
decimals, 51 percent to a decimal, 56 
fractions, 118 Characteristic, logarithms, 83 
signed numbers, 21 Checking accuracy, 14 
unlike fractions, 35 Chord of a circle, 188 
Addition: Circle, 187 
and subtraction, 7 Circular cylinder, 194-195 
method for solving simultaneous equations, Circumference of a circle, 187 
135 Coefficients, literal, 125, 136 
Adjacent angles, 182 Combined variation, 150 
Algebraic: Combining: 
expressions, 99 radicals, 74 
fractions, 117 terms, 100 
sum, 99 Common: 
Alternation in a proportion, 144 denominator, 34 
Altitude of a triangle, 183 factors, 1li 
Angles, 182 fractions, 28, 49 
Apex of a triangle, 183 logarithms, 81 
Approximate numbers, 61 Commutative laws, 26, 98 
Arabic numerals, 1 Complement of an angle, 182 
Arbitrary constant, 120 Completing the square, 169 
Areas: Complex: 
circle, 189 decimal, 47 
quadrilateral, 186 fraction, 43-44 
triangle, 184 numbers, 158-163 
Associative laws, 26, 98 plane, 161 
Axioms of equality, 25 Components of logarithms, 83 
Composite number, 17 
Base of: Concentric circles, 189 
exponent, 65 Conditional equation, 121-122 
number system, 2 Conjugates of complex numbers, 165 
solid, 193 Constant: 
triangle, 183 definition, 120 
Binary number system, 3 of proportionality, 147 
Binomial factors, 113 Construction, geometric, 190 
Bisecting an angle, 191 Coordinates, 130-131 
Borrow process, 7, 8 Counting, 1 
Broken lines, 181 Cube: 
by slide rule, 94 
Calculating with approximate numbers, 61 geometric, 194 
Caliper, vernier, 64 root, 79, 95 
Cancellation, 38 
Carry and borrow, 7 Dashed line, 181 
Celsius thermometer, 19 Decimal: 
Center of a circle, 192 adding, 51 
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INDEX 


a i a ne ne 


Decimal—Continued: 

complex, 47 

divisors, 53 

equivalent, 47 

fractions, 45 

mixed, 47 

multiplying, 51-52 

nonterminating, 50 

number system, 2, 45 

points, 13, 15 

power of, 66 

reducing, 47 

system, 2 
Degree: 

angular, 182 

of an equation, 121 
Denominate numbers, 9, 15 
Denominator, definition, 28 
Dependence, 151 
Dependent variable, 151 
Developing formulas, 154 
Diameter: 

circle, 187 

sphere, 198 
Difference: 

answer in subtraction, 7 

of two squares, 113 
Digit positions: 

binary, 3 

decimal, 2 
Digits, significant, 60 


Direction of measurement, 19 


Directly proportional, 147 
Direct variation, 146 
Discriminant, 176 
Distributive law, 27, 99 
Dividend, 11 

Dividing: 


a line into equal segments, 190 


approximate numbers, 61 
by powers of ten, 54 
complex numbers, 165 
decimals, 52 
denominate numbers, 15 
Divisibility, test for, 18 
Division: 
fractions, 40 
general, 10 
in fraction form, 25 
methods, 13 
signed numbers, 24 
synthetic, 110 
Divisor, 11 
Double roots, 177 


Edge of a prism, 194 
Element: 

cylinder, 194 

set, 4 
Ellipses, 192 
Ellipsis, definition, 5 
End zeros in multiplication, 13 
Equality axioms, 25 
Equal or double roots, 177 
Equations, plotting, 131 
Equilateral triangle, 185 
Equivalent: 

decimal, 47 

fraction, 29 
Error: 

percent of, 59 

relative, 60 
Estimation, 14, 58 
Evaluating: 

formulas, 153 

radicals, 78 
Exponential form, 80 
Exponents: 

and radicals, 102 

definition, 65 

fractional, 70 

laws of, 67 

literal, 112 
Extremes of a proportion, 142 


Faces of a solid, 193 
Factor, 11, 17 
Factoring: 
definition, 111 
method of solving quadratic equations, 168 
radicals, 75 
trinomials, 115 
Fixed constant, 120 
Formulas: 
developing, 154 
evaluating, 153 
graphing, 156 
table of, 221 
translating, 155 
Fractional: 
exponents, 70 
percents, 57 
Fractions: 
algebraic: 
dividing, 117 
multiplying, 117 
changing to decimals, 49 
complex, 43-44 
equivalent, 29 
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Fractions— Continued: 
fundamental rule, 30 
improper, 28, 31 
in equations, 125 
measurement, 29 
negative, 32 
partitive, 29 
power of, 66 
proper, 28 
reducing, 31, 116 

Function: 
general, 151 
trigonometric, 202, 213 

Fundamental rule of fractions, 30 


General form of a linear equation, 126 
Geometric: 
classification of angles, 182 
figures, 183-190 
Graphical: 
interpretation of roots, 179 
representation of complex numbers, 160 
solution of quadratic equations, 172 
Graphing: 
formulas, 156 
general, 20 
inequalities, 129, 139 
Great circle, 198 
Greater than (symbo]), 20, 128 
Greatest common divisor, 34 
Grouping: 
for multiplication, 11 
symbols, 101 


Hemisphere, 198 

Highest common factor, 34 
Horizontal lines, 181 
Hypotenuse, 199 


Identity, 121 
Imaginary: 

number, 66, 159 

root, 176 

unit, 159 
Improper fraction, 28, 31 
Independent variable, 151 
Index of a root, 65 
Inequalities, 128 
Inequalities in two variables, 139 
Infinite sets, 6 
Integers, 1 
Intercepts, definition, 132 
Interpolation, 203 
Interpreting equations, 137 
Interpreting roots by graphs, 179 
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Intersecting lines, 182 
Inversely proportional, 148 
Inverse ratio, 142 
Inverse variation, 148 
Inversion in a proportion, 144 
Irrational: 

number, 77, 158 

root, 178 
Irregular pyramid, 196 
Isosceles triangle, 185 


Joint variation, 149 


Lateral: 
area, pyramid, 197 
edge, prism, 194 
Laws: 
associative, 26 
commutative, 26 
distributive, 27 
exponents, 67 
sines, 208 
Least common multiple, 34 
Less than (symbol), 20, 128 
Like: 
fractions, 33 
signs, adding, 21 
Line: 
general, 161 
parallel, 137 
segment, 5 
Linear equation, 121, 126 
Literal: 
coefficient, 124, 136 
exponent, 112 
Logarithm: 
definition, 80 
natural, 81 
Lowest common denominator, 34 


Mantissa, 83, 85 
Mathematical symbols, 219 
Maximum and minimum points, 174 
Means of a proportion, 142 
Measurement: 

fraction, 29 

principles of, 58 
Mental: 

calculation, 10 

multiplication, 107 
Micrometer: 

scale, 61 

settings, 62 

vernier, 64 
Minimum and maximum points, 174 


INDEX 


i] Ss i 


Minuend, 7 
Mixed: 
decimal, 47 
number, 28, 32 
Monomial multiplication, 103 
Multiples, 17 
Multiplicand, 11 
Multiplication: 
fractions, 37 
general, 10 
grouping, 11 
Multiplier, 11 
Multiplying: 
approximate numbers, 61 
complex numbers, 164 
decimals, 51-52 
denominate numbers, 15 
signed numbers, 23 


Natural logarithms, 81 
Negative: 

exponents, 69 

fractions, 32 

logarithms, 83 

numbers, 19 
Nonterminating decimals, 50 
Number: 

set, 4 

systems, 2, 3 
Number line: 

fractions, 28 

general, 5, 20 
Numerals, 1 
Numerator, definition, 28 
Numerical coefficient, definition, 100 


Oblique: 

line, 181 

triangle, 185, 207 
Obtuse: 

angle, 182 

triangle, 185 
One as an exponent, 69 
Operation: 

with decimals, 50 

with inequalities, 128 
Operator i, 160-161 
Operators, 158 
Order: 

of operations, 16 

properties of numbers, 128 
Orientation of lines, 181 


Parabola, 174 
Parallelpiped, 193 
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Parallel lines, 181 
Parallelogram, 186 
Parentheses, removing, 101 
Partial products, 12 
Partitive fractions, 29 
Percent: 
changing numbers to, 55 
changing to decimal, 56 
definition, 55 
fractional, 57 
of error, 59 
Percentage cases, 56 
Perimeter: 
quadrilateral, 186 
triangle, 184 
Perpendicular: 
at any point on a line, 191 
bisector of a line, 191 
lines, 181 
Pi (7), 188 
Place value, 1, 2, 46 
Placing decimal! points, 13, 15 
Plotting: 
complex numbers, 162 
coordinates, 131 
equations, 131 
inequalities, 139 
Points and lines, 5 
Polar form, 163 
Polynomials, 104-106 
Positional notation, 2 
Positive: 
and negative numbers, 20 
integers, 4 
Powers and roots, 65 
Powers of: 
fractions, 66 
negative integers, 65 
ten, 52, 54, 71-73 
Precision, 58 
Prime: 
factor, 17 
number, 152 
Principles of: 
measurement, 58 
verniers, 63 
Prims, 193 
Product: 
general, 11 
of sum and difference, 106 
Proper fraction, 29 
Proportion, 142 
Proportionality constant, 147 
Pure imaginaries, 161 
Pythagorean Theorem, 199. 
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Quadrant, definition, 131 
Quadratic: 
definition, 167 
equations, 172, 179 
formula, 170-172 
Quadrilateral, 186 
Quotient, 11 


Radical, 73, 102 
Radicand, definition, 74 


Radius: 
circle, 187 
sphere, 198 

Ratio: 


definition, 141 

trigonometric, 201 
Rational: 

number, 28, 77, 158 

roots, 178 
Rationalizing denominators, 77, 106 
Ray, geometric, 5 
Reading: 

decimals, 47 

micrometers, 62 

slide rule scales, 87 
Real numbers, 66, 158 
Reciprocals, 73 
Rectangle, 186 
Rectangular, 

coordinates, 19, 130 

prism, 193 
Reducing: 

decimals, 47 

fractions, 31, 116 
Regrouping, 7 
Regular pyramid, 196 
Relative error, 60 
Remainder, 14 
Removing parentheses, 101 
Rhombus, 186 
Right: 

angle, 182 

circular cone, 196 

cylinder, 194 

prism, 193 

triangle, 185, 199 
Roots: 

equal, 177 

imaginary, 177 

of an equation, 65, 168 

rational, 178 
Rounding off, 47 


Scientific notation, 71 
Sector of a circle, 188 
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Segment of a circle, 188 


Sense reversal, inequalities, 129 


Sets: 


comprising points and lines, 5 


elements of, 4 
infinite, 6 
Sides of a triangle, 183 
Signed numbers, 19, 23 
Significant digits, 60, 73 
Similar triangles, 200 
Simplifying radicals, 75 
Simultaneous: 
equations, 133 
inequalities, 140 
Sines, law of, 208 
Slide rule: 
description, 86 
operation, 88-97 
Solid figures, 193 
Solving: 
linear equations, 122-124 
oblique triangles, 208 
Special: 
exponents, 69 
products, 106 
triangles, 204-250 
Spheres, 197-198 
Square: 
geometric, 186 
of a sum or difference, 108 
root, 78, 92 
Squaring: 
by slide rule, 91 
complex numbers, 165 
Straight and curved lines, 181 
Subject of a formula, 152 
Subscripts, 152 
Subsets, 4 


Substitution method for solving systems of 


equations, 136 

Subtracting: 

by borrowing, 8 

complex numbers, 164 

decimals, 51 

fractions, 118 

general, 7 

mentally, 10 

signed numbers, 22 
Subtrahend, 7 
Sum: 

angles of a triangle, 185 

general, 7 
Supplement of an angle, 182 
Surface area: 

prism, 194 


Surface area— Continued: 
sphere, 198 
Symbols: 
grouping, 101 
in formulas, 152 
mathematical, 219 
Synthetic division, 110 
System of equations, 133 


Tangent to a circle, 187 
Terms: 

and coefficients, 99 

of a proportion, 142 
Test for divisibility, 18 
Thermometer, 19 
Three percentage cases, 56 
Translating formulas, 155 
Trapezoid, 187 
Trial quotients, 14 
Triangles: 

general, 183-186 

similar, 200 

special, 204-205 
Triangular prism, 193 
Trigonometric: 

ratios, 201 

tables, 202, 213 
Trinomial: 

factoring, 115 

squares, 114 


Uneven division, 14 
Unit, imaginary, 159 


INDEX 


Unlike: 
fractions, 33 
signs, adding, 21 


Variable, 120, 151 

Variation: 
combined, 150 
general, 146 
joint, 149 


Vector representation of complex numbers, 163 
Verbal problems, 138-139, 179 


Vernier: 
caliper, 64 
general, 61-64 
measurements, 63 
micrometer, 64 
principle, 63 
Vertex: 
angle, 182 
triangle, 183 
Vertical: 
angle, 182 
line, 181 
Volume: 
prism, 194 
pyramid, 197 
sphere, 198 


Weights and measures, 220 
Whole numbers, 1 


Zero as an exponent, 69 
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Assignment Questions 


Information: The text pages that you are to study are 
provided at the beginning of the assignment questions. 


Assignment | 


Number Systems and Sets; Positive Integers 


Textbook Assignment: 


Chapters 1, 2 (7-18) 


1-1. 


1-3. 


1-4. 


1-7. 


Which of the following Navy personnel have 
a need for this course? 

1. Storekeepers 

2. Damage Controlmen 

3. Electronics Technicians 

4. All of the above 


An understanding of mathematics has an 
important effect upon an officer's poten- 
tial success. 


Which of the following groups of symbols 
could represent a number? 

1. 7x2 

2. 8/4 

3. 68-22 

4. All of the above 


Which of the following could be classified 
as an integer? 

1.9 

2. 76 

3. 5,280 

4. All of the above 


In our numbering system the place value 

of each digit is 

1. higher than that of the digits to the 
left of it 

2. lower than that of the digits to the 
left of it 

3. the same as that of the digits to the 
right of it 

4. lower than that of the digits to the 
right of it 


What does the zero mean in the number 

6,509? 

1. There are no tens. 

2. It causes the 5 to stand for 50. 

3. There are no hundreds. 

4. It causes the 9 to stand for 9 tens and 
not 9 ones. 


Which figure is in the "thousands" place 
in the number 850,179? 
1.0 


1 
3.5 
4. 8 


1-8. 


1-9, 


Which figure is in the "ten thousands" 
place in the number 516,789,240? 

1. 6 

2.7 
3. 8 
4.9 


How is the number 15,026,745 read? 

1. Fifteen million, twenty-six thousand, 
seven hundred forty-five 

2. Fifteen billion, twenty-six thousand, 
seven hundred and forty-five 

3. One billion, five million, twenty-six 
thousand, seven hundred forty-five 

4. Fifteen million, two hundred sixty 
thousand, seven hundred and forty-five 


Numbers written in systems other than the 
decimal system should have the base noted 


as a subscript, that is, 204. is a base five 


number, 111 


1-10. 


1-11, 


1-12, 


1-13, 


2 is a base two of binary number,etc. 


The 2 in the number 214. means 


5 
1. two 125's 
2. two 100's 
3. two 25's 
4. two 5's 


How many digit symbols are used to perform 
all the calculations involved in the 
binary system? 


The binary equivalent of decimal 6 is 
1. 011 


2. 101 
3. 110 
4. 111 


The binary equivalent of decimal 15 is 
1. 0110 
2. 0111 
3. 1001 
4. 1111 


1-14. 


1-16. 


1-17. 


1-19, 


1-20 


1-21. 


The number system which is most commonly 
used in digital computers is the 

1. octal 

2. binary 

3, ternary 

4. decimal 


A collection of symbols which have at 
least one common characteristic is 
called a 

1. set 

2. group 

3. series 

4. quantity 


Which of the following is a set of 
the even positive integers less than 
10? 


Ler (2, 8s Gy Bd 

2. {0, 2, 4, 6, 8} 

3. {2, 4, 6, 8, 10} 
4. {0, 2, 4, 6, 8, 10} 


Which of the following correctly desig- 
nates a set of the names of days of the 
week which contain the letter “u" and are 
between Sunday and Saturday? 

1. {Tuesday, Thursday} 

2. {Sunday, Tuesday, Thursday} 

3. {Tuesday, Thursday, Saturday} 

4, {Sunday, Tuesday, Thursday, Saturday} 


A group of symbols encompassing a part of 
a set is called a 

. group 

» subset 

subgroup 

.» quantity 


_ 


fFwn 
* 


What is used in mathematics to indicate 
that a pattern continues indefinitely? 
1. A dot 

2. A line 

3. Three dots 

4. Three hyphens 


Although a dot is used to represent it, 
a point actually has no length, width, 
nor thickness. 


mathematics, which statement describes 
ideal line? 


1. It has length and thickness, but no 
width. 

2. It has length and width, but no thick- 
ness. 

3. It has length, but no width nor thick- 
ness, 

4, It has length, width, and thickness. 


1-22. 


1-23. 


1-24, 


1-25. 


1-26. 


1-27, 


1-28, 


1-29, 


A mathematical plane is determined by 
three points which do not lie on the 
same line. 


A mathematical line may be considered as 
a subset of a plane surface. 


When a series of points with no space 
between them begins at a point and is 
extended infinitely in one direction 


only, how may the series be identified? 
1. As a ray 

2. As a half-line 

3. As a line segment 

4. As either 1 or 2 above 

A set of points comprising a plane has 
subsets called 

1. rays 

2. lines 


3. line segments 
4. all of the above 


Uses of a scale include 
1. tire gage 

2. yard stick 

3. thermometer 

4. all of the above 


If the inch between 1 and 2 on a one- 
foot rule could be stretched to 1 mile, 
how many numbers could be inserted 
between the 1 and the 2? 

1. 1,760 

2. 5,280 

3. None 

4. An infinite quantity 


In the subtraction problem, 12 ~ 3 = 9, 
the numeral 3 is called the 

1. addend 

2. minuend 

3. subtrahend 

4. quotient 


The most common method of arranging the 
addends 467, 1382, and 17 in a vertical 
column for addition is 
1. 17 

467 

1382 


2. 467 
1382 
17 


3. 467 
1382 
17 


4. 1000 + 300 


+ 80 + 2 
400 + 60 + 7 
10 +7 


1-30. 


1-31. 


1-32. 


1-33. 


1-34. 


In the addition problem 
(1) 
57 
36 
93 


why is the numeral (1) carried to the 

tens column? 

1. Ten must be borrowed from the tens 
column. 

2. The numeral 3 is the place holder. 

3. The sum of the units column exceeds 9. 

4. This is the remainder after subtract- 
ing 10. 


The concept of carrying in addition is 
often explained by regrouping the addends 
of a problem. What is the proper regroup- 
ing of the addends 1001, 416, and 908? 
1, 1000 + O+1 

400 + 10 + 6 

900 + 0+8 


2. 1000 + 


What is the difference when 35,708 is 
subtracted from 87,216? 

1. 51,208 

2. 51,478 

3. 51,508 

4. 51,538 


Why is borrowing used in the subtraction 

process? 

1. To offset the effect of carrying 

2. To keep the columns properly alined 

3. To make the subtrahend larger than the 
minuend 

4. To make the minuend of a column larger 
than the subtrahend 


How much is 293,094 subtracted from 
458,045? 

1. 134,951 

- 162,051 

- 164,651 

- 164,951 


& wh 


1-35. 


1-36. 


1-37. 


1-38. 


1-39. 


1-40. 


In the subtraction problem 


72,145 
-69,258 
2,887 


how many columns have been borrowed from? 
1. One 

2. Two 

3. Three 

4. Four 


Which of the following rules must you 

observe when subtracting the quantity 

3 hours and 4 minutes from the quantity 

5 hours and 10 minutes? 

1. Convert each quantity to the nearest 
whole multiple of the larger unit. 

2. Subtract only numbers having units 
of the same kind. 

3. Subtract units of a lower value from 
units of a higher value. 

4. Add units of a lower value and subtract 
units of a higner value. 


What is the sum of 3 gallons 1 quart and 
5 gallons 2 quarts? 

1. 8 gallons 2 quarts 

2. 8 gallons 3 quarts 

3. 9 gallons 2 quarts 

4. 11 gallons 


In subtracting the denominate numerals 


4 hours 6 min 28 sec 
-2 hours 8 min 32 sec 


the concept of regrouping is utilized. 


A recommended short method for finding 

the sum of 8+3+7+2+6+4 is to 

1. add the figures by groups of 3 

2. form pairs of figures that equal 10 

3. form pairs of figures that equal 11 

4. add each individual figure successively 


The thought process associated with add- 
ing the column 7+34+8+2+5+1+9 
by recognizing groups of digits whose sum 
is 10 is 

1. 18, 25, 35 

2. 10, 20, 25, 35 

3. 7, 10, 18, 20, 26, 35 

4, 7 + 3, 10, + 10, 20, + 5, 25, + 10, 35 


1-41. By using the beginning-at-the-left method, 


1-42. 


1-43. 


1-44. 


1-45. 


1-46. One of the steps in multiplying 461 by 508 


1-47. 


1-48. 


the successive mental steps associated 
with subtracting 45 from 83 are 

1. 8, 30, 38 

2. 40, 38 

3. 43, 38 

4. 40, +3, -5, 38 


The answer to the following mathematical 
problem, 2°3°4°5, is 

1. 14 

2. 120 

3. 480 

4. not defined above 


The product of the factors 3, 7, and 2 
is 

1. 27 

2. 33 

3. 38 

4. 42 


The multiplication process is a short 
process for 

1. division 

2. addition 

3. subtraction 

4. factoring 


In multiplying a three-digit number by a 


two-digit number, it is all right to multi- 


ply beginning from the left of the multi- 
plier, provided the partial products are 
written in the correct columns. 


involves multiplying 1 by 5. The result 
of this step must be placed in the 

1. units column 

2. tens column 

3. hundreds column 

4, thousands column 


What is the product of 807 and 307? 
1. 27,749 
2. 29,159 
3. 247,749 
4. 248,159 
In the. multiplication problem 
308 
14 
1232 
308 
4312 


it is not necessary to write the 0 re- 
sulting from "4 times 0 tens is 0" 
because 0 added to 3 tens is still 3 
tens. 


1-49. Which of the following statements repre- 


1-50. 


1-51. 


1-52. 


1-53. 


sents an important fact concerning the 
use of zero? 


1. Zero is not a number. 

2. Any number divided by zero remains 
the same. 

3. Zeros are always dropped in multipli- 
cation. 

4. Zero multiplied by any number is 
zero. 


The recommended procedure for multiplying 
17 by 80 is 
1. 17 3. 80 
__80 _17. 
1360 560 
80 
1360 
2. 17 4. 80 
80 ed 
00 0 
136 56 
1360 0 
8 
1360 


The product of 7,000 and 10,000 is 
1. 17,000 

2. 7,000,000 

3. 17,000,000 

4. 70,000,000 


Although the decimal point is not shown 
in the product of the multiplication 
problem 70 x 30 = 2100, it is understood 
that the decimal point follows the 

1. leftmost zero of the product 

2. rightmost zero of the product 

3. numeral 1 in the product 

4. numeral 2 in the product 


To make rapid and concise calculations in 
division, it is more useful to consider 
successive subtraction than the inverse 
of multiplication. 


1-54. Determine the proper terminology associated 


1-55. 


1-57. 


with division in the following problem 


28 
3/85 
6 
25 
24 
1 
1. 3 is divisor 3. 3 is divisor 
28 is remainder 28 is quotient 
85 is dividend 85 is dividend 
1 is quotient 1 is remainder 
2. 3 is dividend 4. 3 is dividend 
28 is quotient 28 is divisor 
85 is divisor 85 is quotient 
1 is remainder 1 is remainder 


If a single digit divisor is too large to 
be contained in the first digit of a four 


digit dividend, in a division problem, you 


should 

1. divide the first two digits of the 
dividend by the divisor and place the 
quotient over the first digit of the 
dividend 


2. divide the second digit of the dividend 


by the divisor and place the quotient 
over the first digit of the dividend 

3. divide the first two digits of the 
dividend by the divisor and place the 
quotient over the second digit of the 
dividend 


4. divide the second digit of the dividend 


by the divisor and place the quotient 
over the second digit of the dividend 


. How would you estimate the first digit of 


the quotient resulting from dividing 3094 
by 68? 

1. Divide 30 by 6 

2. Divide 309 by 65 

3. Divide 309 by 70 

4, Divide 310 by 60 


In dividing a four-digit number by a two- 
digit number, the trial quotient is found 


to be too small when 

1. the trial quotient is greater than 10 

2. the trial quotient is smaller than 10 

3. the new dividend is smaller than the 
divisor 

4. the new dividend is as large or larger 


than the divisor 


1-58. 


1-59. 


1-60. 


1-62. 


1-63. 


10 


Which of the following divisions is an 
exact division? 


1. 457 3 9 
2. 221 + 13 
3. 396 + 13 
4. 745 + 25 


What is the remainder when 259 is 
divided by 8? 

161 

2. 3 
3.5 
4,7 
How much is 22,308 divided by 74? 
1. 3,114 with a remainder of 44 
2. 287 with a remainder of 70 

3. 301 with a remainder of 34 

4. 31 with a remainder of 34 


. If a group of 39 people is to be divided 


into 4-member teams, how should this 
division be expressed? 

1. 8 teams, R 7 

2. 9 teams, R 3 

3. 9 teams, R 4 

4. 10 teams 


The purpose for maintaining proper 
vertical alinement in division is to 
assist in placing the decimal point 
in the quotient. 


A division has been accurately performed 

when the dividend equals the product of 

the 

1. remainder times the divisor plus 
the quotient 

2. remainder times the quotient plus 
the divisor 

3. quotient times the divisor plus the 
remainder 

4. quotient times the remainder plus 
the divisor 


1-64. 


1-65. 


1-66. 


1-68. 


The product, in simplified form, of the 
multiplication, problem; 4 (2 hours 


22 minutes 32 seconds) is 

1. 8 hours 88 minutes 128 seconds 
2. 8 hours 90 minutes 8 seconds 
3. 9 hours 28 minutes 8 seconds 
4. 9 hours 30 minutes 8 seconds 


The product of 12 miles and 13 miles is 


1. 156 miles 

2. miles 

3. 156 square miles 
4. 156 


The product of 2 feet 8 inches times 

3 feet 4 inches may be found by 

1. multiplying 2-feet times 3 feet then 
multiplying 8 inches times 4 inches 

2. multiplying 3 feet times 2 feet 8 
inches then multiplying 4 inches times 
2 feet 8 inches 2 

3. converting 2 feet 8 inches to 2 3 feet 


and 3 feet 4 inches to 34 feet and 
then multiplying 

4. changing 2 feet 8 inches to 3 feet and 
3 feet 4 inches to 4 feet and then 
multiplying 


. If a pipe 22 feet 6 inches long is cut into 


3 equal lengths, how long are the pieces? 
(Neglect the width of the saw cuts.) 

1. 7 feet 1 inch 

2. 7 feet 3 inches 

3. 7 feet 4 inches 

4. 7 feet 6 inches 


The result of dividing 23 hours 31 minutes 
20 seconds by 5 is 


1. 43 hours 62 minutes 4 seconds 


2. 4 hours 0 minutes 4224 seconds 
3. 4 hours 42 minutes 16 seconds 
4. 4 hours 6 minutes 4 seconds 
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1-69. 


1-70. 


1-71. 


1-72. 


1-73. 


1-74. 


1-75. 


In which of the following series of 
operations is the order in which the 
operations are performed important? 
1.2+3+5 

2. (3) (9) (7) 

3. 6x8x9 


The answer to the problem 24 + 4 +3 +2 


1. not defined 
2. 4 

3. 4 
4. 9 


The order of operations is important if 
division or multiplication is involved 
with other operations, Use the rules 
pertaining to a series of mixed operations 
to calculate the value of 6 x 4+ 8 = 2. 


1. 16 
2. 28 
3. 36 
4. 48 
The number 36 is a multiple of 
1, 2, 3, 4, 6, 9, 18, 36, and 
1. 10 
2. 11 
3. 12 
4. 13 


An odd number when divided by 2 produces 
a remainder of 1. 


The number 7 is a factor of 
1. 11 


2. 17 
3. 24 
4. 35 
What is the value of x if x = (3)(0)(4)(6)? 
1. 0 
2. 18 
3. 24 


Assignment 2 


Positive Integers; Signed Numbers; Common Fractions 


Textbook Assignment: 


Chapters 2 (17, 18), 3, 4 (28, 29) 


2-3. 


2-4. 


2-12. 


. If 


The number 19 is a composite number. 


A factor of a composite integer is never 
larger than the integer. 


2-15. 


A prime number is any number that is 
divisible only by 

1. 0 

2. 2 

3. itself and 1 

4. another prime number 


An odd number can have no even factors. 
All even numbers are divisible by 2. 
Any number ending in 3 is divisible by 3. 


In which of the following groups is each 
of the four numbers divisible by 4? 

1. 704; 820; 710; 414 

2. 91,276; 902; 414; 612 

3. 8,924; 672; 14,000; 818 

4. 3,724; 716; 1,312; 81,728 


The numbers 90 and 802 are both divisible 
by 5. 


No odd number is divisible by 6. 


In which of the following groups is each 
of the three numbers divisible by 8? 

1. 240; 896; 830 

2. 217,120; 112,112; 4,098 

3. 637,168; 78,126; 111,736 

4. 215,240; 817,896; 425,800 


Which of the following numbers is divisible 
by both 3 and 8? 

1. 16,807 

2. 33,120 

3. 49,928 

4. 62,412 


any number is multiplied by 9, the sum 


of the digits of the product is divisible 
by 9. 
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2-14. 


2-16. 


2-17. 


A number without a sign is considered to 
be either negative or positive depending 
on the problem. 


The minus sign (-) may indicate either the 
operation of subtraction or that a number 
is negative. 


A minus sign placed in front of a reading 

taken from a mercurial thermometer indi- 

cates that the 

1. actual temperature is less than the 
reading 

2. present reading is less than the 
previous reading 

3. mercury has fallen below the scale of 
the thermometer 

4. temperature is a number of units below 
a zero reference point 


If the reading on a thermometer is +1° 
centigrade and the temperature falls 2 
centigrade, the new reading will be 

lL. a be centigrade 


a 


2. oe centigrade 
3. -l_ centigrade 
4. -2° centigrade 


3 


Figure 2A.--Rectangular coordinate system. 


In answering items 2-18 and 2-19 refer to 


figure 2A. 


2-18. 


2-20. 


2-21. 


2-22. 


2-23. 


To get from point A to point B, as indi- 
cated by the arrows on the rectangular 
coordinate system, a person must go in a 
1. negative direction and then in a posi-~ 
tive direction 

negative direction and then in a nega- 
tive direction 

positive direction and then in a nega- 
tive direction 

positive direction and then in a posi- 
tive direction 


The signs associated with point C with re- 
gard to the horizontal and vertical direc- 
tions, respectively, are 

diack, 


The "greater than" symbol (>) and the "less 
than" symbol (<) always point toward the 
smaller number. 


Which of the following groups of mathe- 


matical statements is true? 

1. If A > O and B<O, then A<B 

2. If A> O and B>O, then A<B 

3. If A <O and B >O, then BoA 

4. If A> O and B>O, then BoA 

In answering items 2-22 and 2-23, refer 
to figure 2B, 


What is the absolute value of a number? 
1. The number times itself 

2. 1 divided by the number 

3. The value of the number without regard 
to sign 

The value of a number with the 
fractional or decimal part disregarded 


4. 


What is the distance between point A and 
point B? 

1. -1 

2. 1 
3. 3 
4. 7 


A 


2-24, 


2-25. 


2-29, 


The absolute value of 5 is greater than 
the absolute value of -7. 


What is the general rule for adding two or 
more negative numbers? 

1. Find the sum of the numbers, disregard- 
ing the sign. 

Find the product of the absolute values 
of the numbers, taking the sign of the 
largest. 

Find the sum of the absolute values of 
the numbers and place a minus sign be- 
fore the result. 

Find the difference between the absolute 
values of the numbers and place a minus 
sign before the result. 


2. 


3. 


4, 


What is the general rule for adding a posi- 
tive and a negative number? 

1. Find the difference between the recip- 
rocal values of the numbers and place 

a plus sign before the result. 

Find the difference between the absolute 
values of the numbers and prefix the 
sign of the number having the larger 
absolute value. 

Find the sum of the absolute values of 
the numbers and place a plus sign before 
the result. 

Find the sum of the absolute values of 
the numbers and prefix the sign of the 
number having the larger absolute value. 


2. 


What result do you obtain when you add -6 
and -7? 

1. +13 

+1 

-1 


2. 
3. 
4, -13 


. What result do you obtain when you take 


the sum of ~26 and +8? 
1. +34 
2. +18 
3. -18 
4, ~-34 


What is the result of subtracting +3 from 


+-+—-++_++_-+—_+_+"_+—+—-+¥+_ +++ 


26 26-423: 22-1 


O +l 


+2 +3 +4 +5 +6 


Figure 2B,.--Signed numbers line. 
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2-30. 


2-31. 


In solving a subtraction problem involving 
signed numbers, what is the correct proce- 
dure to use in terms of the number line? 
1. Find the subtrahend on the number line 


then move the number of units of the 
minuend in the direction opposite in 
sign of the minuend. 

Find the subtrahend on the number line 
then move the number of units of the 
minuend in the direction of the sign 
of the minuend. 


Find the minuend on the number line then 


move the number of units of the subtra- 
hend in the direction opposite in sign 
of the subtrahend. 


Find the minuend on the number line then 


move the number of units of the subtra- 
hend in the direction of the sign of 
the subtrahend. 


What is the result of subtracting +14 from 


+6? 
1. 
2. 
3. 
4, 


+20 
+8 
-8 
-20 


2-32. What is the result of the operation indi- 
cated by the expression (-3) - (-4)? 


2-33. 


2-34. 


2-35. 


2-36. 


2-37. 


1. 
2. 
3. 
4, 


+7 
+1 
-1 
-7 


What is the result of the operation indi- 
cated by the expression (+9) - (-5)? 


1. 
2. 
3. 
4. 


+14 
+4 
-4 
-14 


What is the result of the operation indi- 
cated by the expression (-6) + (-4)? 


1. 
2. 
3. 
4. 


-10 
-2 
+2 
+10 


What is the product of -5 and 4? 


- +20 


+9 
-1 
-20 


What is the product of 5 and -4? 


1. 
2. 
3. 
4. 


+20 


What is the product of -5 and -4? 


1. 
2. 
3. 
4. 


+20 
+9 
-1 
-20 
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2-38. 


2-39. 


2-40. 


2-41. 


2-42, 


2-43. 


2-44, 


To multiply +6 by +3 means to 
1. add +3 to +6 

2. add +6 to +3 

3. add (+3) + (+3) + (+3) 


4. add (+6) + (+6) + (46) 


What is the general rule for determining 
the sign of the product of two numbers 
that are opposite in sign? 

1. The sign is negative when the larger 
number is positive and positive when 
the larger number is negative. 

2. The sign is positive when the larger 
number is positive and negative when 
the larger number is negative. 

3. The sign is always negative. 

4. The sign is always positive. 


What is the rule for the sign of the 

product of two negative numbers? 

1. The sign is negative unless both 
numbers have equal value. 

2. The sign is negative in all cases 

except those in which one of the 

numbers is less than one. 

The sign is always negative. 

The sign is always positive. 


3. 
4. 


Which of the following products is always 
negative? 
1. The product of more than two numbers 
2. The product of an even number of 
negative numbers 
The product of an odd number of 
negative numbers 
4. The product of more than two 

negative numbers 


3. 


Why is the product 
12? 


of -3 and -4 a positive 


1. Adding 
in the 


2. Adding 


-4 three 
negative 
-4 three 


in the 


times produces movement 
direction. 
times produces movement 
direction. 


positive 
3. Taking away -4 three times produces 
movement in the positive direction. 
Taking away -4 three times produces 


movement in the negative direction. 


4. 


What is the product of -2, -4, +8, and 
~1.5? 

1. +0.5 

2. 715.5 

3. +96 

4. ~96 


Which of the following statements concern- 
ing the relation of the process of division 
to other processes in mathematics is 
correct? 

1. Division is a short way of adding. 

2. Division is the basis of subtraction. 

3. Division is the opposite or inverse 

of subtraction. 

Division is the opposite or inverse 

of multiplication. 


4. 


2-45. 


2-46. 


2-47. 


2-48. 


2-49. 


2-50. 


2-51. 


2-52. 


What is the general rule for determining 
the sign of the result when dividing a 
number by another number opposite in sign? 
1. The sign of the result is always 
positive. 
2. The sign 
negative. 
3. The sign of the result is positive 
only when the sign of the larger number 
is negative. 
The sign of the result if positive only 
when the sign of the smaller number is 
negative. 


of the result is always 


4. 


What is the quotient of 18 divided by -3? 
. +15 


fFwnre 
. 8 6 


What is the quotient of -18 divided by -3? 
1. +15 
2. +6 
3. -6 
4. -21 


What is the result of performing the 


division indicated by 2 ? 
1. +12 
2. +5 
3. -5 
4. -45 


What is the quotient of -12 divided by +3? 
1. -36 
2. -9 
3. -4 
4. +4 


What is the result 


1. 
2. -3 
3. +3 
4. 


~ (6 + 2 - 4) and 
the same value. 


The expressions 8 
8- 6+ 2 - 4 have 


Which statement is true about the fraction 


-~3% 

1. The sign of the 3 is negative; the 5 
has no sign. 

2. The sign of the 5 is negative; the 3 
has no sign. 

3. The sign of the 3 is negative; the sign 
of the 5 is negative; the sign of the 
fraction is negative. 

4. The sign of the 3 is positive; the sign 
of the 5 is positive; the sign of the 
fraction is negative. 
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2-53. 


2-54. 


2-55. 


2-56. 


2-57. 


2-58. 


2-59. 


2-60. 


The simplest form of ~ -8 is 


ie aan! 
7 -7 
oe 4, +6 
+7 -7 


The fraction = is equivalent to 


3 +2 
i= 3, 2 
2, <2 ees 

3 2 


A statement which requires proof to 
verify its truth is considered an 
axiom. 


Which of the following illustrates an 
axiom of equality? 

172=4+3, 

2. If a > b, then b < a. 

3. If a=b, thna+4=b+4, 

4. If a = 2b and b = 2, then a = 4, 


Incorrect usage of the multiplication 
axiom is illustrated by 

1. 2(4) = 2(3+1) 

2. 3(5+6) = 3(1+2+8) 

3. 7(6) = 7(2+5) 

4. both 2 and 3 above 


Is it true or false that an axiom is used 
in the following development? Assume 
4y = 28. Divide both sides of this 


equation by 4 (that is, oe = 28 There- 


x . 
fore, y = 7. 


The sum of the numbers 4, 3, and 2 may be 
found by adding 4 and 3 and then adding 2 
or by adding 4 to the sum of 3 and 2. 
These two procedures produce equivalent 
results as stated by the 

1. associative law of multiplication 

2. commutative law of multiplication 

3. distributive law 

4. asspciative law of addition 


Which of the following expressions is 
equivalent to 7-(8-4) ? 

1. (7-8)-4 

2. 7-8-4 

3. 7+[(-8) + (-4)] 

4. 7+[(-8) + 4] 


2-61. 


2-62. 


2-63. 


2-64. 


2-65. 


2-66. 


2-67. 


2-68. 


2-69. 


A column of figures may be added from 
either the top to the bottom or from the 
bottom to the top. This fact results from 
the 
1. distributive law 
commutative law of addition 
associative law of addition 


associative law of multiplication 


The commutative law of multiplication 
means that the product of two or more 
numbers is the same regardless of the 
order of multiplication. 


All of the following expressions are 
equivalent to 2(3 + 4 + 5) except 

1. 2°3 + 2°4 + 2:5 

2. (4+ 3 + 5)2 

3. 2(12) 

4. 2(5 + 4) +3 


Common fractions and integers constitute 
a subset of the real numbers called the 
rational numbers. 


The denominator of a fraction tells how 
many and the numerator tells what kind. 


If 5 seconds is expressed as a fraction of 
an hour, what number will be in the denom- 
inator of the fraction? 

1. 25 

2. 3,600 

3. 50,400 

4. 126,420 


If 120 feet is expressed as a fraction of 
a mile, what number will appear in the 
numerator of the fraction? 

1. 120 

2. 5,280 


3. 5,280 
120 
4. (120 x 5,280) 


The rational number 7 can be written as 
the ratio of two integers. 


Which of the following is a proper fraction? 


1. 52 3, £ 
3 3 
9 19 
2.2 4, 19 
4 21 
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2-70. 


2-71. 


2-72. 


2-73. 


2-74, 


2-75. 


Which of the 
fraction? 
3 


1. 1; 


following is an improper 


3. 


2. 4. 


~[@o ole 


3 
5 


Which of the following fractions would not 
normally be written as a mixed number? 


4 9 
1.3 3-45 

5 1l 
26 _—> 

2 ae 


Which of the following mixed numbers has 
the largest numerator when it is written 
as an improper fraction? 


1 1 
i5-= pk 
1 3. 114 
2, 53 4, 142 
8 3 


If an angle of 360° is divided into 30° 
sectors, what fraction of the 360° angle 
is represented by 1 sector? 


1. 3. 2 
24 6 
1 1 
2, — pe 
12 3 


If a stick one yard long is divided into 
72 equal parts, what is the length of 
each part? 


1. = inch 3. + inch 
2 at inch 4. 2 inches 
* 24 , 


The probability of rolling a 3 on a 
6-faced die is 2, This relationship 


can also be expressed as 
1. 1 part in 6 

2. the ratio of 1 to 6 
3. 1 time out of 6 

4. 


each of the above 


Assignment 3 


Common Fractions; Decimals 


Textbook Assignment: 


3-1. 


3-2. 


3-3. 


3-4. 


3-5. 


Assume that a man measures a ; -inch block 


Each time he uses different 
Which of his 


four times. 
graduations on his ruler. 
measurements is incorrect? 


6 25 

1. 8 in. 3. 32 in. 
12 48 

2. 16 in. 4. 64 in. 


Which of the following fractions is not 
1 
equivalent to 2 ? 


0. 327 
ear 3. §52 
i 

2, 233 he 
1 

a 


The fundamental rule of fractions states 
that adding the same number to both terms 
of a fraction does not change the value of 
the fraction. 


How may the fraction > be changed to 


8 
twenty~fourths? 
1. Multiply the numerator by 3 
2. Multiply the denominator by 3 
3. Multiply both terms of the fraction 
by 3 
4. Multiply both terms of the fraction 


by 24 


What fraction with a numerator of 8 is 


equivalent to the fraction 3 ? 
3 8 
1.3 oar y 
8 8 
2. 3 4. 48 


Chapters 4 (29-44), 5 (45-51) 
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3-6. 


3-10. 


Which of the following fractions cannot be 
reduced to lower terms? 


39 89 
1. 52 3- [21 
48 144 
2. 32 4+ 056 


The fraction se, when reduced to lowest 


terms, becomes 
39 


"234 


It is incorrect mathematically to compute 
with improper fractions. 


8 
mixed number and reduced to lowest terms 
becomes 


The improper fraction when changed to a 


11 5 
iy aye 
3 6 
eee 7; 4. 28 


The mixed number 34 


9 is equivalent to the 


improper fraction 


ll 30 
1.3 3. 
16 34 
2.5 4. “9 


3-11. Multiplying each term of a fraction by 

-l has the same effect as 

l. multiplying the fraction by 1 

2. multiplying the fraction by -1 

3. changing the sign of the numerator 
only 

4. changing the sign in front of the 
fraction 


3-12. Which one of the following four fractions 
differs in value from the other three? 


-3 3 

1. 4 3. oF 
3 -3 

2. 7 4, 2h, 


3-13. Fractions must always be changed 
into like fractions before they can 
be added. 


3-14. The person who states that 
a yh go ge dS 


24 2 24 24 


has failed to observe that 


1. to find the sum of two or more fractions, 
the numerators should be added to obtain 


the numerator and the denominators 


should be added to obtain the denominator 


2. fractions must be reduced to lowest 
terms before they are added 

3. fractions cannot be added without 

; raising them to higher terms 

4. quantities to be added must be expressed 
in common denominators 


3-15. The fractions 4 and 2 are unlike fractions. 


3-16. The least common multiple (LCM) of 60, 36, 
and 18 is 
1. 180 
2. 540 
3. 1080 
4, 2160 
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3-17. 


3-18. 


3-19. 


3-20. 


3-21. 


Which of the following groups of fractions 
has the smallest least common denominator? 


25 7 5 4 2 
1 =, = = . Shae 
3’ 9’ 18 s 6’ 12’ 3 
2,3, 2.3 , 20. 13 _9 
8" 16” 4 25’ 15° 10 


What method do you use in finding a common 

denominator for a series of fractions? 

1. Add all the denominators, 

2. Cancel the common factors in numerators 
and denominators. 

3. Find the smallest number that all of 
the numerators will go into. 

4. Find the smallest number that is divisi- 
ble by all the denominators. 


Find the LCM of the following numbers: 
180 = 5°22+32; 210 = 5+2°3*7; 225 = 52+32 
{Note: 23 means 2 is taken as a factor 
three times] 


1. 52*2°3°7 

2, 52+2263267 
cy ee ae 
4, 180°210°225 


Find the greatest common divisor (GCD) of 
6, 15, and 21. 


1. 3 
2. 6 
3. 210 


4. 33229507 


Find the GCD of the numbers 

120 = 23+365; 140 = 22*7¢5; 42 = 2+3+7 
Lien 2 

2. 6 

3. 2343-567 

4. 120+140+42 


. What lowest common denominator (LCD) would 


be used to add 1 Ey ao, and 37 
9° 7° «35 25 

1. 1575 

2. 2205 

3. 3797 +95 

4. 9*7*35+25 


3-23. 


3-24, 


3-25. 


3-26. 


3-27. 


3-28. 


ad mi 


Figure 3A.--Illustra ion for addition of fractions. 


What is the sum of 23 and 12? 3-29, 
1 1 
1. 4g 3. 4as 
3 7 
2. 4s 4. ata 
In figure 3A, find the distance along tie 
fence ABCDEF. 
1. 4-4 mi 3, 5L mi : 
ié 3 3-30. 
3 3 
2. a mi 4. 57 mi 
How much is 3 subtracted from 132 
3 7 
1. a7) 3. lx; 
mane 4.3 
8 8 
In figure 3B, what is the length of the 
dimension marked Y on the sketch of the 
machine bolt?- 
1, 18% in. 3. 2p in. 
5 7 
2. 2— in. 4, 2— in. 
64 64 
How much is —L of 6? 
24 
1 
1.4 3. 3 
1 1 3-31. 
2. z 4. Tha 
What is the product of 35 x 3 
11 7 
1. TA 3. 25 
1 1 
2, 7 4. 85 
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The answer to the problem 


By 3x3 x22 6 
5 9 KB 
3. 2 


is wrong because 

1. the sum of 3 and 2 is 5 

2. a mistake was made in division 

3. the wrong numbers were divided out 

4. the numerator was omitted in the answer 


What is the answer to the problem 


2,1,2 
rea ae 
when reduced to lowest terms? 
3. 10 
1. F) 3. 24 
5 15 
2. 12 4. 36 


Figure 3B.--Sketch of a machine bolt, 


Use canceling to determine the product of 
26. x 38 


3-32. The common denominator method of dividing 3-38. How much is 62 divided by 42? 
fractions is illustrated by the example 3 3 


3 1 
1. l= . 1= 
1 422044+4.8 7 ag 
3 2 3 3 
6 1 
2. l= . 
hs we eh ch 8 4 a 35 
“3° 2 3 3 
2 1 2 
. ae ae ae | 3-39, How much is sr divided by 6? 
"3°2 3°21 «3 
11 7 
ae ee ee er Bn 50 eat) 
ae oe ea cae ° 3 
a 12 s 492 
3-33. What is the simplest way to find the 
reciprocal of a fraction? 1 
1. Divide the fraction by l. 3-40. Using the formula R. = » find Ry 
2. Subtract the fraction from 1. i i 
3. Divide the numerator by the denominator. Rl R2 
4. Interchange the numerator and when R; = 6 and Ry = 3, 
denominator. 
1 
1.9 3.2 
3-34. The reciprocal of 3b is 
22 3 1 
= el > 2 
1 = 3 7 2 2 4.9 
2. <A ees 3-41, The fraction 2 is in the form of 
Dy 3 4 mm of a 


decimal fraction. 
3-35. The reciprocal of 50 is greater than the 
reciprocal of 25. 3-42, Decimal fractions are expressed in terms of 
1. twentieths and powers of one-twentieth 


3-36. The reciprocal method of dividing fractions 2. twelfths and multiples of twelfths 
is illustrated by the example 3. tenths and powers of one-tenth 
4. fifths and multiples of fifths 
1,3:1.21,1i-.1 
8 3 8 1 8 3-43. In the number 89,654 the nine is in which 
place? 
2. : + 3 = 3 x ; = : 1. Ten thousands 
2. Thousands 
ee ee eee oe ne ee 
“8° 3 24 24 8 ° 
3-44. In the decimal fraction 0.03672 the 
4. 3,;,i-2L x i x 3x 8. 1 seven is in which place? 
8 3 3 8 1 1 1. Tenths 
2. Hundredths 
3-37. How much is 4 divided by 14? 3. Thousandths 
8 4. Ten-thousandths 
ie 34 3. 32 
3-45. Which of the following measurements made 
2. 34 4, 4b in a machine shop is the largest? 
2 z 1. 3.0070 
2. 3.1540 
3. 3.0988 
4. 3.2100 
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3-46. 


3-47. 


3-48. 


3-49. 


3-50. 


3-51. 


3-52. 


3-53. 


3-54. 


Which of the following groups of mixed 
decimals is arranged correctly in order 
of decreasing size? 

1. 0.941, 0.0442, 0.881, 0.0005 

2. 1.055, 10.55, 0.1055, 105.5 

3. 112.1, 9.856, 1.002, 0.0776 

4. 1562.81644, 1791.816, 1338.22, 745.14 


The fraction is written in the 


86 
100000 
shortened form as 
1. 0.86 
2. 0.086 
3. 0.0086 
4. 0.00086 
In the expression — 0.1432 the zero is 
used for clarity. 


28 
The number 10000 written as a decimal 


fraction is 
1. 0.2800 
2. 0.0280 
3. 0.0208 
4. 0.0028 


The number written as a decimal 


304 
100000 
fraction is 

1. 0.0000304 

2. 0.000304 

3. 0.00304 

4. 0.0304 


In common usage the word decimal often 
refers to a decimal fraction. 


An example of a mixed decimal is 
1. 0.127 
2. 862.0 
3. 137.84 


1 
4, 0.033, 


Seven and twelve-thousandths is the 
correct way to read the number 

1. 7.012 

2. 7.0012 

3. 7.1200 

4. 712,000 


An example of a complex decimal is 


(4.1367)? 
. 345.678 
: 0.0122 


1 
2 
3 
4. 0.00000001 


3-55. 


3-56. 


3-57. 


3-58. 


3-59. 


3-60. 


In actual practice the decimal fraction 
4.016 is read 

1. four point sixteen thousandths 

2. four and sixteen hundredths 

3. four point zero one six 

4. four and zero one six 


Changing 0.49 to the equivalent form 
0.4900 has the same effect as multiplying 


the common fraction form we by 


as 
1. 10 3. 5g 
100 
2. 100 4. J00 


Which statement indicates the correct 


349 
method for rounding off 1000 


nearest hundredth? 


to the 


349 _30 40 
1. 1000 is closer to 100 than to 100 
30 
so it is rounded to 100 ° 
349 
2. 1000 is written 0.0349 and rounded 
to 0.035. 
349 35 34 
3. 1000 is closer to 00 than to 00 
35 
so it is rounded to Too’ 
4. an is written 0.349 and rounded to 


1000 
0.35 and then to 0.40. 


The number 38.56935 rounded off to two 
decimal places is 

1. 38.56 

2. 38.57 

3. 38.59 

4. 38.60 


The number 17.86 rounded off to the 
nearest tenth is 

1. 17.0 

2. 17.8 

3. 17.9 

4. 18.0 


The decimal fraction 0.180 written as a 
common fraction in lowest terms is 


3 _18 
1. 7 3+ Too 
9 _36 
Be SG 4+ Fo0 


3-61, 


3-62. 


3-63. 


3-64. 


3-65. 


Changing the decimal 0.75 to twelfths re- 
sults in 


1, 108 3. 
144 12 

8 

2. 9.00 4. +5 


What condition must exist in order for a 
decimal fraction to be reducible when 
changed to a common fraction? 


1. The denominator must be divisible by 
25% 

2. The numerator must be divisible by 
5 and 2. 

3, The numerator must be divisible by 
either 5 or 2. 

4. The numerator must not be divisible by 


both 2 and 5. 
The complex decimal 0.06 + may be written 


in an equivalent form as 


31 

1. 0.065 3. 350 
6 65 

ae 100 o 1000 


A common fraction can be converted to an 
exact decimal when the denominator of the 
common fraction is 

1. 293 

2. 22952 

3. 2597 

4. 3°5¢7 


The procedure for converting 273 to a 
decimal is to 8 

1. multiply both the 3 and the 8 by 100 
and add the result to 27 

divide 8 by 3 and add the resulting 
decimal fraction to 27 


2. 


3. 


4. multiply 27 by 8 and add 3 


divide 3 by 8 and add this result to 27 
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3-66. 


3-67, 


3-68, 


3-69. 


3-70, 


3-71. 


What is the mixed number 72 
a decimal? 5 
1. 0,131 
2. 4.20 
3. 7.16 
4. 7.60 


expressed as 


5 


iz is closest to the 


The common fraction 
decimal fraction 

1. 0.333 

2. 0.4133 

3. 0.4167 


4. 0.4168 


The fraction 13 expressed as a decimal 
a 
1 
2 
3 
4 


How can you change the fraction at toa 
decimal? 12 

1. Multiply 12 by 7 

2. Divide 12 by 7 

3. Divide 7 by 12 

4. Divide 7 by 10 


In adding decimals, it is recommended that 
the digits be alined from the right and 
that the decimal be located by estimation. 


A feeler gage has blades 0.025, 0.005, 
0.004, 0.003, 0.0025, 0.002, and 0.0015 
inch thick. The blades that should be 
used to make a setting of 295 ten- 
thousandths are the blades with thick- 
nesses of 
1. 0.025, 
2. 0.025, 
3. 0.025, 
4. 0.005, 


0.004, and 0.0015 in. 
0.003, and 0.0025 in, 
0.0025, and 0.002 in. 
6.003, 0.0025, and 0.0015 in. 


Duc 


1.219” 


L 


0.312” 6.563" 


ign 4" ty 


0.813”. 1.938” 


3C.-~Dimensions of machine part. 


@ In answering items 3-72 through 3-75 3-74, What is the length of the shaft from point 
refer to figure 3C. A to point B? 
1. 1.485 in. 
3-72. What is the total length of the machine 2. 1.688 in. 
part? 3. 1.713 in. 
1, 2.012 in. 4. 1.918 in. 
2. 2.759 in. 
3. 2.771 in, 3-75. What is the thickness of the shoulder from 
4. 3.001 in. point C to point D? 
1. 0.344 in. 
3-73. What is the distance from point B to 2. 0.351 in. 
point J? 3. 0.435 in. 
1. 0.212 in. 4. 0.454 in. 
2. 0.492 in. 


3. 0.719 in. 
4. 1.019 in. 
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Assignment 4 


Decimals; Percentage and Measurement; Exponents and Radicals 


Textbook Assignment: 


Chapters 5 (51-54), 6, 7 (65) 


4-1. 


4-2. 


4-3. 


4-4, 


4-5. 


4-6. 


4-7. 


In multiplying a decimal by a whole number, 
the location of the decimal point in the 
product is determined by counting the num- 
ber of places in the whole number. 


Assuming an allowance of 0.010 inch for 
each saw cut, what length of stock would be 
required to produce 18 machine parts if 
each part is to be 2.002 inches long? 


[Hint: There are 17 saw cuts.] 
1. 362.06 in. 3. 36.206 in. 
2. 216.36 in. 4. 21.636 in. 


When two decimals are multiplied, placing 
the decimal point is in effect multiplying 
the numerators. 


A rule for placing the decimal point in 
multiplying decimals is that the number of 
decimal places in the answer is equal to 


1. the number of decimal places in the 
multiplier 

2. the number of decimal places in both 
the multiplier and the multiplicand 

3. twice the number of decimal places in 
both the multiplier and the multiplicand 

4. the number of decimal places in the 


multiplicand less the number of decimal 
places in the multiplier 


The product of 40.6 and 0.18 is 


1, 40.78 3. 7.308 
2. 0.7308 4. 73.08 


A steel rod that is 39 inches long at 65°C 
expands 0.0000133 inch for each inch of its 
length for every degree of temperature in- 
crease. How much would its length increase 
if ite temperature rose to 600° C? 


1. 0.0005187 in. 3. 0.027557 in. 
2. 0.007155 in. 4. 0.2775045 in. 
17.250 and 10,000? 


172,500 
1,725,000 


What is the product of 


1. 17.2500000 3. 
2. 17,500 4. 
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4-8. 


4-9. 


4-10. 


4-11. 


4-12. 


4-13. 


4-14. 


It is decided to terminate a quotient at 
the second decimal place. To determine the 
correct rounding, the division should be 
carried to 


1. at least to the fourth decimal place 
2. the third decimal place 
3. the second decimal place 
4. the first decimal place 


How much is 19.37 divided by 5 carried to 
three decimal places? 


1. 0.387 3. 3.870 

2. 3.670 4. 3.874 

The quotient of 0.00243 divided by 18 is 
1. 0.0000135 

2. 0.000135 

3. 0.00135 


4. 0.0135 


Moving the decimal point two places to the 
right in the dividend and the divisor in 
the example 


5.10 
1.25/76. 3810 
equivalent to 
1. dividing the quotient by 100 


. multiplying the quotient by 100 
dividing both 1.25 and 6.381 by 100 


multiplying both 1.25 and 6.381 by 100 


The quotient of 0.02146 4#0.012 rounded to 
three decimal places is 


1. 1.788 
2. 1.789 
3. 17.882 
4. 17,883 


To divide a number by 100, move the decimal 
point two placesto the right. 


Division by 10 is the same ag multiplica- 
tion by 0.1. 


4-15. 


4-16. 


4-17. 


4-18. 


4-19. 


4-20. 


4-21, 


4-22. 


4-23. 


4-24. 


Division by 0.1 is the same as multiplica- 
tion by 10. 


85% is equivalent to 
1. 0.85 


85 
100 


3. 85 parts out of 100 
4, all of the above 


2. 


Percent is more often used to represent 
absolute values than relative values. 


In computations, percents are normally 
changed to decimal forms. 


The decimal fraction 0.00014 can be 
written as 

1. 0.0000014% 

2. 0,0014% 

3. 0.014% 

4. 0.14% 


Which is the largest of the following 
expressions? 

1. 0.00401% 

2. 0.04012 

3. 0.401% 

4. 4.01% 


4-25. If a baseball player's batting average is 


quoted as 265, how often has he gotten a 
hit? 

1. 0.265% of the time 

2. 2.65 times out of 100 

3. 26.5% of the time 

4. 265% of the time 


To change a percent to a decimal, drop 
the percent sign and add two zeros. 


4-27. To change a percent larger than 100 percent 


to a decimal, drop the percent sign and 

1. move the decimal point two places to 
the left 

2. move the decimal point two places to 
the right 

3. subtract 100 percent from the original 
figure and change the result to a 
decimal 

4. divide the original figure by 10 
before changing it to a decimal 


4-28. What is the rate, base, and percentage 


of the equation 2 = 75%? 


1. Rate 75%, base 4, percentage 3 
2. Rate 75%, base 3, percentage 4 
3. Rate 3, base 4, percentage 75% 
4. Rate 4, base 3, percentage 75% 


How is the number 25 expressed as a percent? 4-29, The result of finding 22% of 44 is 


1. 0.25% 
2. 25% 

3. 250% 
4. 2500% 


A percentage greater than 100 has no meaning. 4_39, 


If the 1965 production was 200% of the 1964 


production and the 1964 production was 50 
tons, the 1965 production was 

1. increased by 200% 

2. 150 tons 

3. 100 tons 

4. 50 tons 


There was a 2002 increase in production 
from 1964 to 1965. 
was 400 tons, the total 1965 production 
was 

1. 400 tons 

2. 600 tons 

3. 800 tons 

4. 1200 tons 


If the 1964 production 


25 


1. 200 
2. 20.0 
3. 9.68 
4. 6.6 


A 20-gallon tank has 5 gallons left in it. 
What percent of the tank is empty? 

1. 15 percent 

2. 25 percent 

3. 50 percent 

4. 75 percent 


4-31. Which decimal expresses int 


1. 0.0025 3. 0.25 


2. 0.025 4. 2.5 


4-32. 


4-33. 


4-34. 


4-35. 


4-36. 


4-37. 


Under certain conditions the speed of an 
aircraft is 15 percent faster than that 
registered by the speed indicator on the 
instrument panel. If the indicator shows 
a speed of 285 miles per hour, what is the 
actual speed of the aircraft? 


1. 248 mph 
2 307 mph 
3. 320 mph 
4. 328 mph 
What is the correct procedure for finding 


what percent one number is of another 

number? 

1. Multiply the two numbers together and 
divide by 100. 

2. 
number and divide again by 100. 

3. Divide one number by the other, ex- 
pressing the quotient in decimal form; 
then multiply this decimal by 100. 

4. Divide one number by the other, ex- 
pressing the quotient in decimal form; 


then divide this decimal by 100. 
The number 2 is what percent of 400? 
1. 0.05% 
4 
2, 4 
3. 50% 
4. 200% 
Three percent of what number is 9? 
1. 0.0033 
2. 0.27 
3. 30 
4. 300 
Bill's income is 70% of John's income. If 
Bill's income is $4,900 a year, what is 
John's income? 
1. $3,430 
2. $6,370 
3. $7,000 
4. $7,500 
Assume that your ship is leaving a harbor 


in heavy seas, and that 65 percent of the 
crew of 325 men have never been to sea 
before. It is expected that about 40 per- 
cent of the new men will become seasick. 
Approximately how many of the new men are 
likely to become seasick? 


1. 50 
2. 85 
3. 128 
4. 215 


Divide the smaller number by the larger 


4-38. 


4-39. 


4-40. 


4-41. 


4-42, 


4-43. 


4-44, 


4-45. 
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de is what percent of 3% ? 
1. 504 

2. 200% 

3. 0.5% 

4. 0.005% 


It is not necessary to round off the deci- 


3 , 0.375, when adding 


it to the decimal equivalent of 2, 0.75. 


mal equivalent of 


The concepts of precision and accuracy are 
necessary considerations when dealing with 
measurements. 


The maximum probable error in an instru- 
ment marked off in hundreths of an inch is 


1 0.5 in. 

2. 0.05 in. 
3. 0.005 in. 
4 0.0005 in. 


Precision of a measurement refers to the 
size of the smallest division on the scale. 


The precision of the sum of the numbers 
4.2, 4.23, 4.236, and 4.2367, which were 
determined from measurements with four 
different instruments, is no greater than 
the precision of 


1. 4,2 

2. 4.23 
3. 4.236 
4. 4.2367 


If the. numbers 29.138, 19.21, 130.68, and 

84.9823 are accurate only to the last 

place shown, what is the best way to add 

them? 

1. Round off all numbers to one decimal 
place and then add. 

2. Round off all numbers to two decimal 
places and then add. 


3. Round off all numbers to three decimal 
places and then add. 
4. Do not round off any of the numbers, 


but add them as given. 


To subtract 8.173 grams from 13.62 grams, 
round 8.173 grams to two decimal places. 


4-46. What is the sum of 


4-47. 


4-48. 


4-49, 


4-50. 


4-51. 


3, i, i, and il 

62 4 12 

expressed as a decimal fraction and 
rounded to thousandths? 

1. 2.496 

2. 2.499 

3. 2.500 

4. 2.501 


A measurement of a8 is recorded from a 


ruler marked in eighths and a measurement 
of ae from a ruler marked in sixteenths. 
Which is true regarding the precision of 
the two measurements? 


lis 48 is more precise. 
2. 4i2 is more precise. 
16 


3. There is no difference in the precision. 
4. It depends on the person performing the 
measurement. 


An error of 0.01 inch in a 2.5-inch bolt 
is more nearly accurate than an error of 
0.1 inch in a 6-foot board. 


Considering the maximum probable error of 

measurements for 18.6 inches and 22 feet, 

the precision and accuracy may be sun- 

marized by which statement? ([Hint: 

22 feet can be measured carefully enough 

to be correct to the nearest inch. ] 

1. 18.6 inches is more precise; 22 feet 
is more accurate. 


2. 18.6 inches is more precise; 18.6 inches 
is more accurate. 

3. Equally precise; 22 feet is more accu- 
rate. 

4. Equally precise; 18.6 inches is more 
accurate, 


What is the relative error in measuring a 
rivet spacing of 2.6 inches correct to the 
Nearest tenth of an inch? 

1, 0.0192% 

2. 0.038% 

3. 1.9% 

4. 3.8% 


How many significant digits are there in 
the expression 0.0807? 

1. Two 

2. Three 

3. Four 

4. Five 
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4-52, 


4-53. 


4-54. 


4-56. 


4-57. 


4-58. 


4-59. 


4-60. 


The number of significant digits in the 
number 2400 is 

1. two 

2. three 


3. independent of the original measurement 
4, dependent upon the original measurement 


The number of significant digits in 6.170 
hours is 

1. one 

2. two 

3. three 

4. four 


The number of significant digits in 0.00034 
is 

1. two 

2. four 

3. five 

4. six 


The percent of error in 47.62 miles is 
1. 0.0001% 

2. 0.0002% 

3. 0.01% 

4. 0.02% 


To add and subtract numbers resulting 
from measurement, all numbers must be 
rounded to the most precise number in the 
group to be combined. 


The product of the approximate numbers 
3.31 and 2.64 should be rounded to 

1. 8.74 

2. 8.7384 

3. 8.738 

4. 8.73 


The quotient of the approximate number 24 
divided by the approximate number 0.3817 is 
1. 62.8 

2. 62.83 

3. 62.87 

4. 63 


What is the area of a rectangle if its 
length is 2.4 feet and its width is 3.16 
feet? 

7.584 sq ft 

7.6 sq ft 

7.68 sq ft 

7.7 sq ft 


3. 
4. 


.An ordinary micrometer without a vernier 
scale can measure to the nearest 

1. tenth of an inch 

2. fortieth of an inch 

3. thousandth of an inch 

4. ten-thousandth of an inch 


4-61. 


4-62. 


4-63. 


4-64, 


4-65, 


4-66. 


What is the difference between readings 
for each of the minor divisions on the 
sleeve of a micrometer? 

1. 0.001 in. 

2. 0.005 in. 

3, 0.025 in. 

4. 0.05 in. 


The distance between consecutive numbers 
on the sleeve of a micrometer represents 
a measurement of 0.025 inch. 


The space between the adjacent markings on 
the thimble of a micrometer is what 
distance? 

1. 0.0001 in. 

2. 0.001 in. 

3. 0.025 in. 

4. 0.1 in. 


What is the reading on the micrometer 
in figure 4A? 

1. 0.204 in. 

0,224 in. 

0,234 in. 

0.259 in. 


Figure 4A-Micrometer. 


Assume that thethimble of the micrometer 
pictured in figure 4A has been rotated un- 
til only two marks in addition to the zero 
mark are visible on the sleeve , and the 
second horizontal mark below the zero on 
the thimble is exactly alined. What is 
the reading? 

1. 0.071 in. 

2. 0.073 in. 

3. 0.075 in. 

4. 0.077 in. 


The vernier principle always utilizes one 
more marking on the vernier than the num- 
ber of markings on an equal space of the 
conventional scale of the measuring 
instrument. 


A vernier micrometer can measure to the 
nearest 

1. four-hundredth of an inch 

2. thousandth of an inch 

3. ten-thousandth of an inch 

4. hundred-thousandth of an inch 
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@ 
4-68, 


4-69. 


4-72. 


4-73. 


Figure 4B-Vernier micrometer. 
In items 4-68 and 4-69, refer to figure 4B. 


What is the reading on the vernier 
micrometer? 

1. 0.2375 in. 

2. 0.3307 in. 

3. 0.3351 in. 

4. 0.338 in. 


Assume that two vertical marks are visible 
to the right of the numeral 3, the thimble 
is set between the 5 and 6 marks, and 
vernier mark 6 is alined exactly. What is 
the reading on the vernier micrometer? 


1. 0.3306 in. 

2. 0.350 in. 

3. 0.3556 in. 

4. 0.361 in. 

What is the square root of a number? 

1. The result obtained by dividing the 
number by itself 

2. The number which when multiplied by 
itself produces the original number 

3. The reciprocal of the number 

4. The result obtained by dividing a number 
by half its value 

The square of a number is another way 


of saying 


1, 2 times the number 

2. 4 times the number 

3. the number is multiplied by itself 
4. the number is added to itself 
Which number is 3 raised to the fourth 
power? 

1. 81 

2. 64 

3, 27 

4, 12 

What does the term 5° mean? 


1. The cube root of 5 is 3. 

2. 5 is multiplied by 3. 

3. 5 is multiplied as a factor 3 times. 
4. 3 is taken as a factor 5 times. 


4-74. Which base when raised to the fifth power 
gives an answer of thirty-two? 
1.1 
2. 2 
3. 4 
4. 8 


4-75. The exponent of 4 is 0. 


29 


Assignment 5 


Exponents_and Radicals 


Textbook Assignment: 


Chapter 7 (65-77) 


5-2. 


5-3. 


5-4. 


5-5. 


5-6. 


Another name for the square root sign, Vv, 
is the 

1. extraction sign 

2. radian sign 

3. factor sign 

4. radical sign 


Which root of 27 is indicated by the 
expressionA/27? 

1. The first root 

2. The cube root 

3. The square root 

4. The quadratic root 


What is the meaning of af 625? 

1. The number which when multiplied by it- 
self 4 times is equal to the square 
root of 625 

One-half of the square root of 625 

The fourth root of 625 

625 to the fourth power 


2. 
3. 
4, 


Which number is the cube root of 8? 
1. 2 
8 
2. 3 
3. 24 
4. 512 


Which number is the third power of 1.5? 
1. 0.015 

2. 0.5 

3. 2.25 

4. 3.375 


If a negative number is raised to the 54th 
power, what is the sign of the result? 

1. It depends on the base, 

2. It fluctuates. 

3, It is positive. 

4, It is negative. 
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5-7. 


5-9. 


5-10. 


5-11. 


5-12. 


5-13. 


What type number is the square root of 28? 
1. Rational 

2. Imaginary 

3. Integral 


4. Real 
What type number is the square root of -9? 
1. Irrational 
2. Integral 
3. Real 
4. Imaginary 
The cube of - $ can be written as 
3 
aay -1)3 
iy 5) 3, 
2 (2) 
1 3 
2. -(3) 4. any of the above 
3 4 
In which other way may (2) be written? 
3 
ie oe 
7 7 
34 4? 
2. 74 4. re) 


The fifth real root of 3 is equivalent to 


ic 3. -(3) 
2 2 
2. + 4. Each of the above 


If a three-decimal place number is raised 
to the fourth power, the result will have 
seven decimal places. 


What is the value of ry, m ? 


rw NE 
5B 8 3s 


5-14. 


5-15. 


5-16. 


5-17. 


5-18. 


5-19. 


5-20. 


5-21. 


5-22. 


What is the product of 22 x 237 
1.°2° 

2. 
3. 
4. 


If 
process, the bases must be equal. 


Using the law of exponents for multiplica~ 


tion, what is the product of 3% x 43, if 
any? 
«32 
25504 
3. 127 
4. It is impossible to indicate a product 
under this condition. 


To divide one power of a base by another 
power of the same base, raise the base to 


exponents are added in the multiplication 


the power found by subtracting the exponent 


in the divisor from the exponent in the 
dividend. 


What is the quotient obtained by dividing 
B& by 8"? 

1.1 

2. 82 

3. 81-5 
4, 82 


What does the example (23) illustrate? 
1. The 
2. The 
3. The 
4. The 


addition of two exponents 
law of double exponents 
power of a power 


The exanpie (43)2 is interpreted to mean 
1. 4 

2. 43443443 

3. 424e4eheh 

A, behehehehed 


Which of the following is the result 
obtained when the term 54 is cubed? 


1. 5* 3. 57 


4 


2. 53 4, 512 


The expression (2°2+2)3 1s equivalent to 
~ 2 


multiplication of a root by a power 
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5-23. 


5-24. 


5-25. 
5-26. 


5-28. 


5-29. 


5-30. 


5-31. 


What is the value’ of (24+42)2? 


. 4 
2. gié 
3. 256 
4. (256)? 
What is the value of ( sty: 
102 
2.4 3. 37 
= 62, 
a 3 a 1728 


The expression (4.5)° is greater than 49, 


What is the sum of 9° plus 9/7 
1. 0 

2.1 

3.9 

4. 10 


The expression ie has the same value as 
1 
7 


The zero power of 2 plus the zero power 
of 5 equals 

zero 

2.1 

3. 2 

the zero power of 7 


Which of the following expressions is 
equivalent to io 

7 
1. 1 + 42 


2 
2. = 4, 7(42) 


A negative exponent has no meaning but is 
introduced to complete the set of 
exponents. 


7 
Of the expressions, 277, (>) » -(-2)77, 


1 
and —-_, which are equal? 
7 
ee a and (3) 
2 
2. -(-2)77 and — 
(2)7 
7 
.(2Y, 2-7, and -(-2)~7 
2 


4. All are equal. 


5-32. 


5-33. 


5-34. 


5-35. 


5-36. 


5-37. 


5-38. 


1 
What is the value of 5-4 ? 


1. 54 3. 46 
1 1\* 
ee «(3) 
Whee, 48 the relationship between 716 and 
(16)? 2 
i 
1. Y16 > (16)4 


1 
2. 716 < (16)2 


1 
3. (16)? is 4 more than VY16 
4. They are equal. 


1 
The expression (43)3 is equal to 


a s. (4) (4) 


1 
3 
2. 4 4, 40°) 
2 
What is the value of 32°? 
1. 4 3. 5°924 
1 
2. 8 4. 16° 
§ 


The expression 3% can be changed to 
another form by the steps 


13 = > = 35 

2 2-55 - 9 

4 Sto te Fie estes 
Eee Sons oh aes 


The value of (8°)5 is the same as (8°)°. 


What is 73 expressed in radical form? 
ez 3, 

1. 72 3. 427 

2. F793 ie 078 
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5-39, 


5-40. 


5-41. 


5-42, 


5-43. 


5-44, 


5-45. 


What is the decimal equavalent of 1075? 
1. 0.01 

2. 0.001 

3. 0.0001 

4. 0.00001 


An expression written in scientific nota- 


tion must contain a number between 1 and 10. 


The number 4,980 written in scientific 
notation is 

1. 498 x 10! 

2, 49.8 x 102 

3. 4,98 x 109 

4. 0.498 x 10" 


The number 0,0214 written in scientific 
notation is 

1. 2.14 x 1072 

2. 2.14 x 1073 

3. 0.214 x 107} 

4. 0.214 x 1072 


The number 97,200 is equivalent to 
1. 972 x 103 

2. 97.2 x 10" 

3. 9.72 x 10" 

4. 0.972 x 10% 


Which of the following expressions repre- 
sents an intermediate step in simplyifing 


—118_x 0.0003 by using powers of 107 
0.0085 x 75,000 


1, (2.18 x 3) x (107 + 107") 


(8.5 x 7.5) x (107% + 103) 


7.18 x 3 


; x 107 x 107% x 1073 x 104 
8.5 x 7.5 
7.18 x 102 x 3 x 107% 
8.5 x 107% x 7.5 x 10% 


7.18 x 102 x 3 x 107% 
8.5 x 107° x 7.5 x 10 


Using scientific notation, how would the 
term 0,00000123 be expressed? 

1. 0.123 x 1076 

2. 0.123 x 105 

3. 1.23 x 1076 

4. 1.23 x 108 


5-46. 


5-47. 


5-48. 


5-49. 


5-50. 


5=-51. 


9.00058 x 41,7 x 0.005169 


The reciprocal of a number is 1 divided by 
that number. For example, the reciprocal 


of 50 is , which can be expressed as 


50 
1 1071 10 x 1072 -2 
eo = SX 22x 107%, 

5 x lol 5 5 


Which of the following expressions repre- 
sents a step in evaluating the reciprocal 
of 4,500 x 0.000028? 


1 


ie 
4.5 x 1073 x 2.8 x 10° 


4.5 x 2.8 


2. 
1073 x 105 


10-3 x 105 
4.5 x 2.8 


3. 


103 x 1075 


oF 4.5 x 2.8 


Using scientific notation, how may the 
computation involving 

100,000 x 0.00027 x 0.015 be expressed? 
1. 2.7 x 0.015 

2, 0.27 x 1.5 x 10! 

Fi o2ee 165 se 10-* 

4. 2.7 x 1.5 x 1072 

The factor 47 in the denominator of a 
fraction is equivalent to a factor of 477 
in the numerator of the fraction. 


How may 222000 x 0.018 x 3.6 4. expressed 
90 x 400 

n scientific notation? 

- 3.6 x 1074 

2.16 x 10° 

. 2.16 x 1072 

- 0.0036 x 1073 


PwN ee 
. 


What is the number of significant digits 
in 6.458 x 1073? 

1. Two 

2. Three 

3. Four 
4. Five 


If all the terms in the example 


are expressed in 
0.0000029 x 2.16 x 0.8343 
scientific notation and rounded to one more 
digit than the number of significant digits 
in the least accurate term, which of the 
following, having been rounded to the num- 
ber of significant digits in the least ac- 
curate term, is the correct solution? 
1.2.4 x 10! 
2. 2.04 x 107! 
3. 3.01 x 107! 

3.01 x 10° 
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5-52. 


5-53. 


5-57. 


5-58. 


5-59, 


5-60. 


5-61. 


The reciprocal of 2,500 x 0.002 x 0.04 can 
be expressed as 


15x 1 

2.5 x 1071 

3. 5x 107 

4. 5 x 102 

How is (10,000 x 0.003 x 20)3 expressed 
in scientific notation? [Note: Round 


the answer to the number of significant 
digits in the least accurate term of the 


problem] 
1. 2 x 106 
2. 2 x 108 


In the expressiona/18, the index is 3 
and the radicand is 18. 


When the index of a radical expression is 
not written, it is understood to be a 3, 


What is the meaning of the expression 
f/9? 
1. The plus is used before the minus. 
2. The minus is used before the plus. 
3. The value of the radical is ambiguous. 
4, The square root of 9 can either be 

+3 or -3. 


What is the Mar) os the radicand in 
2 


the expression 6 9 
1. 2 


In the expressiog 6x2, six is a 
coefficient of x*, 


i [ 2 
The radicals 8/2, V2’ N87? and ¥3 can be 
combined by addition. 


What is the sum of 2/10 plus $10? 


1. VT0 3. 23Vi0 
2. 2/10 + 5 4. 25/26 


The answer to the problem v5 - 45 is 


i 3 
1. 35 3. 9v5 
2.2/5 4 -4V5 


5-62. In order for two radicals to be multiplied 


they must have the same index and 
radicand. 


5-63. The product of 7 and ¥6 is 8/42, 


5-64. Which of the following radical expressions 


are equal? 


1.4/3 8/2 3. A = 7 x mee 
7 7 71 #8 
v3 i vel 3 #/3 
2. ="* = 4, zaf—= = 
gtr we V7 7 
5-65. The value of the expression 233 
in the most simplified form is 
1. 2 
273 
2. 3 
3. 273 
4. 270 
ee | 


5-66. The radicals ¥i3 and v4 cannot be com- 
bined into one radical by addition. 


5-67. The computational steps 
2/16 = BS 2 = 22 


may be used in solving for the cube root 
of 16. 


5-68. Which of the following simplifications 
is in error? 
1. Vi6 = +2 = 3¥2 
2. 2/250 = A/1250/2 = 53/2 
3.416 = 2% = 2 
4. VoL = V49 + 2 = 7/2 


5-69. While 64 is a perfect third power, it is 
not a perfect sixth power. 
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5-70. The expressions W7 and 7 are equivalent. 


5-71. Which expression is abtained by simplifying 


the radicaly 1,575? 
1. 105 

2. 15¥7 

3. 4507 

4, 32-52-2/7 


5-72. Using fractjonal exponents, how may the 
radical */4’ be written? 
1, 43+? 3. 4763 
3 7 
2. 47 4, 43 


5-73. What is the prime factorization of 


¥32.73. 55? 
1. 3773659 3. 105%5+7 


2. 3*7*52735 4. 37652730507 


5-74. What is the solution of the expression 


Mh, 
9 
1,1 


2.9/3 


3.73 


2. ig an example of a rational number. 


2v73 


5-75. 


Assignment 6 


Exponents and Radicals; Logarithms 


Textbook Assignment: 


Chapters 7 (77-79) ,8 (80-86) 


6-1. 


6-2. 


6-3. 


6-4. 


6-5. 


6-7, 


The square root of 7 is an example of an 
irrational number. 


the quotient by 20. 


Rationalizing the denominator is the 
process whereby an irrational number in 
the denominator of a fraction is changed 
to a rational number. 


To rationalize the denomiantor of me 
multiply both numerator and denominator by 
1.1 


20.2 = 40([3 38 


20.271=5420 


Note that in the square root process each 
trial division is obtained by multiplying 
For example, 


2 7. 1 6 
v7" 38. 00 00 
4 


2.4 
3.73, 33° 44 
he 4 Therefore, ¥738 = 27.2 (rounded to tenths) 
v3 6-8. What is the square root of 324? 
5v2 1. 17.62 
To rationalize the denominator of 7 2. 17.94 
3V¥3 3. 18.00 
multiply both numerator and denominator by 4, 22.00 
1. 3 6-9. In the following problem the process of 
taking the square root is correct to the 
2. 33 point to which it has been carried. 
3. 43 71. 
4,1 ¥63'83,09 
3 440 49 
What is the form of the fraction 141 148 
ws ia 
after the denominator has been rationalized? 7 
1. 34% 48 6-10. What is the error in the following square 
10 2 root calculation? 
9 4.0 
2, 34 4, 788*20.00 
2 10 81 
180 720 
What is the proper way to group the digits 720 
of the number 418.796 when preparing to ae 
calculate its square root? 1. The trial divisor was not adjusted to 
1. 418, 796 form a true divisor. 
2. 4' 18.7' 96 2. The digits were not properly grouped. 
3. 41" 8.7" 96 3. There is an error in multiplication. 
4, 04° 18, 79° 60 4, The decimal point is not properly alined. 
In calculating the square root of 4,096, 6-11. The decimal point in a square root calcu- 


the first digit in the answer is the 
greatest number whose square is contained 
in 40, that is, the square is either equal 
to 40 or is less than 40. 
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lation is kept alined as in long division 
with the exception that alinement is ac-— 
complished with pairs of digits rather than 
with single digits. 


6-12. What is the square root of 15,129? 
1. 102.3 
2. 123 
3. 390.1 
4, 393 


6-13. What is the square root of 816.7 correct to 
the nearest tenth? 
1. 9.0 
2. 28.5 

3. 28.6 

4. 29.9 


6-14, If the square root of 54 is 7.35, the 
square root of 5,400 is 73.5. 


If the square root of 3,812 is 61.741, the 
square root of 38,120 is 617.41. 


6-15. 


6-16. If the cube root of 89 is 4.46, the cube 
root of 0.089 is 

1. 0,00446 

2. 0.0446 

3. 0.446 


4. 44.6 


6-17. In the expression 3* = 81, which number 
may be interpreted as a logarithm? 
1.3 
2.4 
3. 64 
4, 81 


6-18, What is the logarithmic form of the 
expression, 2° = 327 
1. logy 5 = 32 


2. log, 32 = 5 
3. log, 32 = 2 


4. log, 5 = 2 


@ Refer to table 8-1 in your textbook in 


answering items 6-19 and 6-20. 


6-19. What base is used in the system of loga- 
rithms in which the logarithm of the num- 
ber 16 is 1? 


6-20. What is the value of x if log,9 = x? 
1. 2 
2. 3 
3. 9 
4. 27 


6-21, Since a logarithm is an exponent, 
multiplication using logarithms is 
reduced to a problem of addition of 
logarithms. 


6-22, Refer to table 8-2 in your textbook. Which 
of the following is correct in the multi- 
plication of 16 x 128? 
1. log, 16 = 2 

log, 128 = 7 

logyof the product = 9 


2. log, 16 =4 
logs 128 = 7 
log,of the product = ll 


3. logg 16 = 4 
logy 128 = 7 
logaof the product = 28 


4, There is not enough information given 
in the table to work this problem, 


What number is used as the base of the 
system of logarithms for most ordinary 
computations? 

1. 2 

2. 2.3026 

3. 2.71828 

4. 10 

6-24, When the word log is used without a sub- 
script, it is understood that the base 10 
is to be used. 


Assume that you have used a formula in~ 
volving natural logarithms’ and the answer 
you have found is 1n x = 0.29366. You can 
find the value of x by first applying the 
correct conversion factor to obtain 

1. log x = 0.123582 

2. log x = 0.127537 

3. log x = 0.158243 

4. log x = 0.675416 


The characteristic of a number may be 

determined by writing the number in scien- 
tific notation. The resulting exponent is the 
characteristic. For example, in log .0078, write 
.0078 as 7.8x10-3. The characteristic is then 
-3. For log 256, write 256 as 2.56x107. The 
characteristic is then 2. 


Items 6-26 through 6-60 refer to common 
e logarithms unless otherwise indicated. 
6-26, What is the log of 0.00001? 

1. -5 

2. -4 

3. -3 


Are 
-5 


6-27, What is the common logarithm of 100,000? 


6-28. 


6-29. 


6-30. 


6-31. 


6-32. 


6-33. 


6-35. 


The log of a number between 100 and 1,000 
is between 
1. 0 and 1 
and 2 
and 3 
and 4 


FWh 
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Refer to table 8-3 in your textbook. Be- 
tween what logarithms may the logarithm of 
0.0004 be located? 

» -2 and -3 

. -3 and -4 

» “4 and -5 

. 3 and 4 


Tf 2 = 109-30103) and 2 x 5 = 10!, to what 
power must 10 be raised to equal 5? 

1. 0.47712 

2. 0.60206 

3. 0.69897 

4. 0.90309 


If the characteristic of a logarithm is 1, 
the associated number must be between 

1. 0 and l 

2. 1 and 10 

3. 10 and 100 

4. 100 and 1,000 


For any number greater than 1, the 
characteristic is one less than the 
number of digits in the whole number 
portion of the number. 


What is the characteristic of 72,319? 
1. 3 


2. 4 
3. 5 
4. 6 


Which of the following numbers has a 
characteristic of -4? 

1. 0.00001 

2. 0.00095 

3. 0.10005 

4. 0.40008 


What is the value of the mantissa in the 
expression log 0.0054 = 7.73239 - 10? 

1. -3.73239 

2. 0.0054 

3, 0.73239 

4. 7.73239 
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6-36. The mantissa for the numerical sequence 
165 is 0.21748. Which of the following 
logarithms can be used to express the 
decimal fraction 0.000165? 


1. 4.21748 
2. 0.21748 ~ 4 
3. 6.21748 - 10 


4. All of the above 


6-37. If the mantissa for the number sequence 
17900 is 0.25285, what is the log of 1797 
1. 1.25285 
2. 2.25285 
3. 4.25285 
4. 8.25285 - 10 
@ In answering items 6-38 through 6-41, refer 


to the table of logarithms in Appendix I. 
6-38, What is the log of 70? 
1. 0.1213 

2. 1,1213 

3. 1.84510 

4. 2.84510 

6-39. What is the log of 2,700? 
1. 0.43136 

2. 1.43136 

3. 2.43136 

4. 3.43136 


6-40. Wha 


6-41. What is the log of 1? 
1. 0.00000 

2. 0.10000 

3. 0.10000 - 10 


4. 9.00000 - 10 


An antilogarithm is a number which 
corresponds to a logarithm; for example, 
in log 5.2 = .716, 5.2 is said to be the 
antilogarithm of .716. Mathematically, 
antilog .716 = 5.2. Generalizing, for 
log N = L; N is the antilogarithm and L 
is the logarithm. Finding the antiloga- 
rithm is the reverse process of finding 
the logarithm, that is, rather than de- 
termining the charateristic and mantissa 
of a number, the number must be determin- 
ed given the characteristic and mantissa. 


EXAMPLE: Find the antilogarithm of 
2.9345 
SOLUTION: 

l. Find the mantissa .9345 in 


column six of Appendix I. This mantissa 
corresponds to the digit sequence 86. 


2. Since the characteristic of the 
original logarithm is 2 then the antilog- 
arithm written in scientific notation is 
8.6 x 102 or antilog 2.9345 = 860 


6-42. If log 12 = 1.07918 then the anti-~ 
log equals 
1. .3333 
2. 1.07918 
3. 10 
4. 12 


@ Refer to Appendix I in answering 
items 6-43 and 6-44. 


6-43. If log A = 1.83251 then A equals 
1. .3010 
2. 6.8 
3. 30.10 
4. 68 


6-44. If antilog 3.62325 = B then B 
equals 
1. .5563 
2. 420 
3. 4200 
4. 5563 


The logarithm of a product is 
equal to the sum of the logarithms of 
the factors, that is 
log (a:b-c*d)= loga+ logb+ logc+ logd 


EXAMPLE: Find the product of 3*4 using 
logarithms. 


SOLUTION: 


l. Log (3:4)=log 3 + log 4 
=.47712 + .60206 
=1.07918 


2. Antilog 1.07918 = product, or 
antilog 1.07918 = 1.2 x 101 =12 
Therefore 3 x 4 = 12. 


Since log 40 = 1.60206 and log 5 
= .69897 , the log of the product 
of 40 x 5 is equivalent to 

1. log 40 x log 5 

2. 1.60206 x .69897 

3. 1.60206 + .69897 

4. log 1.60206 + log .69897 


6-45. 


@ Refer to Appendix I in answering 
items 6-46 through 6-48 


6-46. Use logarithms to find the product 
of 28 x 20. What is the mantissa 
which must be used to find the 
digit sequence for the product? 


1. .27481 
2. .30103 
3. .74819 
4. 1.30103 
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6-47. The antilog of what value must be 
used to find the product of 
59 x 38 ? 
1. 3.35063 
2. 3.77085 
3. 4.35063 
4. 4.77085 

6-48. Use logarithms to find the product 
of 2900 and 3000. The product 
equals 
1. 7.7 x 106 
2. 8.7 x 106 
3. 7.7.x 107 
4. 8.7 x 10’ 

@ The logarithm of a power of a 


number is equal to the product of the 
power and the logarithm of the number. 


That is, log A" =n log A. 
Note that A* =AxAXxAxXA 


and log aAt= log A + log A + log At+log A 


taking logarithms 
of both sides of 
the equations 


or log av = 4 log A 


EXAMPLE: Find the value of 3%, using 
logarithms. 
SOLUTION: 
1. Log 3% = 4 log 3 
= 4(.47712) 
= 1.90848 


2. Antilog 1.90848 = answer, or 
antilog 1.90848 = 8.1 x 10!= 81 


32 
Log 16 is equal to which of the 


6-49. 
following? 
1. log 16 + log 32 
2. log 16 x log 32 
3. 16 log 32 
4. 32 log 16 
6-50. Using logarithms, find the 
approximate value of 58 . 
1. 3.9 x 105 
2. 3.9 x 106 
3. 4.0 x 105 
4. 4.0 x 106 
6-51. The log 26-38% is equivalent to 
1. 104 log 38 
2. log 26 x 4 log 38 


3. log 26 + log 4 + log 38 


4. log 26 + 4 log 38 


6-52. The antilog of what value is used 
to find fhe approximate product 
of 22°43° ? (Refer to Appendix 1) 
1. 10.14324 
2. 11.14324 
3. 12.15683 
4. 13.15683 
@ Note that log £ = log a-b7! 
= log atlog b™? 
= log a-1 log b 
= log a-log b 


Therefore, the logarithm of the quotient 
of two numbers equals the logarithm of 
the dividend minus the logarithm of the 
divisor. 

EXAMPLE: Find the value of a4 using 
logarithms. 


SOLUTION: 


24 
8 


1. log 24-1log 8 


1.38021 ~ .90308 
-47713 


Log 


Antilog .47713 
antilog .47713 


24 
as 


quotient, or 
3 x 10° 

3X 1s 3 

3 


tou ow fl 


Therefore 


Since log 12 = 1.07918 and 
log 2 = 30103, the log of the 
quotient of 42 is equivalent to 


-30103 - 1.07918 

1.07918 - .30103 

log 1.07918 + log .30103 
log 12: log 2 


Bm WN 
oe ee 


@ Refer to Appendix I in answering 
items 6-54 through 6-56. 
6-54. Use logarithms to find the 
quotient of What is the 


45° 
mantissa used to find the digit 
sequence of the quotient ? 


l. .25528 
2. .30103 
3. .36000 
4. .56170 


The antilog of what value must be 
used to find the quotient of 

340 9 

36 


1.28869 
1.17609 
3.17609 
3.28869 


6-56. 


6-58. 


6-59. 


6-60. 
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Use logarithms to find the 


quotient of Agee . The quotient 
equals 
1. 2.3 x 103 
25 Disb 0104 
35. (243 -%..10" 
4, 2,.6°%° 10" 
22 : 
Log = is equivalent to 
1. 3 log 22 - 6 
2. 3 log 22 - log 6 
3. log 3 X log 22 - log 6 
4. log 22 + log 3 - log 6 


Which expression below is equi- 
valent to log -5(14°) » 
(6(132) 


1. 5 log .5+1logl4 - log 6X2 1og 13 
2. log.5 +5 log 14 - log6é X2 log 13 
3. log.5 x5 log 14 - (log 6+2 10g13) 
4. log.5 +5 lag14 - (log6 + 2 10g13) 
The expression log So is equi- 
valent to 


l. 4 log 773 

2. log 4 - 3 log 7 
3. log 4+ 3 log 7 
4. 3 log 7-4 


The antilog of what value is used 
to find the approximate result of 


2 
2314 ? (Refer to Appendix I) 
Te. - 63132 
2. 1.47296 
3. 1.63132 
4. 2.47296 


Assignment 


Fundamentals of Algebra; Factoring Polynomials 


Textbook Assignment: Chapters 9, 10 (111-117) 


7-1. 


7-2. 


7-3. 


7-4. 


7-5. 


7-6. 


7-7. 


The literal numbers a, x, and p are more 
general than the numbers 9, 8, and 7. 


The commutative law for addition is il- 
lustrated by the equation 


1. ab=ba 

2. ata=btb 

3. atb=bta 

4. a(b + c) = ab + ac 


The associative law of multiplication is 
illustrated by the equation 

1. abc = acb = cha 

2. ax (b + c) =c x (b + a) 

3. a(b+ct+d) = ab+act+ ad 

4 = abc = (a‘b)-c 


If a = 2, b = -3, and c = 4, the algebraic 
sum of a - b - c equals 


1. -5 
2. 1 
3. 3 
4. 9 
If r = 1, s = 3, t = 12, and x = 15, what 
is the value of the expression 

t - 20% 

s 

1. -3 3.2 
2. -2 4. 3 


The algebraic expression 


at+tb-c Vab 
2 
is considered to be three numbers. 


What is the value of the algebraic ex- 
pression 
5x? - 2xy + (3x)? 


when x = 2 and y = -3? 
1. 44 
2. 68 
3. 124 
4. 148 
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7-8. 


7-9. 


7-12. 


7-13. 


S Fons 


7 


What name is given to the algebraic ex- 
pression ax - 2bx + cx’ - 4? 

1. Monomial 

2. Binomial 

3. Trinomial 

4. Polynomial 


Which statement is true regarding the 
monomial 17xyz? 

1.17 is the coefficient of xyz. 

2. 17x is the coefficient of yz. 

3. 17xy is the coefficient of z. 

4. Each of the above is a true statement. 


. In the expression xy, what is the co- 


efficient of xy? 


<< *K = 
< 


hat is the coefficient of x’y in the 
xpression x’y - ab? 


hRwWNhM-oO 
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Two terms of an expression are said to be 

like if they contain 

1. at least one factor in common 

2. the same numerical coefficient 

3. the same literal factors with only 
their exponents different 

4. the same literal factors raised to the 
same powers 


The like terms in the expression 
2 ac’ - 2bc* + ac® - 2c” are 

1 2 and 2bc? 

2. 2 and ac? 

3. 2ac? and 2c? 

4 and 2c? 


7-14. 


7-15. 


7-16. 


7-17. 


7-18. 


7-19. 


What is the result when the expression 
6x - 4x? 


is simplified? 
1. 2x2 

2. 2(1 - x) 

3. 2x(3 - 2x) 

4. 2x(x2) - 3 


What is the correct procedure for combin- 

ing the like terms Ted? and -cd2? 

1. Add -1 to 7 and use this sum as the 
coefficient of cd*. 

2. Subtract -l from 7 and use this dif- 
ference as the coefficient of cd”. 

3. Add 1 to 7 and use this sum as the co- 

efficient of -cd2. 

Add -1 to 7 and use this sum as the 

coefficient of -cd2. 


4. 


Which of the following expressions are 
equivalent, if any? 

A. 6x - (x - y + 4) 

B. 6x - [x - y + 4] 

C. 6x - {x - y + 4} 

D. 6x -x-yrtS4 

1. A and B only are equivalent. 

2. A, B, and C only are equivalent. 

3. All are equivalent. 

4. None are equivalent. 


After the removal of parentheses, the 


expression 6 - (-x + y - z) becomes 
16+x+t+y-2 
2,.6-x+ytz 
3.6+x-ytz 
4.6-x-ytz 


What is the result of removing parentheses 
and brackets from the expression 


(x - y) - [5x - (4 - 8x)]? 


1. -4 + 4x - y 
2. -4 + 14x - y 
3. 4- 12x - y 
4-l4xt+y 


an expression in parentheses is pre- 

ceded by a minus sign, what happens to 

the signs of its terms when the paren- 
theses are removed? 

1. The signs remain unchanged. 

2. The plus signs are changed to minus 
signs and the minus signs are left un- 
changed. 

3. The minus signs are changed to plus 
signs and the plus signs are left un- 
changed. 

4. The plus signs are changed to minus 

signs and the minus signs are changed 

to plus signs. 
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7-20. 


7-21. 


7-22. 


7-23. 


7-24, 


7-25. 


7-26. 


Which of the following expressions is 
equivalent to the expression 


8x - y - 7 + 14x? 


1. (8 - y) - (7 + 14x) 
2. (8x - y) - (7 - 14x) 
3. -(8x - y) + (7 - 14x) 
4. -(8x - y) + (7 + 14x) 


When the polynomial 6x - 2 - y + 4 is 
grouped by enclosing the first two terms 
in parentheses preceded by a minus sign, 
and the last two terms in parentheses 
preceded by a plus sign, what is its 
appearance? 

1. -(6x - z) + (y + 4) 

2. -(-6x + z) + (-y + 4) 

3. -(-6x - z) + (-y - 4) 

4. -(-6x + z) + (y - 4) 


The product of x¥ and x” is 


1. x¥? 3. x(¥ + 2) 


2. 2x¥2 4. 2x + 2) 


What is the product of 7r3st2 and 5re2t3?7 


1. 12r2s83t 3. 35r2st 


2. 12r*et5 4. 35rts3t5 

If two monomials contain a common literal 

factor and one monomial is divided by 

the other, the common literal factor 

in the quotient will have an exponent 

that is equal to the 

1. sum of the exponents of the factor in 
the two monomials 

2. product of the exponents of the factor 

in the two monomiais 

exponent of the factor in the numerator 

minus the exponent of the factor in the 

denominator 

exponent of the factor in the numerator 

divided by the exponent of the factor 

in the denominator 


3. 


The product of 6a2b and l4a5b7is 

1. 20a®b? 3. 84a°D? 

2. 20a5b3 4. 84a%p? 

The quotient resulting from dividing 
16x2y3z by (-8x3y2z) is 

1. -2xy 3. -2x ly 


2. 2x ly 4. ~2xyz 


7-27. 


7-28. 


7-29. 


7-30. 


7-31. 


7-32. 


7-33. 


7-34. 


What is the sum of lip - 7q - r, 
3p + q - 9r, and -p ~ q + 2r? 

1. 13p - 9g +r 

2. 13p - 7q - 8r 

3. 14p + q - 6r 

4. 14p - q + 10r 


What is the result of subtracting 


~3r - s + 6t from 5r + 2s - t? 
1. 2r - s - 7t 
2. 2r +s + St 
3. 8r +s - St 
4. 8r + 3s - 7t 


What is the result when the expression 


(3x - 2y + 4) - (-6x + y - 5) 


is simplified? 
1. -3x -y-l 
2. -3x -y+l 
3. 9x -y-1 
4. 9x - 3y + 9 


What is the product when (-4y + x - 7) 
is multiplied by x? 
1. 4xy + x? - 7x 
2. -4xy + x2 + 7x 
3. 4xy - x? + 7x 
4 2 


. ~4xy + x* - 7x 


What is the product of 


(p - q) and (r - s - t)? 


1. pr - ps - pt ~ qr + qs + qt 
2. pr - ps + pt - qr + qs - qt 
3. pr + ps - pt + qr - qs - qt 
4. pr + ps + pt + qr + qs - qt 


What is the result of multiplying 
(Sv - 7) by (2v + 9)? 


10v? + 31v - 63 
10v2 + 3lv + 2 
10v* - 3lv + 63 
l0v2 + 59v + 63 


FwNnNr 


What is the product when 9x2 - 6x +1 
ig multiplied by 3x + 2? 

1. 27x3 - 36x2 + 15x - 2 

2. 27x3 - 36x* - 15x + 2 

3. 27x3 - 9x - 2 

4. 27x35 - 9x + 2 


The product 
(x + y)(x + y) = x2 + 2xy + y* 


is called the product of the sum and 
difference of two numbers. 
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7-35. 


7-36. 


7-37. 


7-38. 


7-39. 


7-40. 


7-41, 


The product of (x + 3)(x - 4) is 
x? - x - 12. 


The product of x - y* and xt + y* is 
l. x° - y 3. x8 - ax'tyt + y8 
2. x16 — yl6 4. x16 ~ axty4 + yl6 
The denominator of the fraction 


aan Soares 
y- vz 
can be rationalized b 
1. multiplying both the numerator and 
denominator by y + vz 
2. multiplying both the numerator and 
denominator by y - vz 
3. multiplying both the numerator and 
denominator by vYz-y 
4. squaring both the numerator and 
denominator 


Rationalizing the binomial denominator of 
which of the following fractions results 
in the fraction equaling 8 v5 - 16? 


8 8 
L¢ —— 3. ee 
75-2 42 +5 
8 8 
2 — 4, ———. 
42-5 ¥5 +2 


Which of the following statements is true 

of the square of the difference of two 

numbers but not of the square of the sum 

of the same numbers? 

1. There is no middle term. 

2. The sign of the middle term is 
negative. 

3. The middle term is equal to the prod- 
uct of the numbers. 

4. The middle term is four times the 
product of the numbers. 


Why is the product of the sum and the 

difference of two numbers considered a 

special product? 

1. The middle term is always irrational. 

2. The sign of the middle term is always 
negative. 

3, The value of the first term is always 
equal to the middle tern. 

4. The product can be written without 
going through the whole multiplica- 
tion procesa. 


The square of (6 - v3) is 
1. 9 3. 36 - 1073 
2. 24-1273 4. 39 - 1273 


7-42. 


7-43. 


7-44. 


7-45. 


7-46. 


7-47. 


7-48. 


Both (6x + 8 - y)i 6 and 6 + (6x + 8 -y) 
may be solved by the distributive method. 


What is the result of dividing 
27xty*z* + 9x7y*z® — 12x3yz 
by 3x*yz? 


1. 9x4yz + 3yz - 4xyz 

2. 9xy2z2 + 3y2z24 - 4x 
3. 9x2y3z23 + 3y3z° - 4x 
4. 9x3y323 + 3y3z* - 4xy 


Which of the following factors is a 
monomial factor of 


p@qr? - pr2s + pq*rs3? 


p*r 


pr 3. 
4. pqs 

What is the numerical coefficient of the 
xy term in the expression obtained by 
dividing 


2x3 + 5x2y + xy? - 8y3 by x - y? 


Division of 
6x" - 28x3 + 19x? - 14x - 1 by 3x - 2 


leaves a remainder of 


1. 0 3; ore 
3x - 2 

2, —21_ joc? 
3x ~ 2 3x - 2 


The polynomial 4 - 6x? + 8x - x2 
arranged in the order of descending 
powers of x is 

1. 4 + 8x - x? - 6x3 

2. -6x? + 8x - x2 - 4 

3. -6x3 - x2 + 8x + 4 

4. 8x + 4 - (6x? + x2) 


What is the quotient when 
x3 - 8x2 + 16x - 5 is divided by x - 5? 
l. x2? - x +5 
2. x4 - 3x + 2 
3. x2 - 3x +1 
4. x2 + 13x - 49 + —240__ 
(x - 5) 
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7-49. The division problem 
x? - 3x + 4 
x - 2 Ix3 - 5x2 + 10x - 8 
x3 - 2x2 
=3x2 + 10x 
~3x2 + 6x 
4x - 8 
4x - 8 
can be condensed to which of the following? 
x2 - 3x + 4 
lex - 2) T= 5x2 4 10x - 8 
~_2x2 - 6x + 8 
3x“ + 4x it) 
x2 - 3x + 4 
2.x-2 [x3 - 5x24 10x - 8 
- 2x* - 6x - 8 
- 3x° + 4x O 
x2 - 3x + 4 
3. x-2 Eko - 5x2 4 10x - 8 
- 2x2 + 6x - 8 
- 3x2 + 4x 0 
x? - 3x + 4 
4.x-2 [x3 — 5x2 + 10x - 8 
x3 - 3x + 4x - 8 
7-50. The division problem in item 7-49 can be 
further condensed to 
1-3 4 
1. +2 fl-5 lo-8 
~2 -6-8 
1-3 4 0 
1-3 4 
2.-2 fi-5 10 - 8 
-2 -6 8 
1 3 4 0 
1-3 4 
3. -2 ff-5 10-8 
- 2 6 - 8 
1-3 4 0 
1-3 4 
4.-2 {1-5 0-8 
1-3 4 - 8 
7-51. If 2x5 - 6x + 8x is divided by x - 7, 


the results of each successive step of 
multiplication and subtraction are 
determined by the 

1. x's 

2. 2, -6, and 8 

3. 2, -6, 8, and -7 

4. 2, -6, 8, and the x's 


7~52. 


7-53. 


7-55. 


7-56. 


7-57. 


7-58. 


7-59. 


7-60. 


Synthetic division is limited to divisors 
of the form x - a and x” - a. 


The division of x? - 5x2 + llx - 15 by 
x - 3 using synthetic division becomes 


3 >|1-5 11-15 
-3 6 - 15 
1-2 5 0 
In the form 


213- 4 1 6 


6 - 20 42 
3 - 10 21 - 36 
the result of dividing 3x3 - 4x2 +x + 6 
by x + 2 is 
1. 3x2 - 4x +1 + —6 
x +2 
2. 3x2 - 10x + 21 - —36 
x+2 
3. 6x2 - 20x + 42 + —§ 
x+2 
4. 6x? - 20x + 42 - 36 
x+2 


The prime factors of x2 - 16 are x + 4 
and x - 4, 


The prine factors of x? - 9x are 
x’, -9x 

x, x2 -9 

x, -3, +3 

x, x-3, "+3 


Express the polynomial 
5x2y - 10xy + 25xy7 as a product of 


prime factors. 


1. Sx2y2(1 = 2x72y72 + 5) 
2. y(Sx* - 10x + 25xy) 

3. x(5xy - l0y + Sy?) 

4. Sxy(x - 2 + 5y) 


Factor 2y™t® - 4y¥ into prime factors. 


rte r 


1. 2(y"t® - ayF) 3. 2yTt® - ay 


2. 2y(y® - 2y™) 4. 2y*(y® - 2) 


The algebraic form ab + ac - xb - xc is 
equivalent to the form (a - x)(b +c). 


What are the factors of 4x - 2y + xy - 8? 
l. (4 - y) Ge + 


2. (Cy - 4) (x + 2) 
3. (y + 4)@Q - x) 
4. (y + 4) (x - 2) 
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7-61. 


7-62. 


7-63. 


7-64. 


7-65. 


7-66. 


7-67. 


What is the factored form of 


98x3 - 32xy2? 
1, 2(7x + 4y) (7x - 4y) 
2. 4(7x + 2y) (7% - 2y) 
3. 2x(7x + 4y) (7x - 4y) 
4. 4x(7x + 2y) (7x - 2y) 


What are the factors of the expression 
2a3b - 8ab?? 


1, 2ab(2b - a) (2b + a) 
2. 2ab(a - 2b) (a + 2b) 
3. 2a%b@(a - b) (a + b) 
4. 2a2b(a - 2b) (a + 2b) 


What are the prime factors of 81x4 - 1? 
1. (9x2 + 1)(9x? + 1) 

2. (9x2 - 1)(3x + 1)(3x + 1) 

3. (3x - 1) 03x + 1) (9x? + 1) 

4. (3x - 1) (3x + 1) (3x + 1) (3x + 1) 


the factors of 8a? - 1? 
1) (4a2 + 2a + 1) 
1) (4a? - 2a + 1) 
1) (4a2 2a + 1) 
1) (4a2 + 2a + 1) 


What are 
l. (2a + 
2. (2a + 
3. (2a - 
4. (2a - 


Which of 
perfect 
1. 36t2 
2. 36t2 
3. 36t2 
4. 36t2 


the following trinomials is a 
square? 
+ 98% - 9st 
+ 98% - 188t 
+ 992 + 18st 
+ 9s? - 36st 


In order for the incomplete trinomial 


16x? + 25y? + 7? 


to be a trinomial square, the missing 
term must be 

1. 2400xy 

2. #400x2y2 

3. *20xy 

4. t40xy 


Assume that a trinomial can be factored 
into two binomials that have a common 
term. The unlike terms will be opposite 
in sign and the positive one will be 
numerically smaller than the negative 
one only if the 

1. second and third terms of 
nomial are both positive 
second and third terms of 
nomial are both negative 
second term of the trinomial is posi- 
tive and the third term is negative 
second term of the trinomial is nega- 
tive and the third term is positive 


the tri- 
2. the tri- 
3. 


4. 


7-68. 


7-69. 


7-70. 


7-71. 


7-72, 


What are the factors of x? - x - 20? 
l. (x = 4)(x - 5) 

2. (x - 4)(x + 5) 

3. (x - 5) (x + 4) 

4. (x - 21) (x + 1) 


What are the factors of x* - x + 30? 
l. (x - 6) (x + 5) 

2. (x - 6)(x - 5) 

3. (x + 6) (x - 5) 

4. It cannot be factored. 


What are the factors of y* + 48y - 100? 
1. (y - 50)(y - 2) 
2. (y - 50)(y + 2) 


3. (y + 50) fy - 2) 
4. It cannot be factored. 


What are the factors of the trinomial 
expression 


6m2 - 13m + 6? 


1. (3m + 2)(2m + 3) 

2. (3m - 2)(2m + 3) 

3. (3m = 2)(2m ~ 3) 

4. It cannot be factored. 

A fraction can be reduced to lower terms 

only if the 

1. numerator is greater than the 
denominator 

2. denominator is greater than the 
numerator 


3. numerator and denominator both con- 
tain numerical factors 

4, numerator and denominator contain 
common factors 


7-73. Which of the following fractions takes 


7-74. 


7-75. 


the form 


2a 


7x? z? 


after it has been reduced to its lowest 
terms? 


1, zeta 5, SeataZe 
* 62ax?23 * 49axz° 
12a*x 36ax22? 
49x22 * 56a2x°z2" 


What is the result when the fraction 


y2 - 9 
y? + by + 9 


is reduced to its lowest terms? 


-1] - 3 
= bd 
1. by 3. yF3 
2. xt3 4, It cannot be 


reduced. 


What is the product when 


2m? _- 5m - 12 
2m + m? + 3m2 


is multiplied by 


mn? +m 2 
2 
7m - 3 + 6m 


1 m(m - 4 
* (3m - 1) (m + 2) 


m- 4 


2. Ga - l(@ +2) 


3 m+i1 
* (3m - 1)(@ - 2) 


4 m(m + 1) 
* (3m ~ 1) (m + 2) 


Assignment 8 


Factoring Polynomials; Linear Equations in One Variable; Linear Equations in Two Variables 


Textbook Assignment: Chapters 10 (117-119), 11, 12 


8-1. What is the quotient when 


p2 - p- 12 
10p? + 3pq - q@ 


is divided by 


p2-2p-8 | 
5p? + 4pq - q? 


1, @+ De +4) 
“ (2p + a) (p + 2) 


9, @+ DO - 
" (2p + q)(p + 2) 


3, +3 + a) 
* (p + q) (2p + 2) 


+ 3)(2pt 


a (p + q) (2p + 2) 


8-2. What is the sum of the fractions 


mt 5 
2m? + Sm - 3 

and 2n - 11 
2m? + 13m - 7 


1 3m_+ 1) (m + 2 
* (2m + 1) (m + 3)( 2 + 7+) 


2 3m + 1) (m + 2 
* (22 - 1)(m + 3) (m + 7) 


3 3m - 1)(m - 2 
* (2m ~ 1)(m - 3)(m - 7) 


4 3m - 1) (m + 2 
* (2m + 1) (m + 3) (m - 7) 


8-3. 


8-5. 
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What is the remainder when 


2a - 3 
a? + 5a -16 


is subtracted from 


2a - 5 
a* + da - 12 


1 -17 

* (a + 6)(a + 7) (a - 2) 
2 -17 

* (a + 6) (a - 7) (a + 2) 
3 ~1? 

* (a ~ 6)(a + 7) (a + 2) 
4 -17 

* (a - 6)(a - 7) (a - 2) 


What is the least common denominator of 
the fractions 


a-9 at - 16 


7 
a ra ea ee PL 
2 


+4a+ 3 
2 -4a-5 
3. a? - 17a - 15 
3. ga? + 15a + 25 


B 


equation fs an expression of equality. 


What is the fixed constant in the equation 
bx + 4y = c? 

1. b 

2.¢ 

3. ¥ 
4.4 


8-7. 


5-10. 


3-11. 


8-12. 


8-13. 


8-14. 


8-15. 


Which of the following letters normally 
represents an arbitrary constant? 
le. a 


2. % 
3. y 
4.w 
How many variable terms are in the equa- 


tion 
2x + 3y +5 = -z ? 


1, Four 
2. Three 
3, Two 
4, One 


For how many values of x does 2x - 7 = 18? 
1. One 

2. Two 

3. Three 

4. Indefinite number 


What is the degree of the equation 
3x - x(2 + y) = y? 


(Hint: Simplify the equation first by 
performing the indicated multiplication. ] 
1. First 

2. Second 

3. Third 

4. Fourth 


The equation which is first degree in 
the variables x and y is called a linear 
equation because its graph is a straight 
line. 


Which of the following expressions is an 
identity? 

1. 2x - 7 = 0 

2. 9a = 2a - 5 

3. a(a + b) = a2 - ab 

4. ¢(10 - b) = -be + 10c 


An identity is true for one value of the 
variable whereas a conditional equation 
is true for many values of the variable. 


A conditional equation reduces to an 
identity when the variable is replaced 

by 

1. the arbitrary constant in the equation 
2. the fixed constant in the equation 

3. an arbitrary numerical value 

4. a root of the equation 


In solving a linear equation by manipu- 
lating both sides of the equation, divi- 
sion by zero is not permitted. 
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8-16. What is the value of x in the equation 


x+1= 1? 
1. 0 
2.1 
3. 2 
4. Not solvable 
8-17. What is the value of y in the equation 
Le 
: 7 6? 
1= . 
7 3. 7 
2. 6 4. 42 
8-18. What is the value of x in the equation 
7x = 197 
1. 2.6 aver 
19 
2.2.9 4, 22 
7 


8-19. What is the value of x in the equation 


ey 12 = 15? 
1.7 
2. 14 
3. 21 
4. 28 


8-20. The equation 8x - 3 = 37 can be solved 

by 

1. dividing both members by 8 and then 
adding 3 to both members 

2. adding 3 to both members and then 
dividing both members by 8 

3. subtracting 3 from both members and 
then dividing both members by 8 

4. subtracting 37 from both members and 
then dividing both members by 8 


8-21. What is the value of x in the equation 


x - 4 = 2x - 8? 


= 
L.- 5 
2. -4 
S 
a 5 
4. 4 


8-22. 


8-23. 


8-24. 


8-25. 


8-26. 


8-27. 


To solve the equation 
2 - 22 = 8z +1, 


you first multiply both members by 7. 
What steps must you take next? 

1. Add 9z to both members and divide both 
members by 7. 

Subtract 19z from both 
divide both members by 
Subtract 56z from both 
divide both members by 
Subtract 19z from both 
divide both members by 


members and 
75. 

members and 
-65. 
members and 
37. 


What is the value of x in 
ax + b = 0? 


the equation 


l. a-b 
2. b-a 
~_ —b 
3. a 

-a 
4. b 


Which of the following procedures can be 

used to solve the equation 

cy + 7 = 10 ~ dy for y? 

1. Add dy to both members, factor out the 
coefficient of y, and then divide both 
members by c +d 

Add dy to both members, factor out the 
coefficient of y, and then divide both 
members by c - d 

Add dy -7 to both members, factor out 

the coefficient of y, and then divide 

both members by c + d 

Add dy -7 to both members, factor out 

the coefficient of y, and then divide 

both members by c - d 


What is the value of x in the equation 
2x - [x - (3a + 7)] = 17 + 2(x + 4)? 


2. 


What step must you take first when you 
solve the equation 
Sf , il. kX 3 
12 
1. Divide both members by y. 
2. Multiply both members by 12. 
3. Multiply both members by 36. 
4. Subtract 5, Sree both members. 


What is the numerical value of y in the 
equation 


1. 
2. 
3. 
4. 
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8-28. 


8-29. 


8-30. 


8-31. 


8-32. 


8-33, 


8-34. 


8-35. 


. If 


The general form, ax + b = 0, does not 
represent 7x - [4 - (6 + x)] = 4. 


What are the values of the constants 
a and b when the equation 


9 - (2 - Bx) = 14x + 12 
is simplified and put into the general 


form 
lea 


Assume that two resistors connected in 
parallel have a resistance of 240 ohms. 
The markings on R), indicate that it has 
a resistance of 400 ohms. Overheating 
has burned off the marking of Rj. The 
total resistance of two resistors con- 
nected in parallel is given by the 
formula 


Re ~ Ry * Re" 
What is the resistance of Rj? 
1. 600 ohms 
2. 800 ohms 


3. 1,000 ohms 
4. 1,200 ohms 


Which equation expresses the following 
statement? Three numbers are such that 
the second is twice the first and the 
third is seven less than three times the 
second and the sum of the three is 38. 
1. 9x = 63 

2. x + 2x + 6x = 31 

3. x + 2x + 3(2x - 7) = 38 

4. x + 2x + (6x - 7) = 38 


The inequation x + 7 > 15 has 
1. a finite number of solutions 
2. a solution of x = 8 

3. a solution set 

4. one solution 


The two inequalities 5 > 3 and 3 < 5 
have the same sense. 


If the same negative number is added to 
both sides of an inequation, the sense 
of the inequation is reversed. 


How may the value of x be identified in 
the inequation x + 4 < - 7? 

1. >- li 

2. - 3 

3. - 11 

4. - 15 


mm OM 
ANA 


both members of an inequation are 
multiplied by a positive number less than 
one, the sense of the inequation is re- 
versed. 


8-37. 


8-38, 


8-39, 


8-40. 


8-41. 


8-42, 


8-43. 


8-44. 


8-45. 


How may the value of x be identified in 
the inequation 4 - x > 8? 


lx>-4 
2.x<-4 
3. x < - 12 
4. x> - 12 
If x2 > 9, the solution set includes 


In the Cartesian or rectangular coordi- 
nate system, the x and y axes intersect 
at an angle of 


In writing the coordinates of a point in 
the Cartesian coordinate system, the y 
coordinate is always written second. 


What are the coordinates of the origin 
point? 


1. di, 
2. (1, 
3. (0, 
4. (0, 


0) 
1) 
0) 
1) 


What are the coordinates of a point lo- 
cated 3 units below the x-axis and 7 
units to the right of the y-axis in a 
Cartesian coordinate system? 


1. Ordinate is 3, abscissa is 7. 
2. Ordinate is -3, abscissa is 7. 
3. Ordinate is 7, abscissa is -3. 


4. Ordinate is ~7, abscissa is -3. 
Refer to figure 12-1 in your textbook. 
In a rectangular coordinate system, the 
point with coordinates (2, -1) is lo- 
cated in which quadrant? 

1. First 

2. Second 

3. Third 

4. Fourth 


When the rectangular coordinates of a 
point are squared, numbers result that 
represent the rectangular coordinates 
of another point. The two points will 
be in the same quadrant only if the 
original point was in which quadrant? 
1. First 

2. Second 

3. Third 

4. Fourth 


The quadrant in which both x and y are 
negative is the 

1. first 

2. second 

3. third 

4. fourth 
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8-46. The graph of x ~ y * 4 reveals than an 
infinite number of points satisfy the 
equation, 

8-47. The x-coordinate of a point lying on the 


graph of the eauation 3x + y = 2 is 9. 
What is the y-coordinate of the point? 


1. -21 
2. —24 
3. -25 
4. ~29 
8-48, Which of the following pairs of coordi- 


8-49, 


nates are the coordinates of a point 
lying on the graph of the equation 
3y - 2x = -1? 

1. (-5, 2) 

2. (1, -3) 

3. (8, 6) 

4. (ll, 7) 


How many points do the graphs of the 
equations 6x - 3y = 7 and 12x - 6y = 14 
have in common? 

1. None 

2.1 

3. 2 

4. An infinite number 


8-50. Assume that a line is drawn through the 
points with coordinates (-2, 10) and 
(5, -11). Which of the following equa- 
tions is the equation of that line? 

1. x-7s -9 

2. 2x + 2y = 5 

3. 3x +y = 4 

4. 4x - 3y = 11 

8-51. Which of the following pairs of numbers 
is a solution of the equation 

17x + 8y = -15? | 


8-52. If both point A and point B satisfy both 
linear equation 1 and linear equation 2, 
then equation 1 and equation 2 represent 
the same straight line. 


8-53. To find the y intercept of a linear 
equation, let y = 0. 


8-54. Which of the following equations has a 
graph with an x intercept of 4 and a y 
intercept of 6? 

1. 3x + 2y = 12 
2. y- 2x =4 
3. 2y - 3x = 6 
4. 6x + 4y = 2 


8-55. An equation that contains y as the only 
variable always has a graph that 
1. passes through the origin 
2. has an x intercept 
3. lies parallel to the x-axis 
4. lies parallel to the y-axis 


8-56. What is the graph of the equation 
x = 0? 
1. The x-axis 
2. The y-axis 
3. A horizontal line above the x-axis 


4. A vertical line to the right of the 
y-axis 


8-57. If two linear equations are satisfied by 
the point (3, 4) and if this point is the 


only point satisfying both equations, 
then the two lines are parallel. 


8-58. The graphical method of solving simul- 
taneous equations is an exact method. 


8-59. In solving a pair of simultaneous linear 


equations by the addition method, you 

must first 

1. add the two equations 

2. subtract one equation from the other 

3. make the coefficients of both vari- 
ables the same in both equations 

4. make the coefficients of one of the 
variables the same, except for sign, 
in both equations 


8-60. One way to eliminate x from the equations 


3x + 2y = 6 and 5x + 7y = 43 when solv- 

ing by means of the addition method 

is to 

1. multiply the first equation by 5 and 
the second equation by -3 

2. multiply the first equation by 3 and 
the second equation by 5 

3. subtract the first equation from the 
second 


4. subtract the second equation from the 


first 


8-61. In eliminating y from the simultaneous 
equations 
2x + 7y = 3 
3x - 5y = 31 


by the method of addition, the resulting 


equation is 
1. 5x = 34 
2. 29x = 176 
3. 31x = 232 
4. 31x = 372 


8-62. 


8-63. 


8-64. 


8-65. 


8-67. 


The substitution method of solving simul- 

taneous linear equations involves replac- 

ing one of the variables in one equation 

with 

1. the variable's coefficient in the 
other equation 

2. its value in terms of the other 
variable 

3. the other equation 

4. the constant from the other equation 


In solving the system of equations, 

2x - 3y = 4 

x + 2y = 6 
by the substitution method, which of the 
following is a correct substitution for 
a variable from one equation into the 
other? 
1, x = 2y + 6 
2. x= 3y +4 


._ 4 - 2x 
3. y = moe a 

=-3-x 
4. y 7 


After substituting for one variable in 
the method of substitution, the two 
original simultaneous equations are re- 
duced to one equation in one variable. 


Which of the following sets of expres- 
sions is a solution of the simultaneous 
equations 


4x+yra 
3x + 2y = b? 
1 Za -b 4b - 3a 
° 5? 5 
0. eee BS b -b- a 
e a. 5 
3. x 2a - 3b = 3a ~ 4b 
: 5 : 5 
ee 3a_- 2b .- 4b-a 
: ae 5 


A form of the first-degree equation in 
two variables is 

1. x2 + py2=q 

2.x + py? =q 

3. x2 + py =q 

4. x+ py =q 


Where do the graphs of a pair of simul- 
taneous equations intersect if the con- 
stant term of each equation is zero? 

1. On the positive x-axis 

2. On the positive y-axis 

3. At the origin 

4. At infinity 


8-68. 


8-69. 


8-70. 


8-71. 


Refer to figure 12-8 in your textbook 
which shows the graphs of two parallel 
linear equations. Which of the follow- 
ing statements concerning the nature of 
the two equations is true? 


1. The equations contain an x term only. 
2. The equations are identical except for 


the value of the constant term. 

3. The equations have the same constant 
term. 

4. The equations both have zero con- 
stant terms. 


How many solutions does a pair of simul- 


taneous equations in two variables have 
if the graphs of the equations are 
parallel? 

1. None 

2.1 

3. 2 

4. An indefinite number 


Which of the following sets of simul- 
taneous equations cannot be solved? 
1. x - 2y = 0 and 2x+7=0 

2. x + 3y = 4 and 2x + Sy = 8 

3. 2x + y = 9 and 2x + y = 18 

4. 2x + 3y = 5 and 2x + 7y = 10 


A hawser was originally 70 feet long. 
After it was cut into two pieces, one 
piece was 8 feet longer than the other. 
What are the two equations you must 


solve to find the lengths of the two 
pieces? 

1. a+b = 8 and a - b= 70 

2. a+b = 70 and a - b = 8 

3. a+b = 78 and a - b = 62 

4. a+b = 62 and a- b = 78 


51 


8-72. 


8-73. 


8-74. 


8-75. 


A man takes his boat up a river at 8 
miles per hour and returns to his start-— 
ing point at his top speed of 22 miles 
per hour. If he must complete his trip 
in 3 hours, about how far up the river 
can he go? 


1. 16 mi 
2. 16.7 mi 
3. 17 mi 
4. 17.6 mi 


When two batteries are connected in 
series, their combined voltage is 120 
volts. If the batteries are wired so 
that their resulting voltage is equal 
to the difference between their voltages 
rather than their sum, the combined 
voltage is 60 volts. What are the 
voltages of the two battery units? 

1. 20 v and 100 v 

2. 30 v and 90 v 

3. 40 v and 80 v 

4. 50 v and 70 v 


The plot of the inequation x - y > 5 is 
made by first plotting 

1. random points 

2. many points 

3. two points 

4.x-yrs 


The plot of the simultaneous solution of 
x + y > 5 and x - y > 1 is the overlap 
of the plot of the individual areas 
x+y> 5 andx-y>dl. 


Assignment 9 


Ratio, Proportion and Variation; Dependence, Functions and Formulas; Complex Numbers 


Textbook Assignment: 


9~1. 


9-2. 


9-3. 


9-5. 


A radio operator has a top code speed of 
45 words per minute, How fast can he take 
code compared with an average operator who 
has a speed of 36 words per minute? 

1. 17, times as fast 


2 fast 


= 
! 


1 
times as 
5 


3. 3 times as fast 


4. l= times as fast 
When ratios are used to compare two quan- 
tities, the quantities must be stated in 


the same units. 


Which of the following ratios is equivalent 
to the inverse of the ratio 42:48? 


3 1 
1. z 3. 8 
12 4. 8 

3 7 


Which of the following expresses the ratio 
of 8 ft 3 in. to 3 in., when reduced to its 
lowest terms? 


1. 2 ft 9 in, 3, 33 
1 

>, 8 ft 3 in. 4, 2% 
3 in. 3 


The usual methods of 
proportion are 


expressing the same 


1. 2 - oi 3:6 = 1:2; 3:62:1:2 
3-1 3. 6 
2 >= 3:2 = 1:6; > = = 
a 2 3 Ped 2 


3. 396212; 2 
6 


Chapters 13, 14, 15 (158-164) 


9-6, 


9-7. 


9-9, 


9-10, 


9-11. 
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What are the means in the proportion 
2:3 = 10:15? 


1. 2 and 3 3. 3 and 10 

2. 2 and 10 4, 3 and 15 

In the proportion 2 = = the extremes are 
1. a andc 3. ¢ and b 

2. a andd 4. d andc 


In a proportion, where does the factor of 

proportionality appear? 

In the means 

. In the extremes 

. In the numerators of both ratios 

« In the numerator and denominator of 
one ratio 


What is the factor of proportionality in 


9 63 

th ion = = —— 

e proportion D 719 
1. 3 3. 7 
2.4 4. 8 
The proportion rig 3 is equivalent to 
the equation 
1. 9x = 8 3. 16x = 2 
2. 9x = 32 4. 16x = 18 
What is the value of x in the proportion 
3% 
x Qt 
1, 14 3, 24714 
2. 33 4. + 733 


9-12. 


9-13. 


9-14. 


9-15. 


9-16. 


9-17. 


What is the third proportional in a pro- 
portion whose first proportional is 15 and 
whose mean proportional is 105? [Hint: In 
a proportion with equal inner terms; x:y = 
yi:z, z is called the third proportional. ] 
1. 585 

2. 615 

3. 735 

4. 1,575 


What is the value of x in the proportion 


42.,b, 
x c 

a 
1. be 
2.85 

b 
3. 2 
4. be 


If the numbers a, b, c, and d are in pro- 


portion in the arrangement ‘ <, there are 
other arrangements of a, b, c, and d which 
will form a proportion, 


Which of the following proportions is ob- 
a 7 


2 6b 


tained from the proportion by 


inversion? 
a 


ine =) 
2-9 


3. 


® |r 


Ls 
7 


2.2 4, 
7 


o Iw 


= 
b 


m 


n 


If B= BP, the proportion formed by alter- 
q 

nation is 

l. mip = niq 

2. nim = q:p 

3. niq = mip 

4. p:m = qin 


A post and a flag pole, both vertical to 
the ground, cast shadows of 3 ft and 10 ft, 
respectively. If the post is 6 ft 6 in. 
tall, how tall is the flag pole? 

1, 19 ft 6 in. 

20 ft 

21 ft 8 in, 


2. 
3. 
4. 65 ft 
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9-18. A 3-foot scale model is made of a ship that 


9-19. 


9-20. 


9-21. 


9-22. 


is actually 180 feet long. Let x = the 
scale length of a mast that is actually 40 
feet long. Which of the following propor- 
tions will express the relationship between 
the mast length of the model and the mast 
length of the actual ship? 


180 40 
1. 3 ; 
3 180 
ee 40,2 x 
3 40 
3+ 7 Teo 
4. All of the above proportions 


How many seconds does a chronometer lose 
in a week if it loses 9.0 seconds in 30 


sec 
sec 
sec 
sec 


If a destroyer travels at the rate of 24 
knots, how long does it take to go 84 
nautical miles? 

1. 3.1 hr 

2. 3.2 hr 

3. 3.3 hr 

4. 3.5 hr 


The depth of water at a beach increases 
smoothly from zero at the shore to 120 
feet at a distance of 2,000 yards out. 
How close to the shore can a small craft 
with a draught of 3 feet come without 
running aground? [Note: 2,000 yards 
must be converted to feet before working 
the problem. ] 

1. 90 ft 

2. 150 ft 

3. 160 ft 

4. 180 ft 


A ship's radar screen has a target blip 
showing inside the 20,000-yard range 
circle. If the radius of the 20,000-yard 
range circle is 5 inches, and the blip is 


32 inches from the center of the screen, 
how far is the target from the ship? 

1. 11,000 yd 

2. 13,000 yd 

3. 15,000 yd 

4. 17,000 yd 


9-23. 


9-24, 


9-25. 


9-26. 


9-27. 


9-28, 


9-29, 


9-30, 


Which of the following is a situation in 
which x varies directly as y? 


4 
1lx== 3. xy = 6 
y y 
7 
~x= 4. = — 
2. xX = xy x ig y 


If x is directly proportional to y as in 
x = by, the expression b is called the 
1. mean proportional 

2. arbitrary constant 

3. third proportional 

4. constant of proportionality 


How may the rule that the perimeter (P) 
of a square is directly proportional to 
the length of the side (S) be expressed? 


4S 3. P = ks? 


k/S 4. P=kt+s 


As x increases, y decreases but the product 
xy is constant, is an expression of inverse 
variation involving variables x and y. 


Which of the following expressions illus- 
trates inverse variation? 


1. x = ky 3.x * 


“<b 


2. kx = y 4&.xezkty 


If 8 men can do a job in 7 days, 24 men 


‘can do the same job in how many days? 


1. 24 3. 
3 


2. 3 


km! 
How does F vary in the equation F = a 
and ma, and inversely as k 
and m!, and inversely as d@ 
and d, and inversely as nm 


Jointly as m 
Jointly as m 
Jointly as k 
and m! 
Jointly as k 
m and m! 


and d*, and inversely as 


Which of the following is an example of 
joint variation? 
1, A = LW 


3. C = 20D 


2. A= mr 4, P = 4S 
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9-31. 


9-33. 


9-34. 


9-35, 


9-36. 


9-37. 


The power dissipated by a resistor varies 
directly as the square of the applied volt- 
age and inversely as the magnitude of the 
resistance, How will the amount of dissi- 
pated power change if the resistance is 
doubled and the voltage is halved? 

1. It wili increase to twice its original 
value. 

It will increase to four times its 
original value, 

It will decrease to one-eighth its 
original value. 

It will decrease to one-fourth its 
original value. 


What is the dependent variable in the 


formula for the area of a circle, A = mr2? 
ler 3.07 
2, r@ 4, A 


In standard practice for any formula of 
the form y = 2z, y is the independent 
variable. 


If the length of a rectangle is tripled 
and the width is multiplied by five, the 
area is multiplied by 


What is 
1. y is 
2. y is 
3. y is 
4. y is 


meant by the notation y = f(x)? 
f times x. 

bigger than x. 

a function of x. 

not related to x. 


For the function y = 4, which of the fol- 


lowing statements is true? 


1. If x is halved, y is halved. 

2. If x is doubled, y is halved. 

3. If x is doubled, y is doubled, 

4. If x is increased, y is increased. 


In the formula 


_ _108 


Rene 2nfC ? 


which of the following changes will re- 
sult in a decrease in X,? 

1. A decrease in C 

2. A decrease in f 

3. An increase in C 

4. Each of the above 


9-38. 


9-39. 


9-40, 


9-41. 


9-42, 


What is the subject of the formula 


Vez zm? 
r 
As 3. 
J 3nr3 
2. r3 4. V 


A formula differs from an equation in that 
the subject of a formula normally appears 
1. on both sides of the equality sign 

2. together with other variables 

3. without subscripts 

4. only once 


The symbols R, and Ry differ and are read 
R prime and R double prime. 


Which of the following formulas can be 
derived from the formula 


te 
. 
ox 
" 

a [ee 


How should the formula 
2 
bg 

T=— +L 
4 


be rewritten so that the new subject is r? 


1. + 2¥P +1 3. 4(T - L) 
2. +247 - L 4. +4/T— 1 
9-43. What is the value of A given by the formula 


9-44. 


A = 2s* + 4sh if s = 19 and h = 25? 


- 2,622 
- 2,648 
- 2,662 
- 2,688 

eiR2 
Ry + Ry 
and Ry = 5,000, what is the value of R,? 


Ife, = » and e, ™ 75, e, = 120, 


1. 1,000 
2. 2,000 
3. 3,000 
4. 4,000 


55 


9-45. 


9-46. 


9-47, 


When L equals length and H equals height, 
both in feet, R equals gallons required 
per one square foot of area, and Q equals 
quantity of paint in gallons, what formula 
should be used in estimating the total 
quantity of paint required to paint a 
large bulkhead? 


1.0=LH+R 3. Q = LHR 
2,Q0=LR+H 4.q2% 


If V = the volume of a cylinder, h = its 
height, and r = its radius, what is the 
tormula which indicates that the volume of 
a cylinder is equal to m times the square 
of the radius times the height? 


1V = a 3. V = mrh2 
2 
2.V= xh 4, V = nr2h 


Height in feet(H) Time in seconds (t) 


2,600 5 
4,400 10 
5,400 15 
5,600 20 


Table 9A,--Height-time relationships. 


Table 9A shows the relationship between 
the height reached by a shell fired 
with an upward velocity of 600 feet per 
second and the time of flight. Which 
formula expresses this relationship? 


1. H = 600t + 16t2 


2. H = 600t - 16t2 
3. H = 600t2 + 16t 
4. H = 600t2 - 16t 


9-48. The formula 


9-49, 


9-50. 


2. 


R1R2 


R, + R, 


ae 


shows the relationship between the total 
resistance Re of a parallel circuit and the 
two individual resistances, R, and Rp. 

When you solve this formula for Rj, you get 
a formula that says R 
1. sum of Ry and the total resistance di- 


is equal to the 


vided by the product of R2z and the total 
resistance 

sum of Rg and the total resistance di- 
vided by Ry minus the total resistance 


3. product of R2 and the total resistance 


divided by the sum of R2 and the total 
resistance 


4. product of Rg and the total resistance 


divided by R2 minus the total resistance 


Which of the following completes the table? 


2. 12n 


Which of the following statements is re- 


flected by the formula 


A= Ep, + Ba)? 

1. The area of a figure is twice the height 
and the sum of the bases. 

The area of a figure equals one half of 
the height times the sum of base 1 and 
base 2. 

The area of a figure 
height multiplied by 
bases. 

The area of a figure 
multiplied by base 1 
of base 2. 


is two less than the 
the sum of the 


equals the height 
added to one half 


Ww > 


™ 


T (TIME IN HOURS) 


10 20 30 40 50 
C (WEIGHT OF CARGO IN TONS) 


Figure 9A.--Graph showing weight-time 
relationships. 
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9-51. 


9-52. 


9-53. 


9-54. 


9-55. 


9-56. 


9-57. 


9-58. 


9-59, 


The graph in figure 9A shows that the time 
required to load a certain type of cargo 
varies with the amount loaded. What formu- 
la for the time consumed can be derived 
from the graph? 


1 lfc 
Tec +1 ~Tesfe+l 
t 7 ) a3 a 

2d 1 Ge pe WO 
2.t-Hc+3| T c+) 


Figure 14-5 in your textbook depicts two 
ships leaving port at the same time. If 
the Ist ship leaves port at 1000 hours on 
a constant heading and the 2nd ship leaves 
port at 1100 hours on a different constant 
heading, how many miles will each ship 
have traveled when they are the same 
distance from port? 


1. 10 miles 
2. 30 miles 
3. 50 miles 
4. 65 miles 


The real number system consists of 

1. real and imaginary numbers 

2. complex, rational, and irrational 

3. integers, irrational numbers, and 
complex numbers 

4. rational, irrational, positive and 
negative numbers 


An 
of 


imaginary number occurs in the solution 
the equation x* - 9 = 0. 


In the imaginary concept, both i and j are 
used to represent the square root of minus 
1. 


Reduce y¥~27 to its simplest form. 
1. iv27- 

2. 343i. 
3. 3173 
4. -373 


When the expressionV-98 is reduced to its 
simplest form, what is its appearance? 


1. iv98 3. 7442 
2, V2 4. 724i 


Imaginary numbers are a product of the 
imagination and have no physical meaning. 


Which of the following numbers is real 
and greater than zero? 

l,i 

rae lee 


9-61. 


9-62. 


9-63. 


9-64, 


9-65. 


9-66. 


9-60. Which of the following equations yields an 


when solved for x? 
+5 


imaginary number 
1. x(x + 2) = 2x 
2. x(x + 2) = 2x 
3. x(2x +1) =x 
4. x(2x - 1) =1 


+i 


5 
1 
x 


What is the result when the expression 
i!9 is reduced to its basic value? 
1. -i 


The simplest method of expressing it3 is 
1. -t 

2.1 

3. <1 

4, 1 
Operation with -1 is equivalent to a 
rotation of how many degrees? 

1.0 

2. 90 


3. 180 
4. 360 


The rotation resulting from multiplication 
by 2i is twice the rotation resulting from 
multiplication by i. 


Multiplying a number successively by i 
four times results in a rotation of how 
many degrees? 

1. 60 

2. 90 

3. 180 

4. 360 


In the complex plane,the vertical axis is 
called the axis of imaginaries. 


@ in answering items 9-67 through 9-69, 


refer to figure 9B. 


AXIS OF IMAGINARIES 


Figure 9B.--Numbers plotted in the complex 
plane. 
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9-67. 


9-68. 


9-69. 


9-70. 


9-71. 


9-72, 


9-73. 


9-74, 


9-75. 


The product of which two numbers is a 
number less than zero? 

and D 

and F 

F and D 

é and F 


Which number is a pure imaginary? 
1A 
2. B 
3. C 
4. D 
Which number is of the form a + bi, where 
both a and b are less than zero and the 
number a is a real part and bi is the 
imaginary part of the complex number? 
1A 

2. B 
3. D 
4. E 
In which quadrant is the complex number 
-3 + 41 plotted? 

l. First 

2. Second 

3. Third 

4. Fourth 


The complex number 0 + 3i is a pure 
imaginary, 


What is the proper procedure for finding 
the length of the vector representing a 
number in the complex plane? 

1. Add the real and imaginary coefficients 
and square the sum. 

Multiply the real and imaginary coef- 
ficients and take the square root of 
the product. 

Square the real and imaginary coeffi- 
cients, add the squares, and take the 
square root of this sum. 

Square the imaginary coefficient, multi- 
ply by the real coefficient, and take 
the square root of this product. 


2. 


3. 


4. 


A vector represents both direction and 
magnitude. 


The length of a vector represented by 
-3 -4i is 
1. 3 units 
2. 4 units 
3. 5 units 
4. 7 units 


Refer to figures 15-8 and 15-9 in your 
textbook. If a vector is designated by the 
value -6 + 8i, where is it located? 

1. Left of the Y axis and above the X axis 
2. Left of the Y axis and below the X axis 
3. Right of the Y axis and above the X axis 
4. Right of the Y axis and below the X axis 


Assignment 10 


Complex Numbers; Quadratic Equations in One Variable; Plane Figures 


Textbook Assignment: 


10-1. 


10-2. 


10-3. 


10-4. 


10-5. 


10-6. 


The coefficient of the imaginary part of 
the sum of two complex numbers is equal 
to the 

1. sum of the real and imaginary coeffi- 
cients of the two complex numbers 

sum of the real coefficients of the 
imaginary parts of the two complex 
numbers 

difference of the imaginary coeffi- 
cients of the two complex numbers 
product of the imaginary coefficients 
of the two complex numbers 


What is the sum of 1 + i and 7 - 6i? 
1. -6 + 7i 

2, 2+i 

3. 8 - 5i 

4. 8 - 64 


What is the product of 1 + ¥-7 and 


-3 -vY-11 ? 

1. -3 + ¥77 - i(3V77 +711) 
2. -3 - 477+ i(3 V7 +711) 
3. -3 + V777 + i(3 V7 -VY 11) 
4. -3 - V7 +i(-3 V7 +711) 


What is the simplified product of 


How is the conjugate of a complex number 

formed? 

1. By changing the sign of the real part 

2. By changing the sign of the imaginary 
part 

3. By multiplying the real part by i 

4. By mmltiplying the imaginary part by i 


Both the sum and product of two conju- 
gate complex numbers are real numbers. 
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10-7. 


10-8. 


10-9. 


10-10. 


10-11. 


Chapters 15 (164-166), 16, 17 (181-186) 


Which of the following numbers can be 
represented as the product of two con- 
jugate complex numbers? 


1. 3+ 121 
2. 8 - 1214 
3. 8 

4. 121i 


When dividing one complex number by 

another you should first multiply the 

1. dividend and divisor by the conjugate 
of the dividend 

2. dividend and divisor by the conjugate 

of the divisor 

dividend and divisor by i 

dividend and divisor by 1 - i 


3. 
4. 


Which of the following numbers is equal 
to 


8 - i 

241i 
1i1+i 
2. 1- 31 
3. 2+ 21 
4. 3 - 21 
When the expression 

2+ 
i 

is simplified, what is the result? 
1. 214 3. 2i+1 
2. 1 - 24 4. 2i-1 


What determines the degree of an equa- 

tion that contains various powers of x, 

but no other variables? 

1. The number of terms in the equation 

2. The number of different powers of x 
that appear in the equation 

3. The highest power of x that appears 
in the equation 

4. The coefficient of the highest power 
of x that appears in the equation 


10-12. 


10-13. 


10-14. 


10-15. 


10-16. 


10-17. 


10-18. 


What is the coefficient of the constant 
term in the equation 


2x9 - 5x2 + 3x! = 07 


1. +2 

2. -5 

3. 43 

4. 0 

What are the coefficients of the equa- 
tion 

3 2 - 38 

atx? - 12) + 2x = x + (x - 1) 
when it is simplified and put into gen- 
eral form? 

loazl, b=-l,c x2 

2,.a21, be l1l,c# 2 

3. a= 1, b2 2, c¢ 2 -1 

4.a21, b#® -2, c= 1 


The expression ax? + bx + c = 0 repre- 
sents a quadratic equation except when 
leawc 
2.a 0 
3. bec 
4. b= 0 


If an equation contains only the single 

variable x, the number of solutions is 

determined by the 

1. number of terms in the equation 

2. number of different powers of x that 
appear in the equation 

3. highest power of x that appears in 
the equation 

4. coefficient of the highest power of 
x that appears in the equation 


The equation x? - 8 = 0 has how many 
roots? 

1. One 

2. Two 

3. Three 

4. Four 


Which of the following values of x are 
roots of the equation 


x? - 8x + 15 = 02 
1 and x = -7 
2 and x = 4 
-2 and x = 4 
3 and x = § 


w& 
Py 
“MRR OM 
oeued 


The factoring method of solving quadratic 

equations is based upon the fact that 

1. every equation can be factored 

2. every quadratic equation can be 
factored 

3. the product of two factors ia zero 
only if at least one of the factors 
is zero 

4. the product of two factors is always 
greater than zero 


59 


10-19. 


10-20. 


10-21. 


10-22. 


10-23. 


10-24. 


10-25. 


What are the two roots of x* - 100 = 0? 
1, 2, -50 3. 10, 10 


2. 5, 20 4. 10, -10 


Assume that you wish to solve a second 

degree equation by the factoring method. 

What is your next step after you sepa- 

rate the equation into its factors? 

1. Set the product of the factors equal 
to zero and solve for x. 

2. Set each factor equal to zero and 
solve both equations for x. 

3. Set the factors equal to each other 
and solve for x. 

4. Set the factors equal to 
equation and solve for x. 


the original 


To solve the quadratic equation 
3x2 - 17x - 28 = 0 
by the factoring method, the equation is 
first factored into 
1. (x - 7)(3x + 4) = 0 
2. (x + 7)(3x - 4) = 0 
3. (3x - 7)(x + 4) = 0 
4. (3x + 7) (x - 4) = 0 


One solution of the equation 
x? ~ 0,07x + 0.0006 = 0 is x = 0.01. 


What are the roots when the quadratic 


equation 
2x - 48 = -x? 
is factored? 
1. 12, 4 3. 4, -12 
2. 6, 8 4. -8, 6 


What is the relationship between the 
first-degree term and the constant term 
in the perfect square trinomial 

x2 + bx +c = 0? 

l. The constant term is the square of 
the coefficient of the first-degree 
tern. 

2. The constant term is the square of a 
the coefficient of the first 2 
degree term. 

3. The coefficient of the first-degree 
term is the square root of the con- 
stant term. 

4. There is no predictable relationship 
between the first-degree term and the 
constant tern. 


What happens to the original constant 
term of a quadratic equation when you 
solve the equation by completing the 


square? 

1, It is squared. 

2. It 1s divided by 2 and squared. 

3. It is multiplied by half the coeffi- 
cient of the x term, 

4. It is placed on the right side of 


the equation. 


10~26. 


10-27. 


10-28. 


10-29. 


10-30. 


10-31. 


10-32. 


When you solve the equation 
x* + 8x - 9 = 0 


by the method of completing the square, 
what number do you add to both sides of 
the equation after you put the constant 
term in its proper position? 

1. 8 

2. 16 

3. 32 

4. 64 


When you solve a quadratic equation by 

the method of compieting the square, you 

must first make the coefficient of the 

x2 term equal to 

1. zero 

2. one 

3. half the coefficient of the x term 

4, the square of half the coefficient of 
the x term 


When the quadratic equation 
x* + 6x - 1 = 0 
is solved by completing the square, what 
results after taking the square root of 
both sides of the equation? 
1. x+3 710. 
2. x + 3 = 110 
3. x+3 = #/10 
4, (x + 3)? = Yi0 


When the caer equation 

x?+ 3x = 5 is solved by completing the 
square, what are the roots of the 
equation? 
1. 3441 3. te 
2, 2231 4. -221i/3) 

°“ 2 #12 ‘* 2 2y 3 
Completing the square, like factoring, 


cannot be used to solve every quadratic 
equation. 


What number appears under the radical 
sign when you use the quadratic formula 
to solve the equation 


2x? - llx +1 = 02 

3. 113 

4. 146 
When the equation ax? + bx + c = 0 is 
solved by completing the square, the 


resulting quadratic formula represents 
the solution of all quadratics. 
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10-33. 


10-34. 


10-35. 


10-36. 


10- 37. 


10-38. 


Which of the following is derived when 
the equation 


3x2 - 5x +4=0 
is solved? 


5+i /23 5 +4 /23 
1. r 3. ; 
eae 423 5 + V73 
mer me oer ree 


Which of the following may be used to 
solve the quadratic equation 


2x2 - x - 2 = 0? 


1+ /17 -1 - /i7 
Ly 4 3. 4 
1 - Y17 
2. 4 4. Both 1 and 2 above 


A quadratic equation having real roots 

may be solved by which of the following 

methods? 

1. Completion of the square and graphing 

2. Completion of the square and factor- 
ing 

3. The quadratic formula and graphing 

4. All of the above 


In order to graph the expression 

2x? + 4x + 3, it is first necessary to 

1. divide the expression by x? 

2. subtract 3 from the expression 

3, divide the expression by 24 

4. let 2x? + 4x + 3 equal a second 
variable 


ax* + bx + c = 0 lie on 
the equation 
+ c at the points where 


The roots of 
the graph of 
y= ax? + bx 
1x y 

2. the graph 
3. the graph 
4. the graph 


has a maximum or minimum 
crosses the x-axis 
crosses the y-axis 


Which of the following statements de- 
scribes the curve of the equation 
y = -4(3x + 1) - 5x2? 
curve opens upward and crosses 
x-axis at 2 points to the left of 
y-axis. 
The curve opens upward and crosses 
the x-axis at 2 points to the right 
of the y-axis. 
The curve opens downward and crosses 
the x-axis at 2 points to the left of 
the y-axis. 
The curve opens downward and crosses 
the x-axis at 2 points to the right 
of the y-axis. 


1. The 
the 
the 


10-39. When the value of a in the quadratic 


y= ax? + bx te 
is negative, the parabola formed by 
graphing has a minimum value. 


@ In answering items 10-40 through 10-42, 
refer to pages 174 and 175 of the text and the 
following information. 


The relationship between the time of flight 
(in seconds) and the altitude (in feet) of a 
projectile is given approximately by the 
quadratic formula 


a= vt - 16t4 
where v is the muzzle velocity of the projec- 
tile. Assuming that a gun having a muzzle 


velocity of 400 ft per second is fired, the 
formula for altitude becomes 


a = 400t - 16¢2 


10-40. How long after the gun is fired will the 


projectile hit a surface target? 
1. 20 sec 
2. 25 sec 
3. 30 sec 
4. 35 sec 


10-41. The negative coefficient of the t? term 


of the formula indicates that the pro- 
jectile will have a 

1. Maximum altitude 

2. Minimum altitude 

3. Constantly decreasing altitude 

4. Constantly decreasing speed 


10-42. What will be the maximum altitude 
reached by the projectile? 
1. 750 ft 
2. 1,500 ft 
3. 1,750 ft 
4. 2,500 ft 


10-43. What is the smallest value that y can 
have if y = x? + 10x + 32? 


10-44. What is the x-coordinate of the point on 


the graph of the equation 
y = 3x? - 2x + 17 
that is closest to the x-axis? 


L 2 
1. 4 3. 3 
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10-45. The general form of the quadratic equa- 
tion has imaginary roots whenever 
1. b2 is less than 4ac 
2. b2 is greater than 4ac 
3. 4ac is less than zero 
4. 4ac is greater than zero 


10-46. What is the other root of a quadratic 
equation when one of its roots is 2 + iv3? 
1. -2 + 34 
2, 2-173 
3. 2-143 
4, -2 - 7-3 


10-47. Which of the following statements de- 
scribes the curve of a second degree 
equation with a discriminant that is 
equal to zero and an x? term coefficient 
that is positive? 

1. The curve reaches a maximum below 
the x-axis. 

2. The curve reaches a maximum on the 
x-axis. 

3. The curve reaches a minimum above 
the x-axis. 

4. The curve reaches a minimum on the 
x-axis. 


10-48. A quadratic equation that can be 
separated into two identical factors 
always has a discriminant that is 
1. less than zero 
2. equal to zero 
3. greater than zero 
4. not a perfect square 


10-49. Which of the following sets of co- 
efficients will give the equation 
ax? + bx + c¢ = 0 
roots that are rational, unequal, and 
that do not contain an imaginary term? 
le a=2,bdb29, c27 


2. am =-2, b2 2, c = 8 
3. a=4,b=6, c #5 
4. a= 6, b# -3, c= -1 


10-50. The roots of x2 + 4x + 4 = 0 are 
1. equal 
2. unequal 
3. positive 
4. imaginary 


10-51. The roots of the quadratic equation 
x2 +x+120 


are 
1. real 
2. equal 


3. rational 
4. imaginary 


Figure 10A.--Graph of four equations. 


@ In answering 10-52 and 10-53, refer to 
figure 10A. 
10-52. Which curve is the graph of an equation 
that has a double root? 
1 oA 3. € 
2. B 4.0 
10-53. Which graph is the graph of an equation 
that has zero as one of its roots? 
126A 3.6 
2. 8B 4. D 
10-54. How many points do the x-axis and the 
graph of the equation 
y = ax? +bx +c 
have in common when 
b? = 4ac? 
1. None 3. Two 
2. One 4. An infinite number 
10-55. How many points, if any, do the x-axis 
and the graph of a quadratic equation 
have in common when the discriminant of 
the equation is less than zero? 
1. None 3. Two 
2. One 4, An infinite number 
10-56. Which of the following is a line segment? 
1. , 
3. grits: eee 
se ae ee 2 
10-57. A part BC of the circumference of a 


circle is designated as 


arc BC 
line BC 


1. broken line 8C 3. 
2. dashed line BC 4. 
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10-58. 


10-59. 


10-60. 


10-61. 


10-62. 


10-63. 


10-64. 


10-65. 


10-66. 


10-67. 


It two lines intersect and form four 
equal angles, the lines are said to be 


3. concurrent 
4, perpendicular 


1. oblique 
2. parallel 


An acute angle may be defined as an angle 
of 


1. 90 degrees 3. 
2. 180 degrees 4. 


less than 90 degrees 
more than 90 degrees 


A straight angle is an angle of 


1. 90 degrees 3. less than 180 degrees 
2. 180 degrees 4. more than 180 degrees 


In figure 17-6 in your textbook, which of 
the following angles are called vertical 
angles? 


1 and 2 3 
1 and 3 4. 


Ne 


Which of the following angles are comple- 
mentary? 


1. 43 degrees and 47 degrees 
2. 60 degrees and 60 degrees 
3. 90 degrees and 30 degrees 
4. 100 degrees and 80 degrees 


Which angle has a value twice its own 
supplement? 


1. 60 degrees 3. 100 degrees 
2. 80 degrees 4. 120 degrees 


A square cannot be classified as a 
polygon because it only has four equal 
angles. 


Which of the following is not a part of 
a triangle? 


1. Arc 
2. Apex 


3. Base 
4. Vertex 


The altitude of any triangle, when drawn, 
will always lie inside the triangle. 


What is the area of a triangle whose 
base is 2 feet and whose height is 8 
inches? 


1. 8 sq ft 
2. 16 sq ft 


3. 96 sq in 
4. 192 sq in 


Figure 10B 


@ in answering item 10-68 refer to figure 10B. 
Area of triangle ABC + area of triangle 


(Hint: 
BCD = area of triangle ACD] 


10-68. What is the area of triangle ABC? 
1. 16 sq in. 
2. 20 sq in. 
3. 36 sq in. 
4. 72 sq in. 


10-69. When a triangle has sides of 15, 20, and 
25 units, it is classified as which type? 


1. Right 

2. Acute 

3. Isosceles 
4. Equilateral 


63 


10-70, 


10-71. 


10-72. 


10-73, 


10-74. 


10-75. 


If two sides of a triangle are 8 

units each, the triangle is classified 
as 

1. right 

2. scalene 

3. isosceles 

4. equilateral 


An equilateral triangle is also an 
isosceles triangle. 


A right triangle with a 10-degree 
angle also includes 

1. an obtuse angle 

2. a supplementary angle 

3. a 60 degree angle 

4. an 80 degree angle 


If a diagonal of any quadrilateral 
is drawn, it always divides the quadri~ 
lateral into two 
1. equal triangles 
2. triangles having equal 
bases 
3. triangles neither of which 
is isosceles 
4. triangles neither of which 
is equilateral 


A quadrilateral ig a special example 
of a parallelogram. 


Rhombus is the name given to a 
parallelogram whose four sides have 
equal length. 


Assignment 11 


Plane Figures; Geometric Construction and Solid Figures; Numerical Trigonometry 


Textbook Assignment: 


Chapters 17 (186-189), 18, 19 


1i-1. 


11-4. 


11-5. 


11-7. 


11-8. 


Refer to figure 17-14 in your textbook. 
In the parallelogram, which of the 
following is true? 

1. Angle DAB equals angle BCD. 

2. AD equals BC. 

3. DC is parallel to AB. 

4. Each of the above is true. 


A rectangle is a parallelogram whose 
four angles are 90° each. 


Since every square is a rectangle and 
every rectangle is a parallelogram, it 
logically follows that every parallelo- 
gram is a square. 


The formula for calculating the area of 
a parallelogram is 
1. A = bh 


2. A = dh 

3. A= 2h + 2b 
al 

4. A =ih(b, + d,) 


Refer to figure 17-15 in your textbook. 
If the nonparallel sides of a trapezoid 
are extended until they meet, a triangle 
is formed. 


In square units, what is the area of a 
trapezoid whose height is 8 units and 
whose bases are 10 and 12 units respec- 
tively? 

1. 88 


Which of the following terms does not 
apply to a circle? 

1. Circumference 

2. Diameter 

3. Chord 

4. Side 


The diameter of a circle is a chord of 
the circle. 
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11-9, 


11-10. 


11-11. 


11-12. 


11-13. 


That part of a circle cut off by two 
radii is called 

1. an arc 

2. a sector 

3. a portion 

4. a segment 


When 7 is used in calculations, its 

value is considered to be 

1. exactly 3.14 

2. exactly the diameter divided by the 
circumference 

3. approximately the radius times the 
circumference 

4. approximately 3.14 


A circle, whose radius is 10 units, has 
a circumference of 

1. 78.5 units 

2. 31.4 units 

3. 62.8 units 

4. 314.0 units 


A circle whose diameter is 10 units has 
an area of 

31.4 square units 

78.5 square units 

157.0 square units 

- 314.0 square units 


fwNhNre 


Two concentric circles have radii of 5 
in. and 10 in. respectively. The area 
of the ring between the two circles is 
1. 78.5 sq in. 
2. 235.5 sq in. 
3. 225.0 sq in. 
4. 942.0 sq in. 


refer 


11-14. 


11-15. 


11-16. 


11-17. 


11-18. 


F A’ CC 86D’UCG 
Figure 11A.--Dividing line FG into 
equal segments. 


B’ 


In answering items 11-14 through 11-16 
to figure 11A. 


When figure 11A was being constructed, 
the line segment FH was drawn. When 
line segment FG, the line to be divided, 
had been drawn, what was the next step? 
1. Points G and H were connected. 

2. Lines parallel to HG were drawn. 

3. Line FH was marked off into 5 equal 
segments. 

Line FG was marked off into 5 equal 
segments. 


4. 


Relative to the figure, which of the 
statements is correct? 

1. FA equals AB equals BC. 

2. FA' equals A'B' equals B'C'. 

3. HG is parallel to BB’. 

4. Each of the above is correct. 


The line segment FH can be longer 
than the given line segment FG. 


When a line segment is to be bisected 

by the geometric method, the arcs to be 
employed must have a radius of what 
length? 

1. Half as long as the line segment 

2. Twice as long as the line segment 

3. More than half the length of the line 
segment 

Less than half the length of the line 
segment 


4. 


The instrument used in mathematical 
construction to draw circles is called 
a compass. 


In answering items 11-19 through 11-22, 


refer to figure 18-4 in your textbook. 


11-19. 


In order to construct a perpendicular to 
line segment AB at point C, point 0 was 
chosen as a convenient point above the 

line at which to begin the construction. 
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11-20. 


11-21. 


11-22. 


11-23, 


11-24, 


11-25. 


11-26. 


11-27. 


11-28. 


Any radius may be chosen to draw the 


circle whose center is located at point 
Oo. 


Line EC is drawn before line ED. 


The angle formed by lines EC and CD is 
a right angle. 


Refer to figure 18-5 in your textbook 
and assume that the intersection of the 
two construction arcs between points A 
and B is point X. In bisecting the 
angle AOB, point X is determined by 
which successive steps? 

1. Carefully draw the angle AOX so that 
it is exactly equal to the angle BOX. 
First construct the segment OC to 
equal the segment CX, then construct 
OD equal to Dx. 

First construct the segment OC to 
equal the segment OD, then construct 
CX equal to DX. 

First construct the segment OC to 
equal the segment CX, then construct 
CX to be slightly greater than DX. 


2. 


3. 


4. 


Any triangle whose sides are in the 
ratio of 3 to 4 to 5 is a right tri- 
angle. 


Using a compass and ruler to construct 

a 60-degree angle, which of the follow- 

ing instructions should you follow? 

. Trisect a straight angle. 

Draw a 3-4-5 right triangle. 

- Draw an equilateral triangle. 

- Bisect an angle of an equilateral 
triangle. 


Using a compass and ruler, which of the 

following operations could you perform? 

1. Bisect a right angle. 

2. Construct a right triangle contain- 
ing two equal sides. 

. Bisect a 30-degree angle. 

4. You could do each of the above. 


w 


To find the center of a circle, how 
many perpendicular bisectors of chords 
of the circle must be drawn? 

1. One 

2. Two 

3. Three 

4. Four 


The perpendicular bisector of any chord 
of a circle passes through the center 
of the circle. 


11-29. Refer to figure 18-9 in your textbook. 11-37. What is the lateral area of a pyramid 
In constructing the ellipse, the dis- with a 6-sided base measuring 8 inches 
tances ab and ac are equal respectively on a side if the slant height is 25 
to inches? 
1. AB, DC 1. 600 sq in. 
2. DC, AB 2. 800 sq in. 
1 L 3. 1200 sq in. 
3: ra rig 4, 1600 sq in. 
1 1 
4. gue, as 11-38. Find the lateral area of a right circu- 
lar cone whose slant height is 10 inches 
11-30. A cylinder is one example of a prism. and whose base has a radius of 8 inches. 
1. 160 sq in. 
11-31. Which of the following gives a particu- 2. 251.2 sq in. 
lar type prism its name? 3. 502.4 sq in. 
1. Lateral faces 4. 2009.6 sq in. 
2. Edges 
3. Base 11-39. How much material is needed to make both 
4. Size the base and lateral surface of a right 


circular cone whose base has a radius 


11-32. How many faces does a parallelepiped of 5 inches and whose slant height is 


“have? 8 inches? 

1.5 1. 135.60 sq in. 
2. 6 2. 175.20 sq in. 
3. 8 3. 178.50 sq in. 
4. Either 6 or 8 4. 204.10 sq in. 


11-40. What is the volume of a right circular 
cone whose height is 9 inches and whose 


base has a diameter of 2 inches? 


11-33. What is the total surface area of a 
triangular prism eight inches long 
with each base a right triangle whose 


sides measure three inches, four inches, 1. 9.42 cu in. 

and five inches, respectively? 2. 28.26 cu in. 

1. 56 sq in. 3. 37.68 cu in. 

2. 96 sq in. 4. 56.52 cu in. 

3. 102 sq in. 

4. 108 sq in. 11-41. Which of the following solid figures 
has the greatest volume? 
1. Sphere, with a radius of 2 inches 

11-34. Refer to figure 18-11 in your text. A 2. Right rectangular prism, with dimen- 


sions of 2, 3, and 4 inches 
3. Right cylinder, with base radius of 
2 inches and height of 2 inches 


right prism whose dimensions are 3 in. 
by 4 in. by 1 ft has a volume of how 
many cu in.? 


1 12 cu in. 4. Pyramid, with base a square of 3 

2. 19 cu in. inches on a side and height of 7 

3. 24 cu in. inches 

4. 144 cu in. 

11-42. The volume of a sphere whose radius is 

11-35. A straight line moving at right angles to m is given by the formula 

its length and such that its lower end 1. 4om 

traces a closed curve always generates a oe He? 

1. solid 3 

2. prism 43 

3. cylinder 3 3°" 

4. circular cylinder 4. 4n9 
11-36. What is the volume of a right circular 

cylinder whose base has a radius of 10 11-43, The amount of material required to cover 


inches and whose height is 21 inches? a spherical ball whose radius is 2 


1. 1318 cu in. inches is 

2. 2198 cu in. 1. 12.56 sq in. 

3. 6594 cu in. 2. 25.12 sq in. 

4, 8792 cu in. 3. 33.49 sq in. 
4, 50.24 sq in. 
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11-44. 


11-45. 


11-46. 


11-47. 


11-48. 


11-49. 


Which of the following figures has the 

greatest surface area? 

1. Sphere with a radius of 2 inches 

2. Right rectangular prism with dimen- 
sions of 2, 3, and 4 inches 

3. Right cylinder, excluding the bases, 

with radius of base 3 inches and 

height of 3 inches 

Pyramid, excluding the base, with 

base a square of 3 inches on a side 

and a slant height of 7 inches 


4. 


What is the hypotenuse of a right tri~ 
angle whose sides are 5 and 12 units? 


1. 13 3. 15 
2. 14 4. 16 


If the hypotenuse of a right triangle is 
8 units and one leg is 4 units, what is 
the length of the second leg? 


If two triangles ABC and A‘B'C’ are 
similar such that angle A = angle A' 
and angle B = angle B', which of the 
following equalities are true? 


AB BC 
1. ZrRr * Biche angle C = angle Cc’. 
2. a = ran angle A = angle A' = 45°, 
3, -AC_ . BC, 
- A'c' Brc'’ 


AB + BC + AC = A'B' + B'C' + A'C'. 
4. All of the above are true. 


Refer to figure 19-4 in your textbook. 
Assume that angle A is 60 degrees, 

angle B' is 30 degrees, and both angles 
C and C' are 90 degrees each. If the 
length of line AB is 5 units, line AC 
is 2.5 units, and line A'B' is 10 units, 
what are the values of line B'C', angle 


A', and line A'C' respectively? 

1. B'C' = 4,33; angle A‘ = 60°; 
A'tc' = 5.0 

2. B'C' = 8.66; angle A‘ = 30°; 
A‘c' = 5.0 

3. B'C' = 8.66; angle A‘ = 60°; 
A'tc' = 5.0 

4. B'c' = 11.2; angle A’ = 30°; 
A'c' = 10.0 


The six trigonometric quantities, sin 6, 
cos 6, tan 6, cot 6, sec 6 and csc 8, 
represent ratios of the sides of 

right triangles. 
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In answering items 11-50 through 11-54, 


refer to figure 19-7 (B) in your textbook. 


11-50. 


11-51. 


11-52. 


11-53. 


11-54. 


11-55. 


The secant of angle a equals 


1 = 3, 2 
x y 
2.2 4,2 
r r 


The tangent of angle 6 equals 
i; 3, % 
y 


x zx 
2.7 4. a 
The sine of the angle 6 is the same as 
the cosecant of the angle a. 


The tangent of the angle © and the 
cotangent of the angle a are identical. 


The cosine of an acute angle of a right 
triangle is always the side adjacent to 
the angle divided by the hypotenuse. 


If a table listing the values of the 
cotangent, secant, and cosecant of 
angles y from 0° to 90° is given, a 
table for values of the cosine of 

angles y from 0° to 90° can be con- 
structed by computing the reciprocals of 
1. sin y 

2. cos y 
3. sec y 
4. cot y 


In answering items 11-56 through 11-64, 


refer to Appendix II. 


11-56. 


The value of the cotangent of an angle 
of 83 degrees is 

1. 0.1219 

2. 0.1228 

3. 0.9925 

4. 8.1443 


In answering items 11-57 and 11-58, 


refer to the smaller triangle shown in figure 
19-4 of your textbook. 


11-57. 


If angle A is 22 degrees and line AB is 
10 units, what is the length of line AC? 
1. 3.746 


2. 4.040 
3. 9.135 
4. 9.272 


11-58. 


11-59. 


11-60. 


11~61. 


11-62. 


11-63. 


11-64. 


11-65. 


What is the value of angle A when line 
BC = 8.693 units and line AC = 10 units? 
1. 41° 

2, 45° 4 

3. 51.9, 

4. 60.4 


The sine of an angle of 49 degrees, 
48 minutes is 

1. 0.6455 

2. 0.7536 

3. 0.7638 

4. 1.1833 


The value of the tangent of an angle of 
18 degrees 18 minutes is 

1. 0.3288 

2. 0.3249 

3. 9.3307 

4. 0.9494 


Using the method of interpolation, what 
is the angle whose sine is 0.1573? 


1. 8.5, 


2. 9.0 
3. 9°2! 
4. 9°3! 


What is the angle whose cosine is 
0.4169, rounded to the nearest minute? 


1. 65 20° 


2. 65°22" 
3. 65023! 
4. 65°24! 


Using interpolation, what is the tangent 
of 37 degrees, 21 minutes? 

1. 0.7618 

2. 0.7632 

3. 0.7640 

4. 0.7646 


Using interpolation, what is the value 
of sin 16.58°? 

1. 0.2845 

2. 0.2849 

3. 0.2854 

4. 0.2856 


In a 30° -60° -90° triangle, the hypotenuse 


is twice the side opposite the 60° angle. 


The legs of a right triangle are defined 


to be those two sides of a right triangle 


which lie opposite acute angles. 


11-66. 


In a 30° -60° -90° triangle, if the 
shorter of the two legs is 8 inches what 
is the length of the longer leg? 

1. 16 in. 

2. 1673 in. 

3. 12/¥3 in. 

4. 873 in. 
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11-67. 


11-68. 


11-69. 


11-70. 


11-71. 


11-72. 


What is the altitude of an equilateral 
triangle whose sides are 10 inches? 
1. 5 in. 


2 470 in. 
3. 5/3 in. 


4. 54/2 in. 


What is the length of the sides of a 
45°-90° triangle whose hypotenuse is 
10 units? 


A triangle with sides of 6, 8, and 10 
units respectively is a right triangle. 


Which of the following triangles is not 
a right triangle? 
1. A triangle with sides 


2. A triangle with sides 
3. A triangle with sides 
4. A triangle with sides 


2; 273, and 4 
3, 3, and 372 
4, 6, and 9 

10, 24, and 26 


If the distance from the top of a pole 
to a point on the ground 16 feet from 
its base is 20 feet, what is the height 
of the pole? 

1. 12 ft 

2. 15 ft 

3. 18 ft 

4. 24 ft 


The six trigonometric ratios are based 
on what type triangle? 

1. Acute 

2. Obtuse 

3, Oblique 

4. Right 


@ In answering items 11-73 through 11-75 


refer to the trigonometric functions in Appendix 


II. 


11-73. 


Refer to figure 19-18 in your text. If 
angle A is 30 degrees and angle C is 40 
degrees, what is the length of side AC 
if side BC is 18 units in length? 

1. 32.18 

2. 33.83 

3. 34.57 

4. 35.46 


11-74. Refer to figure 19-19 in your textbook. 11-75. Refer to figure 19-21 (A) in your text- 


If angle BAC is 40 degrees and side AC is book. When angles A, B, and C are 50, 
80 feet long, what is the length of the 70, and 60 degrees respectively and side 
side BD of triangle CBD if angle BCD has b is 12 units, what is the value of 

a value of 60 degrees? side c? 

1. 120 ft 1. 8.4 

2. 125.7 ft 2. 10.9 

3. 130.2 ft 3. 11.1 

4. 132.2 ft 4, 11.7 
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